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Chapter 1

Inequalities
1.1 Introduction
Inequalities play an important role in many areas of economics. Unfortunately, this topic is not
usually covered in the typical Mathematics for Economists course so we will give an introduction to
this topic in this chapter, deriving the most important inequalities that are used in applied economics.
In section 1.2, we provide some proofs of the Cauchy Schwarz Inequality while section 1.3 provides
a proof of the Theorem of the Arithmetic and Geometric Means.
Section 1.4 introduces the mean of order r, which is a special case of the Constant Elasticity of
Substitution (or CES) functional form for a utility or production function. Means of order r are
required in order to state Schlömilch’s Inequality, which is a generalization of the Theorem of the
Arithmetic and Geometric Means. Schlömilch’s Inequality will be proven in section 1.5.
Section 1.6 introduces a type of mean or average that plays a prominent role in index number theory:
the logarithmic mean of two positive numbers.
Section 1.7 establishes a few more properties of the means of order r. In particular, we look at
limiting cases as r tends to plus or minus inﬁnity.
Finally, section 1.8 concludes with a brief summary of methods that are used to establish inequalities.

1.2 The Cauchy-Schwarz Inequality
Proposition 1 Cauchy (1821; 373) - Schwarz (1885) Inequality
Let x and y be N dimensional vectors. Then*1
(xT y)2 ≤ (xT x)(y T y).

(1.1)

Proof. Deﬁne the N × 2 matrix A as follows:
A ≡ [x, y].

(1.2)

]
[ T
x x xT y
,
B ≡ A A = [x, y] [x, y] = T
y x yT y

(1.3)

Deﬁne the 2 × 2 matrix B as follows:
T

T

It is easily seen that B is a positive semideﬁnite matrix, since
z T Bz = z T AT Az = (Az)T (Az) = uT u ≥ 0
*1

This proof may be found in Hardy, Littlewood and Polya (1934; 16)[308].

(1.4)
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where z T ≡ [z 1 , z 2 ] and the N dimensional vector u is deﬁned as Az = xz 1 +yz 2 . The determinantal
conditions for B to be positive semideﬁnite imply:
¯ T
¯
¯x x xT y ¯
¯ = xT xy T y − (xT y)2 ,
0 ≤ |B| = ¯¯ T
(1.5)
y x yT y ¯
and (1.5) simpliﬁes to (1.1).
Note that for (1.1) to be a strict inequality, (1.5) must be a strict inequality and hence B must be
positive deﬁnite. This in turn implies that we must have:
0N ̸= u = xz 1 + yz 2 for (z 1 , z 2 ) ̸= (0, 0),

(1.6)

and (1.6) in turn implies that both x and y must be nonzero and nonproportional. Thus to obtain
a strict inequality in (1.1), we cannot have x = ky or y = kx for any scalar k.
The problem below provides an alternative proof for (1.1). The problems below and the material in
the following sections will provide many applications of the Cauchy-Schwarz inequality.
Problem 1 Assume x ̸= 0N and y ̸= 0N (the inequality (1.1) is trivially true if either x or y equals
0N ), and for each real number λ, deﬁne f (λ) as
f (λ) ≡ (x + λy)T (x + λy) = λ2 y T y + 2λxT y + xT x ≥ 0.

(i)

∑N
The inequality in (i) is true because (x + λy)T (x + λy) = i=1 (xi + λyi )2 is a sum of squares.
Now use standard calculus techniques and minimize f (λ) with respect to λ. Let the minimizing λ
be denoted as λ∗ . Now calculate f (λ∗ ) and it will turn out that the inequality
f (λ∗ ) ≥ 0

(ii)

is equivalent to the Cauchy-Schwarz Inequality (1.1) above. (It is not necessary to check the second
order conditions for the minimization problem associated with minimizing f (λ).)
Problem 2 Let Y and X be two N dimensional vectors; i.e., deﬁne Y T ≡ [Y1 , . . . , YN ]; X T ≡
∑N
[X1 , . . . , XN ]. Deﬁne the arithmetic mean of the Yn and Xn as Y ∗ ≡ (1/N ) i=1 Yn and X ∗ ≡
∑N
(1/N ) i=1 Xn respectively. Now deﬁne the vectors y and x as Y and X except we subtract the
respective means from each vector; i.e., deﬁne:
y ≡ Y − Y ∗ 1N ; x ≡ X − X ∗ 1N

(i)

where 1N is a vector of ones of dimension N . Now consider the following regression models of y on
x and x on y:
y = αx + u;

(ii)

x = βy + v

(iii)

where u and v are error vectors and α and β are unknown parameters. We assume that x ̸= 0N and
y ̸= 0N . The least squares estimator for α is the α∗ which solves the unconstrained minimization
problem:
min f (α)
(iv)
α

where f is deﬁned as

f (α) ≡ uT u = (y − αx)T (y − αx).

(v)
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The least squares estimator for β is the β ∗ which solves the unconstrained minimization problem:
min g(β)

(iv)

g(β) ≡ v T v = (x − βy)T (x − βy).

(v)

β

where g is deﬁned as

(a) Find the least squares estimators for α and β, α∗ and β ∗ . Check the second order conditions
for your solutions.
The variances for Y and X and the covariance between Y and X are deﬁned as follows:
Var(Y ) ≡ y T y/N ; Var(X) ≡ xT x/N ; Cov(Y , X) ≡ xT y/N.

(vi)

The correlation coeﬃcient ρ between Y and X is deﬁned as follows:
ρ ≡ Cov(Y , X)/[Var(Y ) Var(X)]1/2 = xT y/(xT x)1/2 (y T y)1/2 .

(vii)

Note that ρ is well deﬁned since we have assumed that x ̸= 0N and y ̸= 0N and hence
(xT x) > 0 and (y T y) > 0 and so the positive square roots, (xT x)1/2 and (y T y)1/2 are well
deﬁned positive numbers.
(b) Prove that the correlation coeﬃcient is bounded from below by minus one and from above by
plus one; i.e., show that:
−1 ≤ ρ ≤ 1.
(viii)
(c) Assume that the correlation coeﬃcient between Y and X is positive; i.e., assume that ρ > 0.
Prove that:
α∗ ≤ 1/β ∗ .
(ix)
(d) Under what conditions will (ix) hold as an equality?
(e) Assume that the correlation coeﬃcient between Y and X is negative and derive a counterpart
inequality involving α∗ and β ∗ to (ix) above.
Comment: The result (ix) is reasonably well known in the literature; e.g., see Kendall and Stuart
(1967; 380)[372] or Bartelsman (1995; 60)[50]. However, the implications of the inequality
are rather important for applied economists. In many applications, the magnitude of α or β
is very important. Hence if ρ is positive and a client wants an applied economist to obtain
a small estimate for the parameter α, then the applied economist will be tempted to run a
regression of Y on X but if the client wants a large estimate for α and hence a small estimate
for β, then the applied economist will be tempted to run a regression of X on Y in order to
please the client.
Problem 3 The Triangle Inequality. The (Euclidean) distance (or norm) of an N dimensional
vector x from the origin is deﬁned as
d(x) ≡ (xT x)1/2

(i)

Let x and y be two N dimensional vectors. Show that the following inequality is satisﬁed:
d(x + y) ≤ d(x) + d(y).
Comment: This inequality dates back to Euclid.

(ii)

4

Chapter 1 Inequalities

Problem 4 Let A be an N × N positive semideﬁnite symmetric matrix and let x and y be two N
dimensional vectors. Show that the following inequality is true.
(xT Ay)2 ≤ (xT Ax)(y T Ay).

(i)

Hint: Since A is symmetric, there exists an orthonormal matrix U such that:
UT AU = Λ;
T

U U = IN

(ii)
(iii)

where Λ is a diagonal matrix which has the nonnegative eigenvalues of A, λ1 , . . . , λN , running
down its main diagonal and IN is the N × N identity matrix. Thus A can be written as:
A = UΛUT = UΛ1/2 Λ1/2 UT = UΛ1/2 UT UΛ1/2 UT = SS

(iv)

where Λ1/2 is a diagonal matrix with the positive square roots of the eigenvalues λ1 , . . . , λN
running down its main diagonal and S is the symmetric square root matrix for A.

1.3 The Theorem of the Arithmetic and Geometric Mean
Let x ≡ [x1 , . . . , xN ] be a vector of nonnegative numbers.*2 The ordinary geometric mean of the N
numbers contained in the vector x is deﬁned as (x1 x2 · · · xN )1/N and the ordinary arithmetic mean
of these numbers is deﬁned as (x1 + x2 + · · · + xN )/N .
In this section, we will deal with generalized or weighted geometric and arithmetic means of the N
nonnegative numbers xn ; n = 1, . . . , N . In order to deﬁne these weighted means, we ﬁrst deﬁne a
vector of positive weights α ≡ [α1 , . . . , αN ]; i.e. deﬁne the components of the α vector to satisfy the
following restrictions:*3
N
∑
α ≫ 0N ; 1TN α ≡
αn = 1.
(1.7)
n=1

Now we are ready to deﬁne the weighted geometric mean M0 (x) as follows:
M0 (x) ≡

N
∏

n
xα
n .

(1.8)

n=1

In a similar fashion, we deﬁne the weighted arithmetic mean M1 (x) as follows:*4
M1 (x) ≡

N
∑

αn xn .

(1.9)

n=1
*2

*3
*4

For consistency, we should deﬁne the column vector x as [x1 , . . . , xN ]T . When it is important to be precise,
we will consider all vectors to be column vectors and transpose them when required but when casually deﬁning
vectors of variables, we will often deﬁne the vector as a row vector.
Notation: α ≫ 0N means that each component of the vector α is positive, α ≥ 0N means that each component
of α is nonnegative and α > 0N means α ≥ 0N but α ̸= 0N .
The functions M0 (x) and M1 (x) should be deﬁned as M0 (x, α) and M1 (x, α) since these means depend on
the vector of weights α as well as the vector of nonnegative variables x that is being averaged. However, in
all of our applications in this chapter, we will hold the weighting vector α constant when comparing various
means and so for simplicity, we have followed the example of Hardy, Littlewood and Polya (1934; 12)[308] and
suppressed the vector α from the notation. The subscripts 0 and 1 that appear in M0 (x) and M1 (x) will be
explained later: it will turn out that M0 (x) and M1 (x) are special cases of the means of order r, Mr (x), where
r is equal to 0 and 1 respectively.
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Of course, if each αn equals 1/N , then the weighted means deﬁned by (1.8) and (1.9) reduce to the
ordinary geometric and arithmetic means of the xn .
Before we prove the main result in this section, we require a preliminary result.
Proposition 2 Let the vector α satisfy the restrictions (1.7). Deﬁne the N × N matrix A by
A ≡ −b
α + ααT

(1.10)

where α
b is an N × N diagonal matrix with nth element αn for n = 1, 2, . . . , N . Then A is a negative
semideﬁnite matrix.
Proof. It can readily be veriﬁed that A is symmetric. We need to show that for all z ̸= 0N , we
have:
z T Az = z T [−b
α + ααT ]z ≤ 0
z T ααT z ≤ z T α
bz
T

2

T

(α z) ≤ z α
bz

or

(1.11)

or
since z T α = αT z.

(1.12)

Since α ≫ 0N , we can take the positive square root of each αn . Let α
b1/2 denote the diagonal N × N
1/2
matrix which has nth element αn for n = 1, 2, . . . , N . Now deﬁne the N dimensional vectors x
and y as follows:
x≡α
b1/2 1N ; y ≡ α
b1/2 z
(1.13)
where 1N is an N dimensional vector of ones. Recall the Cauchy-Schwarz inequality (1.1). Substituting (1.13) into (1.1) yields:
(1TN α
b1/2 α
b1/2 z)2 ≤ (1TN α
b1/2 α
b1/2 1N )(z T α
b1/2 α
b1/2 z)
b1N )(z T α
bz)
≤ (1TN α
T
T
bz)
or
(α z) ≤ (1N α)(z α
T
2
T
bz)2
(1TN α
T
2

(α z) ≤ (z α
bz)

or

or

using (1.7)

(1.14)

which is (1.12).
We note that to get a strict inequality in (1.12), we require z ̸= 0N and x not proportional to y or
using (1.13), we require z ̸= k1N for any scalar k.
Proposition 3 Theorem of the Arithmetic and Geometric Means:*5
For every x ≫ 0N and positive vector of weights α which satisﬁes (1.7), we have:
M0 (x) ≤ M1 (x).

(1.15)

The strict inequality in (1.15) holds unless x = k1N for some k > 0 in which case (1.15) becomes:
M0 (k1N ) = M1 (k1N ) = k;

(1.16)

i.e., the weighted geometric mean of N positive numbers is always less than the corresponding
weighted arithmetic mean, unless all of the numbers are equal, in which case the means are equal.
*5

The equal weights case of this Theorem, where α is equal to (1/N )1N , can be traced back to Euclid and Cauchy
(1821; 375)[83] according to Hardy, Littlewood and Polya (1934; 17)[308]. For alternative proofs of the general
Theorem, see Hardy, Littlewood and Polya (1934; 17-21)[308].
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Proof. Deﬁne the function of N variables f (x) for x ≥ 0N as follows:
f (x) ≡ M0 (x) − M1 (x) =
We wish to show that for every x ≥ 0N ,

N
∏

n
xα
n
n=1

−

N
∑

αn xn .

(1.17)

n=1

f (x) ≤ 0.

(1.18)

One way to establish (1.15) or (1.18) is to solve the following maximization problem and show that
maximizing values of the objective function are equal to or less than 0:
max{f (x) : x ≥ 0N }.

(1.19)

x

To begin our proof, we show that points x0 which satisfy the ﬁrst order necessary conditions for
maximizing the f (x) deﬁned by (1.17) (ignoring for now the nonnegativity restrictions x ≥ 0N ) are
such that f (x0 ) = 0.
Partially diﬀerentiating f deﬁned by (1.17) and setting the resulting partial derivatives equal to zero
yields the following system of equations:
∂f (x)
= αn x−1
n M0 (x) − αn = 0;
∂xn
xn = M0 (x); n = 1, . . . , N.

n = 1, . . . , N

or

(1.20)
(1.21)

Thus if each x0n equals a positive constant, k > 0 say, we will satisfy the ﬁrst order necessary
conditions (1.20) for maximizing f (x) in the interior of the feasible region. Thus x0 of the form:
x0 ≡ k1N ; k > 0

(1.22)

are such that:
∇x f (x0 ) = 0N

and

(1.23)

f (x ) = M0 (k1N ) − M1 (k1N ) = k − k = 0

(1.24)

0

where we have used the restrictions in (1.7) to derive (1.24).
We now calculate the matrix of second order partial derivatives of f deﬁned by (1.17):
∂ 2 f (x)
2 −2
= −αn x−2
n M0 (x) + αn xn M0 (x);
∂x2n
∂ 2 f (x)
−1
= αi αj x−1
i xj M0 (x);
∂xi ∂xj

n = 1, . . . , N ;

i ̸= j.

(1.25)
(1.26)

Thus the matrix of second order partial derivatives of f evaluated at x ≫ 0N can be written as
follows:
b −1 [−b
∇2xx f (x) = x
α + ααT ]b
x−1 M0 (x)
(1.27)
b and α
where x
b are the vectors x and α diagonalized into matrices. Note also that M0 (x) > 0 for
any x ≫ 0N .
To determine the deﬁniteness properties of the ∇2xx f (x) deﬁned by (1.27), look at:
b −1 [−b
M0 (x)−1 z T ∇2xx f (x)z = z T x
α + ααT ]b
x−1 z
= y T [−b
α + ααT ]y
≤0

b −1 z
where y ≡ x
(1.28)

1.3 The Theorem of the Arithmetic and Geometric Mean
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where the inequality follows using Proposition 2. The inequality in (1.28) will be strict provided
that y ̸= 0N and y ̸= k1N for any k.
Now let x1 ≫ 0N be an arbitrary positive vector which is not on the equal component ray; i.e.,
x1 ≫ 0N

but x1 ̸= k1N

for any k.

(1.29)

Recall that if x0 = k1N for k > 0, then (1.24) implies f (x0 ) = 0. Hence to establish our result, we
need only show f (x1 ) < 0.
Recall Taylor’s Theorem for n = 2. The multivariate version of this Theorem yields the following
relationship between f (x0 ) and f (x1 ) where x0 is deﬁned by (1.22) and x1 is deﬁned by (1.29):
there exists a t such that 0 < t < 1 and
1
f (x1 ) = f (x0 ) + ∇x f (x0 )T (x1 − x0 ) + (x1 − x0 )T ∇2xx f ((1 − t)x0 + tx1 )(x1 − x0 )
2
1
= 0 + 0T (x1 − x0 ) + (x1 − x0 )T ∇2xx f ((1 − t)x0 + tx1 )(x1 − x0 ) using (1.23) and (1.24)
2
≤0
using M0 (x) > 0 and (1.28) for x = x1 and z = x1 − x0 .
(1.30)
In order for the inequality (1.30) to be strict, we require that:
b −1 (x1 − x0 ) ̸= k1N
x
or equivalently, that

for any k where x ≡ (1 − t)x0 + tx1

x1 − x0 ̸= k[(1 − t)x0 + tx1 ]

for any k.

(1.31)
(1.32)

Using the facts that x0 ̸= x1 and 0 < t < 1, it can be veriﬁed that (1.31) is true and hence the
inequality in (1.30) is strict. Thus we have proven (1.15).
The geometry associated with the inequalities in (1.32) is illustrated in Figure 1.1 below.

Fig. 1.1

We have established that the weighted geometric mean M0 (x) is strictly less than the corresponding
weighted arithmetic mean M1 (x) for strictly positive x ≫ 0N , unless x has all components equal, in
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which case the two means coincide and are equal to the common component. It is useful to extend
the Theorem to cover the case where x is nonnegative; i.e., to cover the case where one or more
components of the x vector are equal to zero. But this is easily done. In this case, M0 (x) is equal to
zero and M1 (x) is equal to or greater than 0 (and strictly greater than 0 if x > 0N ). Thus we have:
0 = M0 (x) < M1 (x)

if x > 0N and one or more components of x are equal to 0.

(1.33)

1.4 Means of Order r
As in the previous section, we again assume that the vector of weights α has positive components
which sum to one; i.e., we assume α satisﬁes conditions (1.7). We assume initially that the number
r is not equal to zero and the vector x has positive components and deﬁne the weighted mean of
order r of the N numbers in x as follows:*6
[N
]1/r
∑
Mr (x) ≡
αn xrn
.
(1.34)
n=1

It can be seen that the mean of order 1 is the weighted arithmetic mean deﬁned earlier by (1.9). It
is easy to verify that the means of order r are (positively) linearly homogeneous in the x variables;
i.e.,*7
Mr (λx) = λMr (x)
for every x ≫ 0N and scalar λ > 0.
(1.35)
The functional form deﬁned by (1.34) occurs frequently in the economics literature. If we multiply
Mr (x) by a constant, then we obtain the CES (constant elasticity of substitution) functional form
popularized by Arrow, Chenery, Minhas and Solow (1961)[15] in the context of production theory.
This functional form is also widely used as a utility function and it also used extensively when
measures of income inequality are constructed.
Three other properties of the means of order r which are useful are the following ones (we assume
x ≫ 0N and r ̸= 0):*8
Mr (x1 , . . . , xN ) = [M1 (xr1 , . . . , xrN )]1/r ;

(1.36)

M0 (x1 , . . . , xN ) = exp[M1 (ln x1 , . . . , ln xN )];

(1.37)

M−r (x1 , . . . , xN ) =

−1
1/Mr (x−1
1 , . . . , xN ).

(1.38)

Problem 5 Prove (1.36), (1.37) and (1.38).
We now consider the problems associated with extending the deﬁnition of Mr (x) from the positive
orthant (the set of x such that x ≫ 0N ) to the nonnegative orthant (the set of x such that x ≥ 0N ).
If r ≥ 0, there is no problem with making this extension since in this case, xrn tends to 0 as xn tends
to zero and Mr (x) turns out to be a nice continuous function over the nonnegative orthant. But if
r < 0, there is a problem since xrn tends to +∞ as xn tends to zero in this case. However, in this
case, we deﬁne Mr (x) to equal zero:
Mr (x) ≡ 0
*6

*7
*8

if r < 0 and any component of x is 0.

(1.39)

Hardy, Littlewood and Polya (1934; 12-13)[308] refer to this family of means or averages as elementary weighted
mean values and study their properties in great detail. When they consider the case where the weights are
equal, they refer to the family of means as ordinary mean values.
This is property (2.2.13) noted in Hardy, Littlewood and Polya (1934; 14)[308].
These properties may be found in Hardy, Littlewood and Polya (1934; 14)[308].
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It turns out that with deﬁnition (1.39), the means of order r are continuous functions over the
nonnegative orthant even if r is less than 0. To see why this is the case, consider the case where
r = −1, N = 2, α1 = 12 , α2 = 12 and x1 tends to 0 with x2 > 0. In this case, we have for x1 > 0:
M−1 (x1 , x2 ) =

[1

−1
2 x1

+ 12 x−1
2

]−1

]
+ 12 ( x12 )
]
/[
1 x1
1
+
(
)
.
= x1
2
2 x2

=1

/[

1 1
2 ( x1 )

(1.40)

Taking the limit of the right hand side of (1.40) as x1 approaches 0 gives us the limiting value of 0.
We will now calculate the vector of ﬁrst order derivatives of Mr (x) and the matrix of second order
derivatives of Mr (x) for r ̸= 0 and x ≫ 0N .*9
Proposition 4 The matrix of second order partial derivatives of Mr (x) with respect to the components of the vector x, ∇2xx Mr (x), is negative semideﬁnite for r ≤ 1 and positive semideﬁnite for
r ≥ 1 for x ≫ 0N and r ̸= 0.
Proof. Diﬀerentiating Mr (x) with respect to xi yields:
[∑
](1/r)−1
N
∂Mr (x)
r
= (1/r)
αn xn
αi rxr−1
i
n=1
∂xi
[∑
](1/r)−1
N
r
=
αn xn
αi xr−1
;
i = 1, . . . , N.
i

(1.41)

n=1

Diﬀerentiating (1.41) again with respect to xi yields:
[∑
](1/r)−2
N
∂ 2 Mr (x)
r
=[(1/r) − 1]
αn xn
αi rxir−1 αi xr−1
i
n=1
∂x2i
](1/r)−1
[∑
N
αi (r − 1)xr−2
αn xrn
;
i = 1, . . . , N
+
i
n=1

=[r − 1]

[∑
N
n=1

αn xrn

](1/r)−2 {[∑

N
n=1

αn xrn

]

αi xir−2

−

αi2 x2r−2
i

}
.

(1.42)

Diﬀerentiating (1.41) with respect to xj for j ̸= i yields:
[∑
](1/r)−2
N
∂ 2 Mr (x)
αj rxjr−1 αi xr−1
= [(1/r) − 1]
αn xrn
i
n=1
∂xi ∂xj
[∑
](1/r)−2
N
r
αi αj xir−1 xr−1
= −(r − 1)
αn xn
.
j
n=1

(1.43)

Using (1.42) and (1.43), we can write the matrix of second order partial derivatives of Mr (x) as
follows:
]
](1/r)−2 {[∑
}
[∑
N
N
r
(r/2)−1
(r/2)−1
r−1
T r−1
r
2
b
b
b αα x
b
αn xn x
α
bx
−x
αn xn
∇xx Mr (x) = (r − 1)
n=1

n=1

(1.44)
*9

We have already calculated these derivatives for M0 (x) in Proposition 3.
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br−1 is a diagonal matrix which has nth element equal to xnr−1 and x
b(r/2)−1 is a diagonal
where x
(r/2)−1
matrix which has diagonal elements equal to xn
for n = 1, . . . , N .
We now want to show that the matrix A deﬁned as
[∑
]
N
r
b(r/2)−1 α
b(r/2)−1 − x
br−1 ααT x
br−1
A≡
bx
(1.45)
αn xn x
n=1

is positive semideﬁnite. A will be positive semideﬁnite if for every vector z, we have z T Az ≥ 0 or
[∑
]
N
r
b(r/2)−1 α
br−1 ααT x
br−1 z
b(r/2)−1 z ≥ z T x
αn xn z T x
bx
or
n=1

T

r−1

b
(α x

2

z) ≤

[∑
N
n=1

αn xrn

]

b(r/2)−1 α
b(r/2)−1 z.
bx
zT x

(1.46)

In order to establish (1.46), note that:
br−1 z)2 = (1TN α
br−1 z)2
(αT x
bx

using α = α
b 1N

br/2 x
b(r/2)−1 z)2
= (1TN α
b1/2 α
b1/2 x
br/2 x
b(r/2)−1 α
= (1TN α
b1/2 x
b1/2 z)2
= (uT v)2

since diagonal matrices commute

br/2 and v ≡ x
b(r/2)−1 α
with uT ≡ 1TN α
b1/2 x
b1/2 z

≤ (uT u)(vT v)

using the Cauchy-Schwarz inequality

br/2 x
br/2 α
b(r/2)−1 x
b(r/2)−1 α
b1/2 x
b1/2 1N )(z T α
b1/2 x
b1/2 z)
= (1TN α
br 1N )(z T x
b(r/2)−1 α
b(r/2)−1 z)
= (1TN α
bx
bx

since diagonal matrices commute

br 1N )(z T x
b(r/2)−1 α
b(r/2)−1 z)
= (αT x
bx
since 1TN α
b = αT
[∑
]
N
r
b(r/2)−1 α
b(r/2)−1 z
=
αn xn z T x
bx
n=1

(1.47)

which establishes (1.45); i.e., A is positive semideﬁnite. Returning to (1.44), we have:
∇2xx Mr (x)
Since A is positive semideﬁnite and
x ≫ 0N , we see that

∇2xx Mr (x)

= (r − 1)

[∑
N

[∑
N

r
n=1 αn xn

n=1

αn xrn

](1/r)−2

](1/r)−2
A.

(1.48)

is positive since we have assumed that

is positive semideﬁnite if r ≥ 1 and is negative semideﬁnite if r ≤ 1.

The above Proposition shows that Mr (x) is a concave function of x over the positive orthant if r ≤ 1
and a convex function of x if r ≥ 1.

1.5 Schlömilch’s Inequality
In this section, we show that if x ̸= k1N , then Mr (x) increases as the parameter r increases. In
order to do this, we require a preliminary inequality.
Proposition 5 Let α ≫ 0N , αT 1N = 1 and y ≫ 0N . Then
f (y) ≡ αT y ln(αT y) −

∑N
n=1

αn yn ln yn ≤ 0

(1.49)
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and the inequality is strict if y ̸= k1N .
Proof. We use the same technique of proof that we used in proving the Theorem of the Arithmetic
and Geometric Mean. We start out by attempting to maximize f (y) over the positive orthant. The
ﬁrst order necessary conditions for solving this maximization problem are:
∂f (y)
= αn ln(αT y) + (αT y)(αT y)−1 αn − αn ln yn − αn yn /yn ;
∂yn

n = 1, . . . , N

= αn ln(αT y) − αn ln yn
= 0.

(1.50)

Equations (1.50) imply that ln yn = ln(αT y) for n = 1, . . . , N . Thus solutions to (1.50) have the
form:
y 0 = k1N ;
k > 0.
(1.51)
Note that
∇y f (y 0 ) = 0N

and

f (y 0 ) = αT k1N ln(αT k1N ) −

(1.52)

∑N
n=1

αn k ln k = k ln k − k ln k = 0

(1.53)

where we have used αT 1N = 1. Now diﬀerentiate equations (1.50) again in order to obtain the
following second order partial derivatives of f :
fii (y) = αi (αT y)−1 αi − αi yi−1 ;
fij (y) = αi (αT y)−1 αj ;

i = 1, . . . , N ;

i ̸= j.

(1.54)
(1.55)

Equations (1.54) and (1.55) can be rewritten in matrix form as follows:
b −1/2 + (αT y)−1 ααT
∇2 f (y) = −b
y−1/2 α
by

(1.56)

−1/2

b −1/2 is a diagonal matrix with ith element equal to yi
where y
for i = 1, 2, . . . , N . We now show
that ∇2 f (y) is negative semideﬁnite; i.e., we want to show that for all z:
b −1/2 α
b −1/2 z + z T (αT y)−1 ααT z ≤ 0
− zT y
by
b −1/2 α
b −1/2 z
(αT z)2 ≤ (αT y)z T y
by

or

for all z ̸= 0N .

(1.57)
(1.58)

To prove (1.58), we will use the Cauchy-Schwarz inequality:
b −1/2 y
b 1/2 α
(αT z)2 = (z T y
b1N )2

since α = α
b 1N

b −1/2 y
b 1/2 α
= (z T y
b1/2 α
b1/2 1N )2
b −1/2 y
b 1/2 α
= (z T α
b1/2 y
b1/2 1N )2

since diagonal matrices commute

b −1/2 y
b −1/2 α
b 1/2 y
b 1/2 α
≤ (z T α
b1/2 y
b1/2 z)(1TN α
b1/2 y
b1/2 1N )
b −1/2 α
b −1/2 α
using the Cauchy-Schwarz inequality with x ≡ y
b1/2 z and y ≡ y
b1/2 1N
b −1/2 α
b −1/2 z)(1TN α
b 1/2 y
b 1/2 1N )
= (z T y
b1/2 α
b1/2 y
b1/2 α
b1/2 y
b −1/2 α
b −1/2 z)(1TN α
b 1N )
= (z T y
by
by
b −1/2 α
b −1/2 z)(αT y)
= (z T y
by

b 1N
since α = α
b1N and y = y

(1.59)
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b −1/2 α
which is (1.58). The inequality (1.59) will be strict, provided that x ≡ y
b1/2 z and y ≡
−1/2
1/2
1/2
1/2
b
bα
y
α
b 1N are not proportional, or α
b z and y
b 1N are not proportional, or α
b1/2 z and
1/2 b
α
b y1N are not proportional, or provided that z is not proportional to y. Now let the y vector in (1.59) be a y 0 = k1N for k > 0 that satisﬁes the ﬁrst order conditions (1.51) above. Then the
strict inequality in (1.59) will hold provided that z is not proportional to k1N . We use this result
that z T ∇2 f (k1N )z < 0 provided that z is not equal to λ1N for any scalar λ in the last part of the
proof below.
Now let y 1 be a positive vector that does not have all components equal; i.e.,
y 1 ≫ 0N

but y 1 ̸= k1N for any k.

(1.60)

We need only show f (y 1 ) < 0 to complete the proof. Apply Taylor’s Theorem to the f deﬁned by
(1.49) and the y 0 and y 1 deﬁned by (1.51) and (1.60). Thus there exists a t such that 0 < t < 1 and
f (y 1 ) = f (y 0 ) + ∇y f (y 0 )T (y 1 − y 0 ) + 12 (y 1 − y 0 )T ∇2yy f ((1 − t)y 0 + ty 1 )(y 1 − y 0 )
= 0 + 0T (y 1 − y 0 ) + 12 (y 1 − y 0 )T ∇2yy f ((1 − t)y 0 + ty 1 )(y 1 − y 0 ) using (1.52) and (1.53)
≤0

(1.61)

where the inequality follows using (1.59) which implies that ∇2yy f ((1−t)y 0 +ty 1 ) is negative semidefinite.
In order for the inequality (1.61) to be strict, consider the behavior of the function of one variable t,
g(t) ≡ f [y 0 + t(y 1 − y 0 )], deﬁned for 0 ≤ t ≤ 1. Note that the ﬁrst and second derivatives of g(t) are
given by g ′ (t) = (y 1 −y 0 )T ∇f [y 0 +t(y 1 −y 0 )] and g ′′ (t) = (y 1 −y 0 )T ∇2 f [y 0 +t(y 1 −y 0 )](y 1 −y 0 ) ≤ 0
where the inequality follows using (1.56)-(1.59). Since y 0 = k1N by (1.51) and ∇y f (y 0 ) = 0N by
(1.52), we see that g ′ (0) = 0 and g ′′ (0) = (y 1 − y 0 )T ∇2 f (y 0 )(y 1 − y 0 ) < 0 since y 0 = k1N and
y 1 −y 0 is not proportional to y 0 ; i.e., to obtain the strict inequality, we have used the inequality that
we established in the paragraph above (1.60). The equality g ′ (0) = 0 and the inequalities g ′′ (0) < 0
and g ′′ (t) ≤ 0 for 0 ≤ t ≤ 1 (along with the continuity of f and hence g) are suﬃcient to imply that
g(t) is an nonincreasing function for 0 ≤ t ≤ 1 that is initially strictly decreasing for small t. Hence
g(0) = f (y 0 ) > f (y 1 ) = g(1), which completes the proof.
Now we are ready for the main result in this section.
Proposition 6 Schlömilch’s (1858) Inequality:*10 Let x ≫ 0N but x ̸= k1N for any k > 0 and let
r < s. As usual, we assume the weighting vector α satisﬁes (1.7). Then
Mr (x) < Ms (x).

(1.62)

If x = k1N for some k > 0, then Mr (x) = Ms (x) = k.
Proof. The second part of the theorem is easily veriﬁed. The ﬁrst part of the theorem, (1.62), will
be true if we can show that Mr (x) is a monotonically increasing function of r or equivalently if we
can show that:*11
∂ ln Mr (x)
> 0 for all r ̸= 0, x ≫ 0N , x ̸= k1N for any k > 0, α ≫ 0N and αT 1N = 1.
∂r

*10
*11

(1.63)

See Hardy, Littlewood and Polya (1934; 26)[308] for alternative proofs of this result.
This is not quite equivalent to the desired result: we still have to deal with the cases where r or s are equal to
0; i.e., we cannot diﬀerentiate Mr (x) deﬁned by (1.34) with respect to r when r = 0.
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Recall that ∂cr /∂r = ∂er ln c /∂r = er ln c ln c = cr ln c so that using deﬁnition (1.34), it can be veriﬁed
that the inequality (1.63) is equivalent to:
[∑
]
[∑
]−1 [∑
]
N
N
N
∂ ln Mr (x)
−2
−1
r
r
r
= −r ln
αn xn + r
αn xn
αn xn ln xn > 0
or
n=1
n=1
n=1
∂r
(1.64)
[∑
]
[∑
] [∑
]
N
N
N
r−1
αn xrn ln xn > r−2
αn xrn ln
αn xrn .
(1.65)
n=1

n=1

n=1

Since r ̸= 0, r2 > 0 and r−2 > 0. Thus
[∑
] [∑
]
[∑
N
N
N
−2
r
r
−2
r
αn xn ln
αn xn ≤ r
n=1

n=1

n=1

=r

−2

=r

−1

[∑
N

n=1

[∑
N

n=1

αn xrn

ln xrn

]

αn xrn r ln xn
αn xrn

using (1.49) with yn ≡ xrn

]

using ln xrn = r ln xn

]
ln xn

(1.66)

and (1.66) is a weak version of (1.65). But the inequality (1.66) is strict provided that the yn = xrn
are not all equal. This is the case since we have assumed x ̸= k1N and thus (1.66) is a strict
inequality.
We still need to establish (1.62) when r or s equal 0. We ﬁrst consider the case where s > r = 0.
Let x ≫ 0N with x ̸= k1N . Then we have:
]s
[∏
N
αn
s
xn
using deﬁnition (1.8)
[M0 (x)] =
n=1

= M0 (xs1 , . . . , xsN )
< M1 (xs1 , . . . , xsN )

by Proposition 3 since not all of the xsn are equal

= Ms (x1 , . . . , xN )s

using result (1.36).

(1.67)

Since s > 0, taking the 1/s root of both sides of (1.67) will preserve the inequality which establishes
(1.62) for r = 0 < s.
We now consider (1.62) when −r < 0 = s. Again, let x ≫ 0N with x ̸= k1N . Then we have:
−1
M−r (x) = 1/Mr (x−1
1 , . . . , xN )
−1
< 1/M0 (x−1
1 , . . . , xN )

using property (1.38)
using r > 0, x ̸= k1N and (1.67)

−1
−1
−1
which implies that Mr (x−1
1 , . . . , xN ) > M0 (x1 , . . . , xN )

= M0 (x)

using deﬁnition (1.8).

(1.68)

The above Theorem shows that the weighted harmonic mean of N positive numbers, x1 , . . . , xN ,
will always be equal to or less than the corresponding weighted arithmetic mean; i.e., we have for
x ≫ 0N :
M−1 (x) ≤ M1 (x)
or
[∑
]−1 ∑
N
N
αn x−1
≤
n
n=1

n=1

(1.69)
αn xn

(1.70)
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and the inequality (1.70) is strict provided that the xn are not all equal to the same positive number.
What happens if one or more of the components of the x vector are equal to 0? Using the continuity
of the functions Mr (x) over the nonnegative orthant, it can be seen that (1.62) will still hold as a
weak inequality. It should be kept in mind that if r ≤ 0 and any component of x is 0, then (1.39)
implies that Mr (x) is equal to 0.
Problem 6 Suppose a Statistical Agency collects price quotes on a “homogeneous” commodity (e.g.
red potatoes) from N outlets during periods 0 and 1. Denote the vector of period t price quotes
by pt ≡ [pt1 , . . . , ptN ] for t = 0, 1. An elementary price index P (p0 , p1 ) is a function of 2N variables
that aggregates this micro information on potatoes into an aggregate price index for potatoes that
will be a component of the overall consumer price index (CPI). Examples of widely used functional
forms for P are the Carli (1764) and Jevons (1865) formulae deﬁned by (i) and (ii) below:
PC (p0 , p1 ) ≡

∑N
n=1

(1/N )(p1n /p0n )

(i)

which is the equally weighted arithmetic mean of the N price ratios;
PJ (p0 , p1 ) ≡

[∏
N
n=1

]1/N
(p1n /p0n )

(ii)

which is the equally weighted geometric mean of the N price ratios.
A very useful property for an elementary price index to satisfy is the time reversal test:
P (p0 , p1 )P (p1 , p0 ) = 1;

(iii)

i.e., suppose prices in period 1 reverted back to the base period prices p0 . Under these conditions,
we should end up at our starting point.
(a) Show that PJ (p0 , p1 ) satisﬁes the time reversal test.
(b) Show that PC (p0 , p1 ) has an upward bias; i.e., show that if p1 ̸= kp0 , then
PC (p0 , p1 )PC (p1 , p0 ) > 1.

(iv)

Hint: You may ﬁnd (1.70) useful.
Comment: Many Statistical Agencies are still using the biased Carli formula to aggregate their
price quotes at the lowest level of aggregation. However, in the past decade, several countries
(Canada, the U.S. and the member countries of the EU for their harmonized indexes) have
switched to the Jevons formula. The use of PC rather than PJ is thought to have generated
an upward bias in the CPI in the 0.1- 0.4% per year range. Fisher (1922; 66 and 383)[274]
seems to have been the ﬁrst to establish the upward bias of the Carli index and he made the
following observations on its use by statistical agencies:
“In ﬁelds other than index numbers it is often the best form of average to use. But we shall see that
the simple arithmetic average produces one of the very worst of index numbers. And if this book has
no other eﬀect than to lead to the total abandonment of the simple arithmetic type of index number,
it will have served a useful purpose.” Irving Fisher (1922; 29-30)[274].

Problem 7 A general mean function, M (x), is a function of N variables, deﬁned for x ≫ 0N that
has the following three properties:
(i) M (k1N ) = k for k > 0 (mean value property);
(ii) M (x) is a continuous function; and

1.6 L’Hospital’s Rule and Logarithmic Means
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(iii) M (x) is increasing in its components; i.e., if x1 < x2 , then M (x1 ) < M (x2 ).
It is easy to see that the weighted means of order r, Mr (x) deﬁned by (1.34), satisfy properties (i)
and (ii). Show that they also satisfy property (iii).
Hint: Show that ∂Mr (x)/∂xn > 0 for r ̸= 0.
Problem 8 M (x) is a symmetric mean if M is a mean and has the following property:
(iv) M (P x) = M (x) where P x is a permutation of the components of x. Are the means of order
r symmetric means? If not, what conditions on α will make Mr (x) a symmetric mean?
Problem 9 M (x) is a homogeneous mean if it is a mean and satisﬁes the following additional
property:
(v) M (λx) = λM (x) for all λ > 0, x ≫ 0N
If M (x) is a homogeneous mean, show that it also satisﬁes the following property:
(vi) α ≡ minn {xn : n = 1, . . . , N } ≤ M (x) ≤ maxn {xn : n = 1, . . . , N } ≡ β.
This result is due to Eichhorn and Voeller (1976; 10)[250].
Hint: α1N ≤ x ≤ β1N . Note that properties (ii) and (iii) for a mean M (x) imply that the following
property also holds for M :
(vii) M (x1 ) ≤ M (x2 ) if x1 ≤ x2 .

1.6 L’Hospital’s Rule and Logarithmic Means
In this section, we show that the weighted geometric mean, M0 (x), is a limiting case of the corresponding weighted mean of order r, Mr (x), as r tends to zero. Before we do this, we require a
preliminary result.
Proposition 7 L’Hospital’s (1696) Rule:*12 Suppose f (z) and g(z) are once continuously differentiable functions of one variable z around an interval including z = b. In addition, suppose
f (b) = g(b) = 0 but g ′ (b) ̸= 0. Then
f (z)
f ′ (b)
lim
= ′ .
(1.71)
z→b g(z)
g (b)
Proof. Let z be close to b but z ̸= b. Then by the Mean Value Theorem, there exist z ∗ and z ∗∗
between z and b such that:
f (z) = f (b) + f ′ (z ∗ )(z − b) = f ′ (z ∗ )(z − b)
′

∗∗

′

∗∗

g(z) = g(b) + g (z )(z − b) = g (z )(z − b)

since f (b) = 0;
since g(b) = 0.

(1.72)
(1.73)

Taking the ratio of (1.72) to (1.73) and using the assumptions that g ′ (b) ̸= 0 and that the derivative
function g ′ (z) is continuous, we can deduce that g ′ (z ∗∗ ) ̸= 0 using if z is close enough to b and hence
for z − b ̸= 0 and z close to b, we get:
f (z)
f ′ (z ∗ )
= ′ ∗∗ .
g(z)
g (z )
*12

See Rudin (1953; 82)[455] for a proof of this result.

(1.74)
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Now take limits on both sides of (1.74) as z approaches b. Since z ∗ and z ∗∗ are between z and b, z ∗
and z ∗∗ will tend to b and thus (1.71) follows, since both f ′ and g ′ are assumed to be continuous
functions.
The following problems illustrate a few of the uses of L’Hospital’s Rule.
Problem 10 If x > 0, show that limr→0 (xr − 1)/r = ln x.
Hint: Use L’Hospital’s Rule with f (r) ≡ xr − 1 and g(r) ≡ r. Note that if h(r) = xr = er ln x , then
h′ (r) = er ln x ln x = xr ln x.
Comment: The function (xr − 1)/r is known as the Box-Cox transformation and it is widely used
in statistics and econometrics as well as in the study of choice under uncertainty.
Problem 11 The logarithmic mean, L(x1 , x2 ) of two positive numbers x1 > 0 and x2 > 0, is deﬁned
as follows:
{
[x1 − x2 ]/[ln x1 − ln x2 ] if x1 ̸= x2
L(x1 , x2 ) ≡
(i)
x2
if x1 = x2
Show that if 0 < x1 < x2 , then

lim L(x1 , x2 ) = x2 .

x1 →x2

(ii)

Hint: Deﬁne f (x1 ) ≡ x1 − x2 and g(x1 ) ≡ ln x1 − ln x2 and apply L’Hospital’s Rule.
Comment: This result establishes the continuity of L(x1 , x2 ) over the positive orthant.
Problem 12 Refer to problems 7-11 above and show that L(x1 , x2 ) deﬁned in Problem 11 above is
a homogeneous symmetric mean.
Hint: The deﬁnition of L(x1 , x2 ) in Problem 11 establishes property (i) in Problem 7. Problem
11 establishes the validity of property (ii) in Problem 7. To prove property (iii), just show
∂L(x1 , x2 )/∂xn > 0 for n = 1, 2 (you can assume x1 ̸= x2 ). In the case of only two variables,
the symmetry property (iv) is just L(x1 , x2 ) = L(x2 , x1 ) which you can verify. Finally, verify
the homogeneity property, (v), that was deﬁned in problem 9.
Comment: The logarithmic mean (sometimes called the Vartia mean) plays a key role in index
number theory; see Vartia (1976)[516] and Diewert (1978)[128].

1.7 Additional Properties of Means of Order r
Proposition 8 below justiﬁes our notation, M0 (x), for the weighted geometric mean since this Proposition shows that M0 (x) is a limiting case of Mr (x) as r tends to 0.
Proposition 8 The limiting case of the weighted mean of order r, Mr (x), as r tends to 0 is the
weighted geometric mean, M0 (x)*13 ; i.e., for x ≫ 0N , α ≫ 0N , αT 1N = 1:
lim Mr (x) = M0 (x).

r→0

(1.75)

Proof. Proposition 6 above showed that Mr (x) is a nondecreasing function of r. Since Mr (x) is a
homogeneous mean, Problem 9 above shows that Mr (x) is bounded from above and below; i.e., for
all r ̸= 0;
min{xn : n = 1, . . . , N } ≤ Mr (x) ≤ max{xn : n = 1, . . . , N }.
(1.76)
n

*13

n

See Hardy, Littlewood and Polya (1934; 15)[308] for a proof of this result.
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The fact that Mr (x) is a nondecreasing function of r and is also bounded from above and below is
suﬃcient to imply the existence of limr→0 Mr (x) and also that
lim ln Mr (x) = ln[limr→0 Mr (x)].

(1.77)

r→0

We now compute ln Mr (x) for r ̸= 0:
] f (r)
1 [∑N
r
ln
n=1 αn xn ≡
r
g(r)
[∑
]
N
r
where g(r) ≡ r and f (r) ≡ ln
α
x
n=1 n n . Note that:

(1.78)

ln Mr (x) =

g(0) = 0;
f (0) = ln

[∑

N
0
n=1 αn (xn )

]

= ln

]
N
α
1
= ln 1 = 0
n=1 n

[∑

using

∑N

n=1 αn

(1.79)
= 1.

(1.80)

Now calculate the derivatives of f (r) and g(r) and evaluate them at r = 0:
g ′ (r) = 1 and hense

(1.81)

′

g (0) = 1.
]−1 ∑
[∑
N
N
r
r
α
x
f ′ (r) =
n=1 αn xn ln xn and hense
n=1 n n
]−1 ∑
[∑
∑N
N
N
α
f ′ (0) =
n
n=1 αn ln xn =
n=1 αn ln xn
n=1

(1.82)
(1.83)
using

∑N

n=1 αn

= 1.

(1.84)

Now apply L’Hospital’s Rule to (1.78) when r = 0. The resulting equation is:
lim ln Mr (x) =

r→0

∑N
f ′ (0)
=
n=1 αn ln xn
g ′ (0)

using (1.82) and (1.84).

(1.85)

We can exponentiate both sides of (1.85) and deduce that (1.75) holds.
When N = 2 and α1 = α2 = 1/2, we can graph the level curves {(x1 , x2 ) : Mr (x1 , x2 ) = 1} for
various values of r; see Figure 1.2 below.
We conclude with some results on limiting cases of Mr (x) as r tends to +∞ or −∞. The results in
Proposition 9 are used in Figure 1.2.
Proposition 9 Hardy, Littlewood and Polya (1934; 15)[308]: The limits of Mr (x) as r tends to
+∞ or −∞ are as follows:
lim Mr (x) = max{xn : n = 1, . . . , N };

(1.86)

lim Mr (x) = min{xn : n = 1, . . . , N }.

(1.87)

r→∞

n

r→−∞

n

Proof. Let x > 0N and let xk = maxn {xn : n = 1, . . . , N }. Then using the results in Problem 9,
we have:
Mr (x) ≤ xk .
(1.88)
Since the xn are nonnegative and the αn are positive, we have:
αk xrk ≤

∑N
n=1

αn xrn .

(1.89)
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Fig. 1.2 Level Curves for the Symmetric Mean of Order r

Now take the rth root of both sides of (1.89). If r > 0, the inequality is preserved and so we have in
this case:
[∑
]1/r
N
1/r
r
(αk ) xk ≤
αn xn
= Mr (x).
(1.90)
n=1

Now take the limit of both sides of (1.90) as r tends to +∞ and since (αk )1/r tends to (αk )0 = 1,
we ﬁnd that
xk ≤ lim Mr (x).
(1.91)
r→∞

It can be seen that (1.88) and (1.91) imply (1.86).
Now consider (1.87). If one or more of the xn are zero, then Mr (x) equals 0 for all r < 0; recall
(1.39) above. Hence if one or more of the xn are 0, then it is easy to verify that (1.87) holds. Thus
we consider the case where x ≫ 0N and let xk = maxn {xn : n = 1, . . . , N }. By Problem 9, we have:
xk ≤ Mr (x).

(1.92)

Since the xn are positive and the αn are positive, we again have (1.89) but now we assume that
r < 0, so that when we take the rth root of each side of (1.89), the inequality is reversed and so we
have:
[∑
]1/r
N
1/r
r
(αk ) xk ≥
αn xn
= Mr (x).
(1.93)
n=1

Now take the limit of both sides of (1.93) as r tends to −∞ and since (αk )1/r tends to (αk )0 = 1,
we ﬁnd that
xk ≥ lim Mr (x) ≥ xk
(1.94)
r→−∞

where the last inequality follows using (1.92). It can be seen that (1.92) and (1.94) imply (1.87).

1.8 Summary of Methods used to Establish Inequalities
A careful look at the methods of proof that we have used to establish the validity of various inequalities will show that we have basically used 3 methods:

1.9 References
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• Transform the given inequality into a known inequality using ordinary algebra.
• Transform the given inequality into the form f (x) ≤ 0 for the domain of deﬁnition for the
inequality, say x ∈ S, and show that x∗ which solve maxx {f (x) : x ∈ S} are such that
f (x∗ ) ≤ 0.
• Consider the case where the last method leads to a twice continuously diﬀerentiable objective
function f (x) which has the following properties: (a) there exist points x∗ such that f (x∗ ) = 0
and ∇f (x∗ ) = 0N ; (b) the domain of deﬁnition set S is convex and (c) ∇2 f (x) is negative
semideﬁnite for each x ∈ S. Then in this case, we can use Taylor’s Theorem for n = 2 and
establish the desired result, f (x) ≤ f (x∗ ) = 0 for all x ∈ S.
It turns out that the three main inequalities that were established in this chapter (the Cauchy Schwarz
Inequality, the Theorem of the Arithmetic and Geometric Means and Schlömilch’s Inequality) have
many applications in all branches of applied economics.
Problem 13 Let φ(z) be a monotonically increasing, continuous function of one variable that is
deﬁned for z > 0 so that the inverse function for φ, φ−1 (y), is also a monotonically increasing,
continuous function of y for all y’s belonging to the range of φ. As usual, deﬁne the vector of weights
α ≡ [α1 , . . . , αN ] which satisﬁes:
(i) α ≫ 0N and
(ii) 1T α = 1.
We use the function φ in order to deﬁne the following quasilinear mean for all x ≫ 0N :*14
[∑
]
N
(iii) Mφ (x) ≡ φ−1
α
φ(x
)
.
n
n
n=1
Show that Mφ (x) deﬁned by (iii) is a general mean; i.e., it satisﬁes properties (i)-(iii) listed in
Problem 7 above.
Hint: You do not have to prove part (ii), continuity, which is obvious.
Comment: Note that if φ(z) ≡ z r for r > 0, then Mφ (x) reduces to the weighted mean of order r,
Mr (x) and if φ(z) ≡ ln z, then Mφ (x) reduces to the weighted geometric mean, M0 (x). Hardy,
Littlewood and Polya (1934; 68)[308] show that if we require Mφ (x) to be a homogeneous
mean*15 , then essentially, Mφ (x) must be a mean of order r.*16
Problem 14 Find a general mean function, M (x1 , x2 ), which is not a quasilinear mean of the type
deﬁned in Problem 13.
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Diewert, W.E. (1978), “Superlative Index Numbers and Consistency in Aggregation”, Econometrica
46, 883-900.
Diewert, W.E. (1993), “Symmetric Means and Choice under Uncertainty”, pp. 355-433 in Essays in
Index Number Theory, Volume 1 (W.E. Diewert and A.O. Nakamura editors), Amsterdam: NorthHolland.
Diewert, W.E. (1998), “Index Number Issues in the Consumer Price Index”, Journal of Economic
Perspectives 12:1 (Winter), 47-58.
Eichhorn, W. (1978), Functional Equations in Economics, Reading, MA: Addison-Wesley Publishing
Company.
Eichhorn, W. and J. Voeller (1976), Theory of the Price Index, Lecture Notes in Economics and
Mathematical Systems, Vol. 140, Berlin: Springer-Verlag.
Fisher, I. (1922), The Making of Index Numbers, Houghton-Miﬄin, Boston.
Hardy, G.H., J.E. Littlewood and G. Polya, (1934), Inequalities, Cambridge, England: Cambridge
University Press.
Kendall, M.G. and A.S. Stuart (1967), The Advanced Theory of Statistics: Volume 2: Inference and
Relationship, Second Edition, New York: Hafner Publishing Co.
Kolmogoroﬀ, A. (1930), “Sur la notion de la moyenne”, Atti della Reale Academia nazionale dei
Lincei 12(6), 388-391.
L’Hospital (1696), L’analyse des inﬁniment petits pour l’intelligence des lignes courbes, Paris.
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Chapter 2

EARLY APPROACHES TO INDEX
NUMBER THEORY
2.1 Index Number Purpose and Overview
“The answer to the question what is the Mean of a given set of magnitudes cannot in general
be found, unless there is given also the object for the sake of which a mean value is required.
There are as many kinds of average as there are purposes; and we may almost say in the
matter of prices as many purposes as writers. Hence much vain controversy between persons
who are literally at cross purposes.” F.Y. Edgeworth (1888; 347)[246].
The number of physically distinct goods and unique types of services that consumers can purchase is
in the millions. On the business or production side of the economy, there are even more commodities
that are actively traded. This is because ﬁrms not only produce commodities for ﬁnal consumption,
they also produce exports and intermediate commodities that are demanded by other producers.
Firms collectively also use millions of imported goods and services, thousands of diﬀerent types
of labor services and hundreds of thousands of speciﬁc types of capital. If we further distinguish
physical commodities by their geographic location or by the season or time of day that they are
produced or consumed, then there are billions of commodities that are traded within each year of
any advanced economy. Yet most macroeconomic models have only half a dozen quantity variables
and many have only three: output, labor and capital. The models used in applied microeconomics
generally have less than 20 or so quantity variables. The question that this book addresses is: how
exactly should the microeconomic information involving possibly millions of prices and quantities be
aggregated into a smaller number of price and quantity variables? This is the basic index number
problem.*1
Note that we have posed the index number problem in the context of microeconomic theory; i.e.,
given that we wish to implement some economic model based on producer or consumer theory, what
is the “best” method for constructing a set of aggregates for the model? However, when constructing
aggregate prices or quantities, other points of view (that do not rely on economics) are possible. We
will also consider these alternative points of view in this book but the primary focus will be on
economic approaches to index number theory. Thus in sections 2.2 to 2.7 below, we consider some
of the early noneconomic approaches to index number theory. Another noneconomic approach is the
test or axiomatic approach to index number theory. In this approach, we attempt to determine the
functional form for the price and quantity aggregation functions by asking that these aggregation
*1

For a comprehensive modern review of index number theory, see Balk (2008)[45]. For a shorter survey that
focuses on the economic approach, see Kohli (2011)[378] and Diewert (2009a)[202] (2012)[208].
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functions have various intuitively plausible properties. Given the importance of this approach, we
devote chapter 4 below to it.*2
In order to further deﬁne the index number problem, we introduce a bit of notation. We specify accounting periods, t = 0, 1, . . . , T for which we have micro price and quantity data for N commodities
pertaining to transactions by a deﬁnite consumer or producer (or a deﬁnite group of consumers or
producers). Denote the price and quantity of commodity n in period t by ptn and qnt respectively for
n = 1, 2, . . . , N and t = 0, 1, . . . , T . Before proceeding further, we need to discuss the exact meaning
of the microeconomic prices and quantities if there are multiple transactions for say commodity n
within period t. In this case, it is natural to interpret qnt as the total amount of commodity n
transacted within period t. In order to conserve the value of transactions, it is necessary that ptn be
deﬁned as a unit value *3 ; i.e., ptn must be equal to the value of transactions in commodity n for period
t divided by the total quantity transacted, qnt . However, for now, we will follow Fisher*4 and Hicks*5
and assume that the accounting period has been chosen so that variations in commodity prices within
a period are very small compared to their variations between periods. For t = 0, 1, . . . , T , deﬁne the
value of transactions in period t as:
Vt ≡

N
∑

ptn qnt ≡ pt · q t

(2.1)

n=1
t
) is the period t quantity vector
where pt ≡ (pt1 , . . . , ptN ) is the period t price vector, q t ≡ (q1t , . . . , qN
t
t
and p · q denotes the inner product of these two vectors.
Using the above notation, we can now state the following (levels) version of the index number problem
using the axiomatic approach: for t = 0, 1, . . . , T , ﬁnd scalar numbers P t and Qt such that

V t = P t Qt .

(2.2)

The number P t is interpreted as an aggregate period t price level while the number Qt is interpreted
as an aggregate period t quantity level. The aggregate price level P t is allowed to be a function of
the period t price vector, pt while the aggregate period t quantity level Qt is allowed to be a function
of the period t quantity vector, q t ; i.e., we have
P t = c(pt ) and Qt = f (q t ); t = 0, 1, . . . , T.
*2

*3
*4

*5

(2.3)

In many applications, the economic approach will not be applicable, perhaps because the underlying assumption
of price taking optimizing behavior on the part of economic agents (consumers or producers) may not be satisﬁed.
Under these conditions, we need an alternative aggregation principle. Two of the most promising alternative
approaches are the stochastic approach considered in sections 2.3 and 2.4 below and the test approach considered
in chapter 4.
We will discuss in more detail what is the “right” concept of a price at the ﬁrst stage of aggregation in section
2.6 below.
“Throughout this book ‘the price’ of any commodity or ‘the quantity’ of it for any one year was assumed given.
But what is such a price or quantity? Sometimes it is a single quotation for January 1 or July 1, but usually it is
an average of several quotations scattered throughout the year. The question arises: On what principle should
this average be constructed? The practical answer is any kind of average since, ordinarily, the variation during
a year, so far, at least, as prices are concerned, are too little to make any perceptible diﬀerence in the result,
whatever kind of average is used. Otherwise, there would be ground for subdividing the year into quarters or
months until we reach a small enough period to be considered practically a point. The quantities sold will, of
course, vary widely. What is needed is their sum for the year (which, of course, is the same thing as the simple
arithmetic average of the per annum rates for the separate months or other subdivisions). In short, the simple
arithmetic average, both of prices and of quantities, may be used. Or, if it is worth while to put any ﬁner point
on it, we may take the weighted arithmetic average for the prices, the weights being the quantities sold.” Irving
Fisher (1922; 318)[274].
“I shall deﬁne a week as that period of time during which variations in prices can be neglected. For theoretical
purposes this means that prices will be supposed to change, not continuously, but at short intervals. The
calendar length of the week is of course quite arbitrary; by taking it to be very short, our theoretical scheme can
be ﬁtted as closely as we like to that ceaseless oscillation which is a characteristic of prices in certain markets.”
J.R. Hicks (1946; 122)[321].
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The functions c and f are to be determined somehow. Note that we are requiring that the functional
forms for the price aggregation function c and for the quantity aggregation function f be independent
of time. This is a reasonable requirement since there is no reason (at this stage*6 ) to change the
method of aggregation as time changes.
Substituting (2.3) and (2.2) into (2.1) and dropping the superscripts t means that c and f must
satisfy the following functional equation for all strictly positive price and quantity vectors:
c(p)f (q) = p · q ≡

N
∑

p n qn

for all p ≫ 0N and for all q ≫ 0N .

(2.4)

n=1

We now could ask what properties should the price aggregation function c and the quantity aggregation function f have? We could assume that c and f satisﬁed various “reasonable” properties and
hope that these properties would determine the functional form for c and f . However, it turns out
that we only have to make the following very weak positivity assumptions on f and c:
c(p) > 0 for all p ≫ 0N ; f (q) > 0 for all q ≫ 0N .

(2.5)

Let 1N denote an N dimensional vector of ones. Then (2.5) implies that when p = 1N , c(1N ) is a
positive number, a say, and when q = 1N , then f (1N ) is also a positive number, b say; i.e., (2.5)
implies that c and f satisfy:
c(1N ) = a > 0; f (1N ) = b > 0.
(2.6)
Eichhorn (1978; 144)[252] proved the following result:
Proposition 1 If the number of commodities N > 1, then there do not exist any functions c and f
that satisfy (2.4) and (2.5).
Proof. Let p = 1N and substitute the ﬁrst equation in (2.6) into (2.4) in order to obtain the
following equation:
f (q) = 1N · q/a =

N
∑

qn /a for all q ≡ (q1 , . . . , qN ) ≫ 0N .

(2.7)

n=1

Now let q = 1N and substitute the second equation in (2.6) into (2.4) in order to obtain the following
equation:
N
∑
c(p) = 1N · p/b =
pn /b for all p ≡ (p1 , . . . , pN ) ≫ 0N .
(2.8)
n=1

Now substitute (2.7) and (2.8) into the left hand side of (2.4) and we obtain the following equation:
{∑
} {∑
} ∑
N
N
N
pn /b
qn /a =
pn qn for all p ≫ 0N and for all q ≫ 0N .
(2.9)
n=1

n=1

n=1

If N is greater than one, it is obvious that equation (2.9) cannot be satisﬁed for all strictly positive
p and q vectors.
Thus this test approach to index number theory comes to an abrupt halt; it is fruitless to look for
price and quantity level functions, P t = c(pt ) and Qt = f (q t ), that satisfy (2.2) or (2.4) and also
satisfy the very reasonable positivity requirements, (2.5).*7
*6

*7

At a later stage, we may want to introduce taste changes (see Caves, Christensen and Diewert (1982)[85], Balk
(1989)[33] and Diewert (2009a)[202] on this topic) or technological progress as factors which may cause our
aggregator functions f and c to change over time.
The proof of Proposition 1 actually only requires the weaker positivity property (2.6), which is implied by (2.5).
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Even though the above version of the test approach to index number theory fails, it turns out that
the economic approach is somewhat more successful. This economic approach is due to Shephard
(1953)[471] (1970)[472] and Samuelson and Swamy (1974)[458] and we outline it below.
We now assume that f (q) is the utility function of a consumer and this consumer minimizes the cost
of achieving the period t utility level ut ≡ f (q t ) for periods t = 0, 1, . . . , T . Thus we assume that the
observed period t consumption vector q t solves the following period t cost minimization problem:
min{pt · q : f (q) ≥ ut ≡ f (q t )} = pt · q t ;
q

t = 0, 1, . . . , T.

(2.10)

The period t price vector for the N commodities under consideration that the consumer faces is pt .
We place some regularity conditions on the utility function f . We assume that f is a continuous
function deﬁned over the nonnegative orthant, {q : q ≥ 0N } and is positive, concave and (positively)
linearly homogeneous over the strictly positive orthant, Ω ≡ {q : q ≫ 0N }.*8 The concavity property
means that f satisﬁes the following inequalities:*9
f (λq 1 +(1−λ)q 2 ) ≥ λf (q 1 )+(1−λ)f (q 2 ) for all 0 ≤ λ ≤ 1 and all q 1 ≫ 0N and q 2 ≫ 0N . (2.11)
The linear homogeneity property means that f satisﬁes the following property:*10
f (λq) = λf (q)

for all λ > 0 and all q ≫ 0N .

(2.12)

Now use the utility function f to deﬁne the consumer’s expenditure or cost function, C(u, p), as
follows. For positive commodity prices p ≫ 0N and a positive utility level u, deﬁne the minimum
cost of achieving the given utility level u as:
C(u, p) ≡ min{p · q : f (q) ≥ u}

(2.13)

q

= min{p · q : (1/u)f (q) ≥ 1}

since u > 0

q

= min{p · q : f (q/u) ≥ 1}

using the linear homogeneity property (2.12)

q

= u min{p · q/u : f (q/u) ≥ 1}
q

= u min{p · z : f (z) ≥ 1}
z

= uC(1, p)

using u > 0

letting z = q/u

using deﬁnition (2.13) with u = 1

= uc(p)

(2.14)

where c(p) ≡ C(1, p) is the unit cost function that is dual to f . It can be shown that the unit cost
function c(p) satisﬁes the same regularity conditions that f satisﬁed; i.e., c(p) is positive, concave
and (positively) linearly homogeneous over the strictly positive orthant in price space, Ω ≡ {p : p ≫
0N }.*11 Substituting (2.14) into (2.10) leads to the following equations:
pt · q t = c(pt )f (q t ) for t = 0, 1, . . . , T.
*8

*9

*10
*11

(2.15)

Note that q ≥ 0N means that each component of the N dimensional vector q is nonnegative, q ≫ 0N means
that each component of q is positive and q > 0N means that q ≥ 0N but q ̸= 0N ; i.e, q is nonnegative but at
least one component is positive.
Given that f is linearly homogeneous, the meaning of the concavity assumption is that each indiﬀerence curve
of f has the curvature that is always assumed in elementary economics courses; i.e., for each utility level u > 0,
the upper level set, L(u) ≡ {q : f (q) ≥ u} is a convex set. A set S is convex if and only if given any two points
belonging to S, then the straight line segment joining those two points also belongs to S. In technical terms, S
is convex if and only if q 1 ∈ S, q 2 ∈ S, 0 ≤ λ ≤ 1 implies λq 1 + (1 − λ)q 2 ∈ S.
This assumption is fairly restrictive in the consumer context. It implies that all income elasticities of demand
are unity, which is contradicted by empirical evidence.
For additional material on duality theory and the properties of f and c, see Samuelson (1953)[457], Shephard
(1953)[471] and Diewert (1974) (1993b; 107-123)[123].
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Obviously, we can identify the period t unit cost, c(pt ), as the period t price level P t and the period
t level of utility, f (q t ), as the period t quantity level Qt .*12
Why does the economic approach to the determination of aggregate price and quantity levels work
while the test approach fails? It is because the two approaches make diﬀerent assumptions. In
equations (2.15), the quantity vector, q t , cannot be speciﬁed independently of the price vector, pt ;
i.e., once pt is speciﬁed, q t is determined as the solution to the minimization problem in (2.10). In
the test approach, p and q could vary completely independently in equation (2.4). This is the major
diﬀerence between the economic and test approaches to index number theory.
Let us return to equations (2.15). Although the economic approach has successfully decomposed the
period t expenditure pt · q t into a price component, c(pt ), and a quantity component, f (q t ), this is
not a very useful decomposition for price statisticians working in statistical agencies. This is because
the price statistician has no way of knowing exactly what the “correct” functional forms for c(p) or
f (q) are. Thus although it is nice to know that the required theoretical decomposition exists, price
statisticians need to know what the correct functional forms for c and f are in order to produce price
and quantity indexes. From this “practical” point of view, both the test and economic approaches
to the determination of aggregate price and quantity levels fail.*13
Fortunately, this is not the end of the index number story. It turns out, that if we change the question
that we are trying to answer slightly, then both the economic and test approaches yield practical
solutions to the index number problem. The change is that instead of trying to decompose the
value of the aggregate into price and quantity components for a single period, we instead attempt
to decompose a value ratio pertaining to two periods, say periods 0 and 1, into a price change
component P times a quantity change component Q.*14 Thus we now look for two functions of 4N
variables, P (p0 , p1 , q 0 , q 1 ) and Q(p0 , p1 , q 0 , q 1 ) such that:
p1 · q 1
= P (p0 , p1 , q 0 , q 1 )Q(p0 , p1 , q 0 , q 1 ).
p0 · q 0

(2.16)

If we take the test approach, then we want equation (2.16) to hold for all positive price and quantity
vectors pertaining to the two periods under consideration, p0 , p1 , q 0 , q 1 . If we take the economic
approach, then only the price vectors p0 and p1 are regarded as independent variables while the
quantity vectors, q 0 and q 1 , are regarded as dependent variables. In chapters 3 and 4 below, we
will pursue the test approach and in chapters 5 to 7, we will take the economic approach. In all
of these chapters, we will be taking a bilateral approach to index number theory; i.e., in making
price and quantity comparisons between any two time periods, the relevant indexes use only price
and quantity information that pertains to the two periods under consideration. It is also possible
to take a multilateral approach; i.e., we look for functions, P t and Qt , that are functions of all of
the price and quantity vectors, p0 , p1 , . . . , pT , q 0 , q 1 , . . . , q T . Thus we look for 2(T + 1) functions,
P t (p0 , p1 , . . . , pT , q 0 , q 1 , . . . , q T ) and Qt (p0 , p1 , . . . , pT , q 0 , q 1 , . . . , q T ), t = 0, 1, . . . , T , such that
pt · q t = P t (p0 , p1 , . . . , pT , q 0 , q 1 , . . . , q T )Qt (p0 , p1 , . . . , pT , q 0 , q 1 , . . . , q T ) for t = 0, 1, . . . , T.
(2.17)
*12

*13

*14

There is also a producer theory interpretation of the above theory; i.e., let f be the producer’s (constant returns
to scale) production function, let p be a vector of input prices that the producer faces, let q be an input vector
and let u = f (q) be the maximum output that can be produced using the input vector q. C(u, p) ≡ minq {p · q :
f (q) ≥ u} is the producer’s cost function in this case and c(pt ) can be identiﬁed as the period t input price
level while f (q t ) is the period t aggregate input level.
From the viewpoint of econometric methods however, the economic approach is not a failure: we could specify
a ﬂexible functional form for c or f and econometrically estimate the unknown parameters in these functions.
This approach is not feasible for statistical agencies who have to aggregate hundreds of thousands of prices.
In the economic approach, P is interpreted to be the ratio of unit cost functions, c(p1 )/c(p0 ), and Q is interpreted
to be the utility ratio, f (q 1 )/f (q 0 ). Note that the linear homogeneity assumption on the utility function f
eﬀectively cardinalizes utility.
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Note the diﬀerence between (2.17) and equations (2.1)-(2.3) which can be rewritten as:
pt · q t = c(pt )f (q t ) for t = 0, 1, . . . , T.

(2.18)

The multilateral system of functions P t and Qt that might be solutions to (2.17) is much more
general than the two functions c and f that might be solutions to (2.18).
We pursue the multilateral approach to index number theory in a subsequent chapter. However, this
branch of index number theory is not nearly as well developed as the bilateral approaches and so
the reader should not expect a complete treatment of all multilateral approaches.
The above introductory material should give the reader an idea of our main approaches to index
number theory. To conclude this section, we brieﬂy discuss two additional important topics; namely
the domain of deﬁnition problem and the question of index number purpose.
The domain of deﬁnition problem is the problem of deciding what set of value transactions should
be included in the value aggregates that are to be decomposed into price and quantity components.
Over what time period should we aggregate transactions? Which set of economic agents should be
included in the transactions? What set of commodities should be included in the transactions?
With respect to the time period, we will often be constrained by data availability. In general, the
more rapid is general inﬂation, then the shorter we will want to make our time period. However, the
expense of collecting data will increase as the time period becomes shorter and the “quality” of the
data will also generally decline. With respect to producer commodities (business data), the shorter
is the time period, then the diﬀerence between the period when say an input is used in production
and when it is paid for can become signiﬁcant. On the output side, the periods when an output is
produced, when it is shipped, when it is sold and when it is ﬁnally paid for can diﬀer if the length
of the period is very short. In addition, daily, weekly or monthly seasonal ﬂuctuations can cause
substantial variability in the data when the time period is very short. With respect to consumer
commodities (household data), the shorter is the time period, the more consumption will ﬂuctuate
due to seasonality in the pattern of household purchases. Thus in general, the shorter is the period,
the more lumpy and erratic the quantity information will be.*15
Which economic agents should have their transactions included in the domain of deﬁnition of the
aggregate? The answer to this question depends on the purpose of the aggregation and we will
discuss this below.
Which commodity transactions should be included in the aggregate? Again, the answer to this
question depends on the purpose for which the aggregation is being done. If we are trying to measure
the productivity performance of a ﬁrm, an industry or an entire economy, then it will be necessary
to have price and quantity data on outputs produced by the production unit during the time periods
under consideration and inputs used by the production unit during the same time periods, since
productivity growth is generally deﬁned as output growth divided by input growth. If we are trying
to measure the consumer price inﬂation faced by a group of households (perhaps all households in a
region, perhaps retired households or perhaps “poor” households), then we have to have information
on all consumption commodity transactions by the group of households for the time periods under
consideration. However, suppose some of these households undertake business activities at home.
How are we to split the telephone bill between business use and personal consumption use? Suppose
some of these households use their home computers for business and pleasure purposes? How are
we to allocate the computer cost between consumption and production uses? How should we treat
home renovation expenditures? At ﬁrst sight, it seems to be an obvious consumption expenditure but
suppose some households in our domain of deﬁnition group systematically buy old homes, renovate
*15

If the time period is reduced to say one hour (which was actually necessary during the German hyperinﬂation of
the 1920’s), then obviously, most consumer purchases are zero with an occasional discrete jump in the purchase
of one or two commodities. Aggregating over such a tiny time period will obviously not be too illuminating.
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them, sell them and repeat the process. Then these renovation expenditures seem to be business
expenditures rather than consumption expenditures. What we are saying here is that the problems
of classiﬁcation are not trivial!
There is another classiﬁcation problem that should be mentioned here that occurs in both the
consumer and producer contexts: namely, how should purchases of consumer and producer durables
be treated? Should the entire purchase price of say a consumer durable good like a car or house
be charged to the period of purchase? This is the money outlays or acquisition cost approach to
the treatment of consumer durables. The problem with this approach is that the services of the
purchased goods are not conﬁned to period of purchase. By the deﬁnition of a durable good (it
lasts longer than one period), the purchase will yield a ﬂow of services to the consumer for periods
that follow the initial period of purchase. Thus it does not seem appropriate to charge the entire
purchase price to the initial period of purchase. But how should the purchase price be distributed or
allocated across periods? This is the fundamental problem of accounting. Accountants discuss this
problem in the context of business accounting where a similar cost allocation problem occurs when
a ﬁrm purchases a durable input. These accounting problems are discussed in the durables chapter
for this course and in even more detail in Diewert (2005b)[191] (2009b)[203].
Suppose that we have a deﬁnite measurement goal in mind such as measuring consumer price change
faced by a group of households. Statistical agencies produce Consumer Price Indexes (CPI’s) to
measure aggregate price change for the reference population covered by their indexes. However,
they also produce subindexes for say food, clothing, shelter, transportation, recreation, services, etc.
Similarly, statistical agencies often produce an aggregate producer price index and they decompose
this index into various subindexes. Is there any rationale for the choice of these subindexes? In section
2.7 below, we will review the aggregation theorems of Hicks (1946; 312-313)[321] and Leontief (1936;
54-57), which may cast some light on this question.*16
What are the main purposes for index numbers? Obviously, the way we have framed the problem
is that index numbers can be used to summarize information in an eﬃcient way. In the economic
approach, the 2N prices and quantities for period t, pt and q t , are reduced down to the aggregate
period t price, c(pt ) and the aggregate period t quantity, f (q t ). Thus index number theory can be
considered a part of descriptive statistics, which also tries to summarize information in an eﬃcient
manner. However, there are a number of speciﬁc uses of index numbers that arise in the context of
various microeconomic and macroeconomic contexts:
• They are used to decompose value ﬂows in the National Accounts into price and quantity
components;
• they are used to compensate consumers for general changes in consumer prices (in the context
of indexed pensions and for social welfare indexation purposes);*17
• they are used by central bankers as measures of general price inﬂation in the economy;
• they are used for a wide variety of long term contract escalation purposes and
• they are used in labor negotiations.
Our focus in this book will be on the ﬁrst purpose; i.e., the decomposition of value changes into price
and quantity components. However, there will be some discussion of the second and third purposes
listed above in later chapters.
We turn now to a discussion of the early approaches to index number theory. We consider a number
of alternatives to the economic approach to the determination of the consumer price index. These
alternatives are:
• the ﬁxed basket approach;
*16
*17

The best theoretical article on economic rationales for choosing industry and commodity classiﬁcations is Triplett
(1990)[504].
Triplett (1983)[503] has the best review paper in this area.
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•
•
•
•

the
the
the
the

test approach;
stochastic approach;
Divisia approach and
diﬀerences approach of Bennet and Montgomery.

These approaches are discussed in sections 2.2 to 2.6 below, with the exception of the test approach,
which is discussed more fully in chapter 4.

2.2 The Fixed Basket Approach
“Of this, some idea may be formed from a table in the Appendix comprising a list of articles
of general consumption, corn, butcher-meat, manufactures, tropical products, &c. and containing the probable amount of money expended on each by the public. This table is followed
by explanatory remarks, of which the object is to show that contracts for a series of years
ought to be made with a reference to the power of money in purchasing the necessaries and
comforts of life; that after ﬁxing a given sum, say 100l. as the amount of an annual salary, the
payment in subsequent years should be not necessarily 100l., but either 95l., 100l., or 105l.,
according to the varying power of money in making purchases. . . .
For the details of the table, and the calculations connected with it, we refer to the Appendix:
at present we shall, for the sake of illustration, suppose it in operation, and bestow a few
paragraphs on the eﬀects that the adoption of such a measure would have on the interests of
the country.
In what, it may be asked, would the beneﬁts of it consist? In ascertaining on grounds that
would admit of no doubt or dispute, the power in purchase of any given sum in one year,
compared to its power of purchase in another. And what would be the practical application of
this knowledge? The correction of a long list of anomalies in regard to rents, salaries, wages,
&c., arising out of unforeseen ﬂuctuations in our currency.” Joseph Lowe (1823; 333-335)[395].
It can be seen that Lowe had a very good grasp of the many uses that an index of consumer prices
could be put to. His approach to measuring the price change between periods 0 and 1 was to specify
an approximate representative commodity basket*18 quantity vector, q ≡ (q1 , . . . , qN ), and then
calculate the level of prices in period 1 relative to period 0 as
PL0 (p0 , p1 , q) ≡

p1 · q
p0 · q

(2.19)

where as usual p0 and p1 are the commodity price vectors that the consumer (or group*19 of consumers) face in periods 0 and 1 respectively. This ﬁrst alternative approach to measuring aggregate
consumer price change between periods 0 and 1 dates back to William Fleetwood, the Bishop of Ely,
who advocated the above method in the book, Chronicon Precosium in 1707*20 . The ﬁxed basket
approach to measuring price change is intuitively very simple: we simply specify the commodity
“list” q and calculate the price index as the ratio of the costs of buying this same list of goods in
periods 1 and 0.
As time passed, economists and price statisticians demanded a bit more precision with respect to
the speciﬁcation of the basket vector q. There are two natural choices for the reference basket: the
period 0 commodity vector q 0 or the period 1 commodity vector q 1 . These two choices lead to the
*18
*19
*20

Lowe (1823; Appendix page 95)[395] suggested that the commodity basket vector q should be updated every
ﬁve years.
Lowe (1823; 336)[395] also advocated diﬀerent indexes for diﬀerent demographic groups of households.
A good account of Fleetwood’s contributions can be found in Ferger (1946)[270]. See also Diewert (1993a;
34-36)[149] (1997; 128-129)[160].
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Laspeyres (1871)[384] price index PL deﬁned by (2.20) and the Paasche (1874)[421] price index PP
deﬁned by (2.21):*21
PL (p0 , p1 , q 0 , q 1 ) ≡

p1 · q 0
;
p0 · q 0

(2.20)

PP (p0 , p1 , q 0 , q 1 ) ≡

p1 · q 1
.
p0 · q 1

(2.21)

The above formulae can be rewritten in an alternative manner that is very useful for statistical
agencies. Deﬁne the period t expenditure share on commodity n as follows:
stn ≡

ptn qnt
pt · q t

for n = 1, . . . , N and t = 0, 1.

Then the Laspeyres index (2.20) can be rewritten as follows:
/
PL (p0 , p1 , q 0 , q 1 ) ≡ p1 · q 0 p0 · q 0
/
∑N
= n=1 p1n qn0 p0 · q 0
/
∑N
= n=1 (p1n /p0n )p0n qn0 p0 · q 0
∑N
= n=1 (p1n /p0n )s0n
using deﬁnitions (2.22).

(2.22)

(2.23)

Thus the Laspeyres price index PL can be written as a base period expenditure share weighted
average of the N price ratios (or price relatives using index number terminology), p1n /p0n . The
Laspeyres formula (until the very recent past) has been widely used as the intellectual base for
country Consumer Price Indexes around the world. To implement it, the country statistical agency
collects information on expenditure shares s0n for the index domain of deﬁnition for the base period
0 and then collects information on prices alone on an ongoing basis. Thus the CPI can be produced
on a timely basis without having to know current period quantity information.
The Paasche index can also be written in expenditure share and price ratio form as follows:
/
PP (p0 , p1 , q 0 , q 1 ) ≡ p1 · q 1 p0 · q 1
[
/
]
= 1/ p0 · q 1 p1 · q 1
[∑
/ 1 1]
N
0 1
= 1/
n=1 pn qn p · q
[∑
/ 1 1]
N
0
1 1 1
(p
/p
)p
q
= 1/
n n n p ·q
n=1 n
[∑
]
N
1
0 −1 1
(p
/p
)
s
= 1/
using deﬁnitions (2.22)
n
n
n=1 n
[∑
]−1
N
1
0 −1 1
=
(p
/p
)
s
.
(2.24)
n
n
n=1 n
Thus the Paasche price index PP can be written as a period 1 (or current period) expenditure share
weighted harmonic average of the N price ratios.
The problem with these index number formulae is that they are equally plausible but in general,
they will give diﬀerent answers. This suggests that if we require a single estimate for the price
change between the two periods, then we should take some sort of evenly weighted average of the
*21

Note that PL (p0 , p1 , q 0 , q 1 ) does not actually depend on q 1 and PP (p0 , p1 , q 0 , q 1 ) does not actually depend
on q 0 . However, it does no harm to include these vectors and the notation indicates that we are in the realm of
bilateral index number theory.
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two indexes as our ﬁnal estimate of price change between periods 0 and 1. Examples of such
symmetric averages*22 are the arithmetic mean, which leads to the Sidgwick (1883; 68)[477] Bowley
(1901; 227)[65]*23 index, (1/2)PL + (1/2)PP , and the geometric mean, which leads to the Fisher
(1922)[274]*24 ideal index, PF deﬁned as
[
]1/2
PF (p0 , p1 , q 0 , q 1 ) ≡ PL (p0 , p1 , q 0 , q 1 )PP (p0 , p1 , q 0 , q 1 )
.

(2.25)

At this point, the ﬁxed basket approach to index number theory is transformed into the test approach
to index number theory; i.e., in order to determine which of these ﬁxed basket indexes or which
averages of them might be “best”, we need criteria or tests or properties that we would like our
indexes to satisfy. We will pursue this topic in more detail in chapter 4 below but we will give the
reader an introduction to this topic in the present section because some of these tests or properties
are useful to evaluate other approaches to index number theory.
Let a and b be two positive numbers. Diewert (1993c; 361)[151] deﬁned a symmetric mean of a and
b as a function m(a, b) that has the following properties:
m(a, a) = a for all a > 0 (mean property);

(2.26)

m(a, b) = m(b, a) for all a > 0, b > 0 (symmetry property);

(2.27)

m(a, b) is a continuous function for a > 0, b > 0 (continuity property);

(2.28)

m(a, b) is a strictly increasing function in each of its variables (increasingness property). (2.29)
It can be shown that if m(a, b) satisﬁes the above properties, then it also satisﬁes the following
property:*25
min{a, b} ≤ m(a, b) ≤ max{a, b} (min-max property);
(2.30)
i.e., the mean of a and b, m(a, b), lies between the maximum and minimum of the numbers a and b.
Since we have restricted the domain of deﬁnition of a and b to be positive numbers, it can be seen
that an implication of (2.30) is that m also satisﬁes the following property:
m(a, b) > 0 for all a > 0, b > 0

(positivity property).

(2.31)

If in addition, m satisﬁes the following property, then we say that m is a homogeneous symmetric
mean:
m(λa, λb) = λm(a, b) for all λ > 0, a > 0, b > 0.
(2.32)
What is the “best” symmetric average of PL and PP to use as a point estimate for the theoretical cost
of living index? It is very desirable for a price index formula that depends on the price and quantity
vectors pertaining to the two periods under consideration to satisfy the time reversal test *26 . We
say that the index number formula P (p0 , p1 , q 0 , q 1 ) satisﬁes this test if
P (p1 , p0 , q 1 , q 0 ) =

*22
*23
*24
*25
*26

1
P (p0 , p1 , q 0 , q 1 )

;

(2.33)

For a discussion of the properties of symmetric averages, see Diewert (1993c)[151].
See Diewert (1993a; 36)[149] and Balk (2008)[45] for additional references to the early history of index number
theory.
Bowley (1899; 641) appears to have been the ﬁrst to suggest the use of this index.
To prove this, use the technique of proof used by Eichhorn and Voeller (1976; 10)[250].
See Diewert (1992a; 218)[141] for early references to this test. If we want our price index to have the same
property as a single price ratio, then it is important to satisfy the time reversal test. However, other points of
view are possible. For example, we may want to use our price index for compensation purposes in which case,
satisfaction of the time reversal test is not so important.
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i.e., if we interchange the period 0 and period 1 price and quantity data and evaluate the index, then
this new index P (p1 , p0 , q 1 , q 0 ) is equal to the reciprocal of the original index P (p0 , p1 , q 0 , q 1 ).
Diewert (1997; 138)[160] proved the following result:
Proposition 2 The Fisher Ideal price index deﬁned by (2.25) above is the only index that is a
homogeneous symmetric average of the Laspeyres and Paasche price indexes, PL and PP , and satisﬁes
the time reversal test (2.33) above.
Proof. In order to prove this proposition, we only require the homogeneous mean function to satisfy
the positivity and homogeneity properties, (2.31) and (2.32) above.
We deﬁne the mean price index P using the function m as follows:
P (p0 , p1 , q 0 , q 1 ) ≡ m(PL , PP ) = m(p1 · q 0 /p0 · q 0 , p1 · q 1 /p0 · q 1 )

(2.34)

where we have used the deﬁnitions of PL and PP , (2.20) and (2.21) above. Since P is supposed to
satisfy the time reversal test, we can substitute deﬁnition (2.34) into (2.33) in order to obtain the
following equation:
m(p0 · q 1 /p1 · q 1 , p0 · q 0 /p1 · q 0 ) =

1
m(p1

·

q 0 /p0

·

q0 ,

p1 · q 1 /p0 · q 1 )

.

(2.35)

Letting a ≡ p1 · q 0 /p0 · q 0 and b ≡ p1 · q 1 /p0 · q 1 , we see that equation (2.35) can be rewritten as:
1
.
m(a, b)

m(b−1 , a−1 ) =

(2.36)

Equation (2.36) can be rewritten as:
1 = m(a, b)m(b−1 , a−1 )
= am(1, b/a)a−1 m(a/b, 1)
−1

= m(1, x)m(x

, 1)

using property (2.32) of m

letting x ≡ b/a

= m(1, x)x−1 m(1, x)
Equation (2.37) can be rewritten as:

using property (2.32) of m.

x = [m(1, x)]2 .

(2.37)
(2.38)

Thus using (2.31), we can take the positive square root of both sides of (2.38) and obtain
m(1, x) = x1/2 .

(2.39)

Using property (2.32) of m again, we have
m(a, b) = am(1, b/a)
= a[b/a]1/2

using (2.39)

= a1/2 b1/2 .

(2.40)

Now substitute (2.40) into (2.34) and we obtain the Fisher Index.
It is interesting to note that this symmetric basket approach to index number theory dates back to
one of the early pioneers of index number theory, Bowley, as the following quotations indicate:
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“If [the Paasche index] and [the Laspeyres index] lie close together there is no further diﬃculty;
if they diﬀer by much they may be regarded as inferior and superior limits of the index number,
which may be estimated as their arithmetic mean . . . as a ﬁrst approximation.” A. L. Bowley
(1901; 227)[65].
“When estimating the factor necessary for the correction of a change found in money wages to
obtain the change in real wages, statisticians have not been content to follow Method II only
[to calculate a Laspeyres price index], but have worked the problem backwards [to calculate a
Paasche price index] as well as forwards. . . . They have then taken the arithmetic, geometric
or harmonic mean of the two numbers so found.” A. L. Bowley (1919; 348)[67].*27

In section 2.5 below, we will study ﬁxed basket indexes from a slightly diﬀerent perspective.
We turn now to another approach to the index number problem.

2.3 The Unweighted Statistical or Stochastic Approach
“In drawing our averages the independent ﬂuctuations will more or less destroy each other; the
one required variation of gold will remain undiminished.” W. Stanley Jevons (1884; 26)[365].
The stochastic approach to the determination of the price index can be traced back to the work of
Jevons and Edgeworth over a hundred years ago*28 .
The basic idea behind the stochastic approach is that each price relative, p1n /p0n for n = 1, 2, . . . , N
can be regarded as an estimate of a common inﬂation rate α between periods 0 and 1; i.e., it is
assumed that
p1n /p0n = α + εn ; n = 1, 2, . . . , N
(2.41)
where α is the common inﬂation rate and the εn are random variables with mean 0 and variance σ 2 .
The least squares estimator for α is the Carli (1764) price index PC deﬁned as
PC (p0 , p1 ) ≡

N
∑

(1/N )p1n /p0n .

(2.42)

n=1

Unfortunately, PC does not satisfy the time reversal test, i.e., PC (p1 , p0 ) ̸= 1/PC (p0 , p1 )*29 .
Let us change our stochastic speciﬁcation as follows: assume that the logarithm of each price relative,
ln(p1n /p0n ), is an unbiased estimate of the logarithm of the inﬂation rate between periods 0 and 1, β
say. Thus we have:
(2.43)
ln(p1n /p0n ) = β + εn ; n = 1, 2, . . . , N
where β ≡ ln α and the εn are independently distributed random variables with mean 0 and variance
σ 2 . The least squares or maximum likelihood estimator for β is the logarithm of the geometric mean
of the price relatives. Hence the corresponding estimate for the common inﬂation rate α*30 is the
*27

Fisher (1911; 417-418)[272] (1922)[274] also considered the arithmetic, geometric and harmonic averages of the
Paasche and Laspeyres indexes.
*28 For references to the literature, see Diewert (1993a; 37-38)[149] (2010a)[204] (2010b)[205].
*29 In fact Fisher (1922; 66)[274] noted that PC (p0 , p1 ) PC (p1 , p0 ) ≥ 1 unless the period 1 price vector p1 is
proportional to the period 0 price vector p0 ; i.e., Fisher showed that the Carli index has a deﬁnite upward bias.
He urged statistical agencies not to use this formula.
∑N
1
0
*30 Greenlees (1998)[292] pointed out that although (1/N )
n=1 ln(pn /pn ) is an unbiased estimator for β, the
corresponding exponential of this estimator, PJ deﬁned by (2.32), will generally not be an unbiased estimator for
α under our stochastic assumptions. To see this, let xn = ln p1n /p0n . Taking expectations, we have: E xn = β =
ln α. Deﬁne the positive, convex function f of one variable x by f (x) ≡ ex . By Jensen’s (1906)[361] inequality, we
have Ef (x) ≤ f (Ex). Letting x equal the random variable xn , this inequality becomes: E(p1n /p0n ) = Ef (xn ) ≤
f (E xn ) = f (β) = eβ = eln α = α. Thus for each n, we have E(p1n /p0n ) ≤ α, and it can be seen that the Jevons
price index deﬁned by (2.32) will generally have a downward bias.
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Jevons (1865)[364] price index PJ deﬁned as:
PJ (p0 , p1 ) ≡

N
∏

(p1n /p0n )1/N .

(2.44)

n=1

The Jevons price index PJ does satisfy the time reversal test and hence is much more satisfactory than
the Carli index PC . However, both the Jevons and Carli price indexes suﬀer from a fatal ﬂaw: each
price relative p1n /p0n is regarded as being equally important and is given an equal weight in the index
number formulae (2.42) and (2.44). Keynes was particularly critical of this unweighted stochastic
approach to index number theory. He directed the following criticism towards this approach, which
was vigorously advocated by Edgeworth (1923):
“Nevertheless I venture to maintain that such ideas, which I have endeavoured to expound
above as fairly and as plausibly as I can, are root-and-branch erroneous. The ‘errors of
observation’, the ‘faulty shots aimed at a single bull’s eye’ conception of the index number of
prices, Edgeworth’s ‘objective mean variation of general prices’, is the result of confusion of
thought. There is no bull’s eye. There is no moving but unique centre, to be called the general
price level or the objective mean variation of general prices, round which are scattered the
moving price levels of individual things. There are all the various, quite deﬁnite, conceptions
of price levels of composite commodities appropriate for various purposes and inquiries which
have been scheduled above, and many others too. There is nothing else. Jevons was pursuing
a mirage.
What is the ﬂaw in the argument? In the ﬁrst place it assumed that the ﬂuctuations of
individual prices round the ‘mean’ are ‘random’ in the sense required by the theory of the
combination of independent observations. In this theory the divergence of one ‘observation’
from the true position is assumed to have no inﬂuence on the divergences of other ‘observations’. But in the case of prices, a movement in the price of one commodity necessarily
inﬂuences the movement in the prices of other commodities, whilst the magnitudes of these
compensatory movements depend on the magnitude of the change in expenditure on the ﬁrst
commodity as compared with the importance of the expenditure on the commodities secondarily aﬀected. Thus, instead of ‘independence’, there is between the ‘errors’ in the successive
‘observations’ what some writers on probability have called ‘connexity’, or, as Lexis expressed
it, there is ‘sub-normal dispersion’.
We cannot, therefore, proceed further until we have enunciated the appropriate law of connexity. But the law of connexity cannot be enunciated without reference to the relative importance
of the commodities aﬀected—which brings us back to the problem that we have been trying
to avoid, of weighting the items of a composite commodity.” John Maynard Keynes (1930;
76-77)[373].
The main point Keynes seemed to be making in the above quotation is that prices in the economy
are not independently distributed from each other and from quantities. In current macroeconomic
terminology, we can interpret Keynes as saying that a macroeconomic shock will be distributed
across all prices and quantities in the economy through the normal interaction between supply and
demand; i.e., through the workings of the general equilibrium system. Thus Keynes seemed to be
leaning towards the economic approach to index number theory (even before it was even developed to
any great extent), where quantity movements are functionally related to price movements. A second
point that Keynes made in the above quotation is that there is no such thing as the inﬂation rate;
there are only price changes that pertain to well speciﬁed sets of commodities or transactions; i.e.,
the domain of deﬁnition of the price index must be carefully speciﬁed.*31 A ﬁnal point that Keynes
*31

We will return to this point in section 2.6 below.
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made is that price movements must be weighted by their economic importance; i.e., by quantities or
expenditures.
In addition to the above theoretical criticisms, Keynes also made the following strong empirical
attack on Edgeworth’s unweighted stochastic approach:
“The Jevons—Edgeworth “objective mean variation of general prices’, or ‘indeﬁnite’ standard,
has generally been identiﬁed, by those who were not as alive as Edgeworth himself was to the
subtleties of the case, with the purchasing power of money—if only for the excellent reason
that it was diﬃcult to visualise it as anything else. And since any respectable index number,
however weighted, which covered a fairly large number of commodities could, in accordance
with the argument, be regarded as a fair approximation to the indeﬁnite standard, it seemed
natural to regard any such index as a fair approximation to the purchasing power of money
also.
Finally, the conclusion that all the standards ‘come to much the same thing in the end’ has
been reinforced ‘inductively’ by the fact that rival index numbers (all of them, however, of the
wholesale type) have shown a considerable measure of agreement with one another in spite of
their diﬀerent compositions. . . . On the contrary, the tables give above (pp. 53,55) supply
strong presumptive evidence that over long period as well as over short period the movements
of the wholesale and of the consumption standards respectively are capable of being widely
divergent.” John Maynard Keynes (1930; 80-81)[373].
In the above quotation, Keynes noted that the proponents of the unweighted stochastic approach
to price change measurement were comforted by the fact that all of the then existing (unweighted)
indexes of wholesale prices showed broadly similar movements. However, Keynes showed empirically
that these wholesale price indexes moved quite diﬀerently than his consumer price indexes.*32
In order to overcome the Keynsian criticisms of the unweighted stochastic approach to index numbers,
it is necessary to:
• have a deﬁnite domain of deﬁnition for the index number and
• weight the price relatives by their economic importance.*33
In the following section, we review Theil’s solution to the weighting problem, even though this
solution came relatively recently compared to the remaining approaches to be discussed in this
introductory chapter.

2.4 The Weighted Stochastic Approach of Theil
“It might seem at ﬁrst sight as if simply every price quotation were a single item, and since
every commodity (any kind of commodity) has one price-quotation attached to it, it would
seem as if price-variations of every kind of commodity were the single item in question. This
is the way the question struck the ﬁrst inquirers into price-variations, wherefore they used
simple averaging with even weighting. But a price-quotation is the quotation of the price of a
generic name for many articles; and one such generic name covers a few articles, and another
covers many. . . . A single price-quotation, therefore, may be the quotation of the price of a
*32

*33

Using the OECD national accounts data for the last four decades, some broad trends in the rates of increase
in prices for the various components of GDP can be observed: rates of increase for the prices of internationally
traded goods have been the lowest, followed by the prices of reproducible capital goods, followed by consumer
prices, followed by wage rates. From other sources, land prices have shown the highest rate of price increase over
this period. Of course, if a country adjusts the price of computer related equipment for quality improvements,
then the aggregate price of capital machinery and equipment tends to move downwards in recent years. Thus
there are long term systematic diﬀerences in price movements over diﬀerent domains of deﬁnition.
Walsh (1901)[530] (1921; 82-83)[531] also objected to the lack of weighting in the unweighted stochastic approach
to index number theory.
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hundred, a thousand, or a million dollar’s worths, of the articles that make up the commodity
named. Its weight in the averaging, therefore, ought to be according to these money-unit’s
worth.” Correa Moylan Walsh (1921; 82-83)[531].
Theil (1967; 136-137)[500] proposed a solution to the lack of weighting in (2.44). He argued as
follows. Suppose we draw price relatives at random in such a way that each dollar of expenditure
in the base period has an equal chance of being selected. Then the probability that we will draw
the nth price relative is equal to s0n ≡ p0n qn0 /p0 · q 0 , the period 0 expenditure share for commodity
∑N
n. Then the overall mean (period 0 weighted) logarithmic price change is n=1 s0n ln(p1n /p0n ). Now
repeat the above mental experiment and draw price relatives at random in such a way that each
dollar of expenditure in period 1 has an equal probability of being selected. This leads to the overall
∑N
mean (period 1 weighted) logarithmic price change of n=1 s1n ln(p1n /p0n ). Each of these measures
of overall logarithmic price change seems equally valid so we could argue for taking a symmetric
average of the two measures in order to obtain a ﬁnal single measure of overall logarithmic price
change*34 . Theil*35 argued that a nice symmetric index number formula can be obtained if we make
the probability of selection for the nth price relative equal to the arithmetic average of the period
0 and 1 expenditure shares for commodity n. Using these probabilities of selection, Theil’s ﬁnal
measure of overall logarithmic price change was
ln PT (p0 , p1 , q 0 , q 1 ) ≡

N
∑
1 0
(sn + s1n ) ln(p1n /p0n ).
2
n=1

(2.45)

We can give the following statistical interpretation of the right hand side of (2.45). Deﬁne the nth
logarithmic price ratio rn by:
rn ≡ ln(p1n /p0n ) for n = 1, . . . , N.

(2.46)

Now deﬁne the discrete random variable, R say, as the random variable which can take on the values
rn with probabilities ρn ≡ (1/2)[s0n + s1n ] for n = 1, . . . , N . Note that since each set of expenditure
shares, s0n and s1n , sums to one, the probabilities ρn will also sum to one. It can be seen that the
expected value of the discrete random variable R is
E[R] ≡

N
∑
n=1

ρn rn =

N
∑
1 0
(sn + s1n ) ln(p1n /p0n ) = ln PT (p0 , p1 , q 0 , q 1 )
2
n=1

(2.47)

using (2.45) and (2.46). Thus the logarithm of the index PT can be interpreted as the expected value
of the distribution of the logarithmic price ratios in the domain of deﬁnition under consideration,
where the N discrete price ratios in this domain of deﬁnition are weighted according to Theil’s
probability weights, ρn ≡ (1/2)[s0n + s1n ] for n = 1, . . . , N .
Taking antilogs of both sides of (1.45), we obtain the Törnqvist (1936)[509] (1937)[510] Theil price
index, PT . This index number formula has a number of good properties. In particular, PT satisﬁes
*34

*35

“The [asymmetric] price index (1.6) has certain merits. It is, for example, independent of the units in which
we measure the quantities of the various commodities (tons, gallons, etc.). It has the disadvantage, however,
of being one sided in the sense that it is based on the distribution of expenditure in the ath region. We could
equally well apply our random selection procedure to the bth region, in which case, wia is replaced by wib in
(1.5) and (1.6). We must conclude that (6) is an asymmetric index number, which is a disadvantage because
the question asked is symmetric: If the price level of the bth region exceeds that of the ath by a factor 1.2, say,
we should expect that the price level of the latter region exceed that of the former by a factor 1/1.2.” Henri
Theil (1967; 137)[500].
“The price index number deﬁned in (1.8) and (1.9) uses the n individual logarithmic price diﬀerences as the
basic ingredients. They are combined linearly by means of a two stage random selection procedure: First, we
give each region the same chance 1/2 of being selected, and second, we give each dollar spent in the selected
region the same chance (1/ma or 1/mb ) of being drawn.” Henri Theil (1967; 138)[500].
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the time reversal test (2.33). The price index PT also satisﬁes the following linear homogeneity test
in current period prices:
P (p0 , λp1 , q 0 , q 1 ) = λP (p0 , p1 , q 0 , q 1 )

(2.48)
0

1

0

1

for all positive numbers λ and strictly positive vectors p , p , q , q .
Thus if all period one prices increase by the same positive number λ and if the price index P satisﬁes
the test (2.48), then the price index increases by this same scalar factor λ. This test can be justiﬁed
in the context of the quantity theory of money.
The tests (2.33) and (2.48) can be used to justify Theil’s (arithmetic) method of forming an average
of the two sets of expenditure shares in order to obtain his probability weights, ρn ≡ (1/2)[s0n + s1n ]
for n = 1, . . . , N . Consider the following symmetric mean class of Theil type logarithmic index
number formulae:
N
∑
0
1
0
1
ln Pml (p , p , q , q ) ≡
m(s0n , s1n ) ln(p1n /p0n )
(2.49)
n=1

where m(s0n , s1n ) is a homogeneous symmetric mean*36 of the period 0 and 1 expenditure shares,
s0n and s1n respectively. In order for Pml to satisfy the time reversal test, it is necessary that the
mean function m be symmetric. In order for the weights in (2.49) to sum to one so that the linear
homogeneity test is satisﬁed and the weights can be interpreted as probability weights, it can be
shown that the homogeneous symmetric mean function m(a, b) that appears in (2.49) must be the
arithmetic mean; see the Appendix to this chapter.
The stochastic approach of Theil has another nice symmetry property. Instead of considering the
distribution of the price ratios rn = ln p1n /p0n , we could also consider the distribution of the reciprocals
of these price ratios, say:
tn ≡ ln p0n /p1n

for n = 1, . . . , N

= ln(p1n /p0n )−1
= − ln(p1n /p0n )
= −rn

(2.50)

where the last equality follows using deﬁnitions (2.46). We can still associate the symmetric probability, ρn ≡ (1/2)[s0n + s1n ], with the nth reciprocal logarithmic price ratio tn for n = 1, . . . , N . Now
deﬁne the discrete random variable, T say, as the random variable which can take on the values tn
with probabilities ρn ≡ (1/2)[s0n + s1n ] for n = 1, . . . , N . It can be seen that the expected value of
the discrete random variable T is
∑N
E[T ] ≡ n=1 ρn tn
∑N
= − n=1 ρn rn
using (2.50)
= −E[R]

using (2.47)

= − ln PT (p0 , p1 , q 0 , q 1 ).

(2.51)

Thus it can be seen that the distribution of the random variable T is equal to minus the distribution
of the random variable R. Hence it does not matter whether we consider the distribution of the
original logarithmic price ratios, rn ≡ ln p1n /p0n , or the distribution of their reciprocals, tn ≡ ln p0n /p1n :
we obtain essentially the same stochastic theory.
*36

Recall (2.26) to (2.32) above.
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It is possible to consider weighted stochastic approaches to index number theory where we look at
the distribution of price ratios, p1n /p0n , rather than the distribution of the logarithmic price ratios,
ln p1n /p0n . Thus, again following in the footsteps of Theil, suppose we draw price relatives at random
in such a way that each dollar of expenditure in the base period has an equal chance of being selected.
Then the probability that we will draw the nth price relative is equal to s0n ≡ p0n qn0 /p0 · q 0 , the period
0 expenditure share for commodity n. Now the overall mean (period 0 weighted) price change is:
0

1

0

1

PL (p , p , q , q ) =

N
∑

s0n (p1n /p0n ),

(2.52)

n=1

which turns out to be the Laspeyres price index, PL (recall (2.23) above).
Now repeat the above mental experiment and draw price relatives at random in such a way that
each dollar of expenditure in period 1 has an equal probability of being selected. This leads to the
overall mean (period 1 weighted) price change equal to:
0

1

0

1

PP al (p , p , q , q ) =

N
∑

s1n (p1n /p0n ).

(2.53)

n=1

The right hand side of (2.53) is known as the Palgrave (1886)[422] index number formula, PP al .*37
It can be veriﬁed that neither the Laspeyres nor Palgrave price indexes satisfy the time reversal
test, (2.33). Thus, again following in the footsteps of Theil, we might try to obtain a formula that
satisﬁed the time reversal test by taking a symmetric average of the two sets of shares. Thus we
consider the following class of symmetric mean index number formulae:
0

1

0

1

Pm (p , p , q , q ) ≡

N
∑

m(s0n , s1n )(p1n /p0n )

(2.54)

n=1

where m(s0n , s1n ) is a homogeneous symmetric mean of the period 0 and 1 expenditure shares, s0n and
s1n respectively. However, in order to interpret the right hand side of (2.54) as an expected value of
the price ratios p1n /p0n , it is necessary that
N
∑

m(s0n , s1n ) = 1.

(2.55)

n=1

However, in order to satisfy (2.55), m cannot be a symmetric geometric or harmonic mean or any of
the commonly used homogeneous symmetric means. In fact, the only simple homogeneous symmetric
mean that satisﬁes (2.55) is the arithmetic mean.*38 With this choice of m, (2.54) becomes the
following (unnamed) index number formula, Pu :
N
∑
1 0
[sn + s1n ](p1n /p0n ).
Pu (p , p , q , q ) ≡
2
n=1
0

1

0

1

(2.56)

Unfortunately, the unnamed index Pu does not satisfy the time reversal test either.
Instead of considering the distribution of the price ratios, p1n /p0n , we could also consider the distribution of the reciprocals of these price ratios. The counterparts to the asymmetric indexes deﬁned
∑N
∑
1 0
1
earlier by (2.52) and (2.53) are now n=1 s0n (p0n /p1n ) and N
n=1 sn (pn /pn ) respectively. These are
*37
*38

It is formula number 9 in Fisher’s (1922; 466)[274] listing of index number formulae.
For a proof of this assertion, see Diewert (2000)[169].
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(stochastic) price indexes going backwards from period 1 to 0. In order to make these indexes comparable with our previous forward looking indexes, we take the reciprocals of these indexes and obtain
the following two indexes:
]−1
0 0
1
s
(p
/p
)
;
n
n=1 n n
]−1
[∑
N
1 0
1
s
(p
/p
)
PP (p0 , p1 , q 0 , q 1 ) ≡
n
n=1 n n
]−1
[∑
N
1 1
0 −1
(p
/p
)
s
=
n
n=1 n n

P13 (p0 , p1 , q 0 , q 1 ) ≡

[∑
N

= PP (p0 , p1 , q 0 , q 1 )

(2.57)

using (2.24) above.

(2.58)

Thus the reciprocal stochastic price index deﬁned by (2.58) turns out to equal the ﬁxed basket
Paasche price index, PP , deﬁned earlier by (2.24). The other asymmetrically weighted reciprocal
stochastic price index deﬁned by (2.57) has no author’s name associated with it but it was noted
by Irving Fisher (1922; 467)[274] as his index number formula 13. We can also consider the class of
symmetrically weighted reciprocal price indexes deﬁned as:
Pmr (p0 , p1 , q 0 , q 1 ) ≡

[∑

N
0
1
1
0 −1
n=1 m(sn , sn )(pn /pn )

]−1

(2.59)

where as usual, m(s0n , s1n ) is a homogeneous symmetric mean of the period 0 and 1 expenditure shares.
However, it appears that none of the indexes deﬁned by (2.57)–(2.59) satisfy the time reversal test.
The above considerations appear to explain why Theil’s stochastic index number formula PT seems
to be the preferred member of this class of index number formula.
We will return to the stochastic approach to index number theory in chapters 11 and 12.
Additional material on stochastic approaches to index number theory and references to the literature
can be found in Selvanathan and Rao (1994)[468], Wynne (1997)[548] and Clements, Izan and
Selvanathan (2006)[94] and Diewert (2011)[206].

2.5 The Approach of Divisia
“Nous déﬁnirons donc l’indice monétaire par la formule diﬀérentielle: dI/I =
François Divisia (1926; 40)[240].

∑

qn dpn /

∑

qn pn .”

“As the elementary formula of the chaining, we may get Laspeyre’s or Paasche’s or Edgeworth’s
or nearly any other formula, according as we choose the approximation principle for the steps
of the numerical integration.” Ragnar Frisch (1936; 8)[281].
Suppose that our price and quantity data on the N commodities in our chosen domain of deﬁnition
can be regarded as continuous functions of time, say pn (t) and qn (t) for n = 1, . . . , N . For the
sake of concreteness, assume that we are in the consumer context and that the value of consumer
expenditure at time t is V (t) deﬁned in the obvious way as:
V (t) ≡

N
∑

pn (t)qn (t).

(2.60)

n=1

Now suppose that the functions pn (t) and qn (t) are diﬀerentiable. Then we can diﬀerentiate both
sides of (2.60) to obtain:
N
N
∑
∑
′
′
V (t) =
pn (t)qn (t) +
pn (t)qn′ (t).
(2.61)
n=1

n=1
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Now divide both sides of (2.61) through by V (t) and using (2.60), we obtain the following equation
using the chain rule from elementary calculus:
∑N
p′n (t)qn (t) + n=1 pn (t)qn′ (t)
∑N
n=1 pn (t)qn (t)
∑N
∑N
′
′
n=1 [pn (t)/pn (t)]pn (t)qn (t) +
n=1 [qn (t)/qn (t)]qn (t)pn (t)
=
∑N
n=1 pn (t)qn (t)

V ′ (t)
=
V (t)

=

∑N

n=1

N
∑

[p′n (t)/pn (t)]sn (t) +

n=1

N
∑

[qn′ (t)/qn (t)]sn (t)

(2.62)
(2.63)

n=1

where the time t expenditure share on commodity n, sn (t), is deﬁned as:
pn (t)qn (t)
sn (t) ≡ ∑N
m=1 pm (t)qm (t)

for n = 1, 2, . . . , N.

(2.64)

Now Divisia (1926; 39)[240] argued as follows: suppose the aggregate value at time t, V (t), can
be written as the product of a time t price level function, P (t) say, times a time t quantity level
function, Q(t) say; i.e., we have:
V (t) = P (t)Q(t).
(2.65)
Suppose further that the functions P (t) and Q(t) are diﬀerentiable. Then diﬀerentiating (2.65)
yields:
V ′ (t) = P ′ (t)Q(t) + P (t)Q′ (t).
(2.66)
Dividing both sides of (2.66) by V (t) and using (2.65) leads to the following equation:
V ′ (t)
P ′ (t) Q′ (t)
=
+
.
V (t)
P (t)
Q(t)

(2.67)

Divisia compared the two expressions for the logarithmic value derivative, V ′ (t)/V (t), given by
(2.63) and (2.67) and he simply deﬁned the logarithmic rate of change of the aggregate price level,
P ′ (t)/P (t), as the ﬁrst set of terms on the right hand side of (2.63) and he simply deﬁned the
logarithmic rate of change of the aggregate quantity level, Q′ (t)/Q(t), as the second set of terms on
the right hand side of (2.63); i.e., he made the following deﬁnitions:
N
P ′ (t) ∑
p′ (t)
≡
sn (t) n ;
P (t)
pn (t)
n=1

(2.68)

N
q ′ (t)
Q′ (t) ∑
≡
sn (t) n .
Q(t)
qn (t)
n=1

(2.69)

These are reasonable deﬁnitions for the proportional changes in the aggregate price and quantity
levels, P (t) and Q(t). The problem with these deﬁnitions is that economic data are not collected in
continuous time; they are collected in discrete time. More fundamentally, we have indicated above
that as we make our discrete time interval smaller and smaller, we can expect our data to become
increasingly erratic and generally meaningless.
Thus in order to make operational the continuous time Divisia price and quantity levels, P (t) and
Q(t) deﬁned by the diﬀerential equations (2.68) and (2.69), we have to convert to discrete time.
Divisia (1926; 40)[240] suggested a method for doing this conversion, which we now outline.
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Deﬁne the following price and quantity (forward) diﬀerences:
∆P ≡ P (1) − P (0);
∆pn ≡ pn (1) − pn (0);

(2.70)
n = 1, . . . , N.

(2.71)

Using the above deﬁnitions, we have:
P (1)/P (0) = [P (0) + ∆P ]/P (0)
= 1 + [∆P/P (0)]
]
] /[∑
[∑
N
N
p
(0)q
(0)
∆p
q
(0)
≈ 1+
n
n n
n=1 n
n=1
using (2.62) when t = 0 and approximating p′n (0) by the diﬀerence ∆pn
]
] /[∑
[∑
N
N
p
(0)q
(0)
{p
(0)
+
∆p
}q
(0)
=
n
n
n n
n=1 n
n=1
]
] /[∑
[∑
N
N
using pn (1) = pn (0) + ∆pn
=
n=1 pn (0)qn (0)
n=1 pn (1)qn (0)
= p1 · q 0 /p0 · q 0

deﬁning pt ≡ [p1 (t), . . . , pN (t)] and q t ≡ [q1 (t), . . . , qN (t)]

= PL ;

(2.72)

i.e., it can be seen that Divisia’s discrete approximation to his continuous time price index is just
our old friend, the Laspeyres price index. But now we run into the problem noted by Frisch (1936;
8)[281]: instead of approximating the derivatives by the discrete (forward) diﬀerences deﬁned by
(2.70) and (2.71), we could use other approximations and obtain a wide variety of discrete time
approximations. For example, instead of using forward diﬀerences and evaluating the index at time
t = 0, we could use backward diﬀerences and evaluate the index at time t = 1. These backward
diﬀerences are deﬁned as:
∆b pn ≡ pn (0) − pn (1); n = 1, . . . , N.
(2.73)
This use of backward diﬀerences leads to the following approximation for P (0)/P (1):
P (0)/P (1) = [P (1) + ∆b P ]/P (1)
= 1 + [∆b P/P (1)]
]
] /[∑
[∑
N
N
p
(1)q
(1)
∆
p
q
(1)
≈ 1+
n
n=1 n
n=1 b n n
using (2.62) when t = 1 and approximating p′n (1) by the diﬀerence ∆b pn
]
] /[∑
[∑
N
N
=
n=1 pn (1)qn (1)
n=1 {pn (1) + ∆b pn }qn (1)
[∑
] /[∑
]
N
N
=
p
(0)q
(1)
p
(1)q
(1)
using pn (0) = pn (1) + ∆b pn
n
n
n
n
n=1
n=1
= p0 · q 1 /p1 · q 1

deﬁning pt ≡ [p1 (t), . . . , pN (t)] and q t ≡ [q1 (t), . . . , qN (t)]

= 1/PP .

(2.74)

Taking reciprocals of both sides of (2.74) leads to the following discrete approximation to P (1)/P (0):
P (1)/P (0) ≈ PP

(2.75)

where PP is our old friend, the Paasche price index. Thus, as Frisch noted, both the Paasche and
Laspeyres indexes can be regarded as (equally valid) approximations to the continuous time Divisia
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price index.*39 Since the Paasche and Laspeyres indexes can diﬀer considerably in some empirical
applications, it can be seen that Divisia’s idea is not all that helpful in determining a unique discrete
time index number formula.*40
The above approach to index number theory relies on the theory of diﬀerentiation (and the numerical
approximation of derivatives). Thus it does not appear to have any connection with economic theory.
However, starting with Ville (1946)[521], a number of economists*41 have established that the Divisia
price and quantity indexes do have a connection with the economic approach to index number theory.
We will conclude this section by indicating one of these connections.
As in section 2.1 above, we assume that a consumer is solving the cost minimization problem (2.10)
where the utility function, f (q), is a positive, linearly homogeneous, concave function. The corresponding unit cost function is c(p) where p ≡ [p1 , . . . , pN ]. We now think of the prices as being
continuous, diﬀerentiable functions of time, pn (t) say, for n = 1, . . . , N . Thus the unit cost function
can be regarded as a function of time t as well; i.e., we deﬁne this function as
c∗ (t) ≡ c[p1 (t), p2 (t), . . . , pN (t)].

(2.76)

Assuming that the ﬁrst order partial derivatives of the unit cost function c exist, we can calculate
the logarithmic derivative of c∗ (t) as follows:
d ln c∗ (t)
1 dc∗ (t)
≡ ∗
dt
c (t) dt
=

N
1 ∑
cn [p1 (t), p2 (t), . . . , pN (t)]p′n (t)
c∗ (t) n=1

using (2.76)

(2.77)

where cn [p1 (t), p2 (t), . . . , pN (t)] ≡ ∂c[p1 (t), p2 (t), . . . , pN (t)]/∂pn is the partial derivative of the unit
cost function with respect to the nth price, pn , and p′n (t) ≡ dpn (t)/dt is the time derivative of the
nth price function, pn (t). Using Shephard’s (1953; 11)[471] lemma, the cost minimizing demand for
commodity n at time t is:
qn (t) = u(t)cn [p1 (t), p2 (t), . . . , pN (t)] for n = 1, . . . , N

(2.78)

where the utility level at time t is u(t) = f [q1 (t), q2 (t), . . . , qN (t)]. The continuous time counterpart
to equations (2.15) in section 2.1 above is that total expenditure at time t is equal to total cost at
time t which in turn is equal to the utility level, u(t), times the period t unit cost, c∗ (t); i.e., we
have:
N
∑
pn (t)qn (t) = u(t)c∗ (t) = u(t)c[p1 (t), p2 (t), . . . , pN (t)].
(2.79)
n=1

Now the logarithmic derivative of the Divisia price level P (t) can be written as (recall (2.62) and

*39

*40

*41

Diewert (1980; 444)[132] also obtained the Paasche and Laspeyres approximations to the Divisia index using
a somewhat diﬀerent approximation argument. He also showed how several other popular discrete time index
number formulae could be regarded as approximations to the continuous time Divisia index.
“We have now deﬁned ﬁve reasonable looking discrete approximations to the Divisia quantity index. The problem
is that the theory of Divisia indexes outlined above does not tell us which discrete index number formula should
be used in empirical applications, even though it is known that the Laspeyres and Paasche quantity indexes can
diﬀer considerably from the other indexes.” W.E. Diewert (1980; 445-446)[132].
See for example Malmquist (1953; 227)[396], Wold (1953; 134-147)[544], Solow (1957)[491], Jorgenson and
Griliches (1967)[369] and Hulten (1973)[347]. See Balk (2000)[40] for a survey of work on Divisia price and
quantity indexes.
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(2.68) above):
/∑
P ′ (t) ∑N ′
N
= n=1 pn (t)qn (t)
n=1 pn (t)qn (t)
P (t)
∑N
= n=1 p′n (t)qn (t)/u(t)c∗ (t)
using (2.79)
∑N ′
= n=1 pn (t){u(t)cn [p1 (t), p2 (t), . . . , pN (t)]}/u(t)c∗ (t)
using (2.78)
∑N
= n=1 cn [p1 (t), p2 (t), . . . , pN (t)]p′n (t)/c∗ (t)
rearranging terms
= [1/c∗ (t)]
≡

c∗′ (t)
.
c∗ (t)

dc∗ (t)
dt

using (2.77)
(2.80)

Thus under the above continuous time cost minimizing assumptions, the Divisia price
level, P (t), is essentially equal to the unit cost function evaluated at the time t prices,
c∗ (t) ≡ c[p1 (t), p2 (t), . . . , pN (t)].
For more on the Divisia approach to index number theory, see Vogt (1978)[522] and Balk (2000)[40].

2.6 The Approaches of Bennet and Montgomery
“The fundamental idea is that in a short period the rate of increase of expenditure of a family
can be divided into two parts, x and l, where x measures the increase due to change in prices
and l measures the increase due to increase of consumption; . . . ” T. L. Bennet (1920; 455)[58]
Traditional bilateral index number theory decomposes a value ratio pertaining to the two periods
under consideration into the product of a price index, P (p0 , p1 , q 0 , q 1 ), times a quantity index,
Q(p0 , p1 , q 0 , q 1 ); i.e., we have:
p1 · q 1
= P (p0 , p1 , q 0 , q 1 )Q(p0 , p1 , q 0 , q 1 ).
p0 · q 0

(2.81)

If there is only one commodity in the aggregate, then the price index P (p0 , p1 , q 0 , q 1 ) collapses down
to the single price ratio, p11 /p01 and the quantity index Q(p0 , p1 , q 0 , q 1 ) collapses down to the single
quantity ratio, q11 /q10 . Thus traditional index number theory is based on a ratio principle.
Bennet (1920)[58] and Montgomery (1929)[405] (1937)[406] pursued a branch of index number theory
where diﬀerences replaced the ratios in (2.81). Thus, they looked for two functions of 4N variables,
∆P (p0 , p1 , q 0 , q 1 ) and ∆Q(p0 , p1 , q 0 , q 1 ), which added up to the value diﬀerence in the aggregate
rather than the value ratio; i.e., these two functions were to satisfy the following equation:
p1 · q 1 − p0 · q 0 = ∆P (p0 , p1 , q 0 , q 1 ) + ∆Q(p0 , p1 , q 0 , q 1 ).

(2.82)

The two functions, ∆P (p0 , p1 , q 0 , q 1 ) and ∆Q(p0 , p1 , q 0 , q 1 ), are to satisfy certain tests or properties that will allow us to identify ∆P (p0 , p1 , q 0 , q 1 ) as a measure of aggregate price change and
∆Q(p0 , p1 , q 0 , q 1 ) as a measure of aggregate quantity or volume change. Note that if either of these
functions is determined, then the other function is also determined.
Where might one use the diﬀerence approach to analyzing value change? A natural home for this approach is in the business and accounting community. The usual ratio approach to the decomposition
of value change is not one that the business and accounting community ﬁnds natural; a manager or
owner of a ﬁrm is typically interested in analyzing proﬁt diﬀerences rather than ratios. Thus interest
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centers on decomposing cost, revenue or proﬁt changes into price and quantity (or volume) eﬀects.*42
For example, the owner of an oil exploration company will generally be interested in knowing how
much of the diﬀerence between current period proﬁts over the previous period proﬁts is due to the
change in the price of crude oil and how much of the proﬁt change is due to improvements in the
operating eﬃciency of the company.
Another natural area of application of the diﬀerence approach to index number theory is in consumer
surplus theory. In this context, the problem is to decompose the change in a consumer’s expenditures
between two periods into a price change component, ∆P (p0 , p1 , q 0 , q 1 ), plus a quantity change component, ∆Q(p0 , p1 , q 0 , q 1 ), which can be interpreted as a constant dollar measure of utility change.
This line of research was started by Marshall (1890)[399] and Bennet (1920)[58] and continued by
Hotelling( 1938; 253-254)[345], Hicks (1941-42; 134)[319] (1945-46)[320] (1946; 330-333)[321] and
Harberger (1971)[307].*43
A ﬁnal area of application of the diﬀerence approach to the analysis of value change is in accounting
theory. For this use of the value decomposition, the period 0 prices and quantities are interpreted as
period 1 budgeted or standard prices and quantities that are supposed to prevail in period 1. Then
the value diﬀerence, p1 · q 1 − p0 · q 0 , is the diﬀerence between the actual period 1 value, p1 · q 1 ,
and the budgeted performance, p0 · q 0 . The measure of price change, ∆P (p0 , p1 , q 0 , q 1 ), is now
interpreted as the contribution of price change between actual and budgeted prices to the value
change. Similarly, the measure of aggregate quantity change, ∆Q(p0 , p1 , q 0 , q 1 ), is now interpreted
as the contribution of volume change between actual and budgeted quantities to the value change.
This type of ex post decomposition is called variance analysis in the accounting literature and it can
be traced back to the early accounting and industrial engineering literature.*44
The notation ∆P (p0 , p1 , q 0 , q 1 ) and ∆Q(p0 , p1 , q 0 , q 1 ) in (2.82) as indicators of price and quantity change is a bit awkward. Hence, we will use the notation I(p0 , p1 , q 0 , q 1 ) (for indicator
of price change) for ∆P (p0 , p1 , q 0 , q 1 ) and V (p0 , p1 , q 0 , q 1 ) (for indicator of volume change) for
∆Q(p0 , p1 , q 0 , q 1 ).*45 Using our new notation, (2.82) can be rewritten as follows:
1

1

0

0

p ·q −p ·q =

N
∑

[p1n qn1 − p0n qn0 ] = I(p0 , p1 , q 0 , q 1 ) + V (p0 , p1 , q 0 , q 1 ).

(2.83)

n=1

Because the value diﬀerence in the aggregate decomposes into a sum of value diﬀerences over each
commodity n, we can consider ﬁrst the problem of appropriately decomposing the value change in a
single commodity, n say, into an indicator of price change, In (p0n , p1n , qn0 , qn1 ) say, plus an indicator of
quantity change, Vn (p0n , p1n , qn0 , qn1 ) say. Thus in this separable approach, we want to ﬁnd In and Vn
that satisfy the following equation:
p1n qn1 − p0n qn0 = In (p0n , p1n , qn0 , qn1 ) + Vn (p0n , p1n , qn0 , qn1 ).

(2.84)

Once the commodity speciﬁc indicators of price change have been determined, the overall indicator
of price change can be deﬁned as the sum of the speciﬁc indicators:
0

1

0

1

I(p , p , q , q ) ≡

N
∑

In (p0n , p1n , qn0 , qn1 ).

(2.85)

n=1

*42
*43
*44
*45

In the accounting literature, this is known as variance analysis.
For more recent developments, see Weitzman (1988)[538], Diewert (1992b)[142] and Diewert and Mizobuchi
(2009)[220].
See Whitmore (1908)[541] (1931)[542], Harrison (1918)[310] and Solomons (1968; 46-47)[490] for the early history
of this topic.
This indicator terminology was introduced by Diewert (1992b)[142] (1998)[162] (2005a)[190].
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Of course, once the overall indicator of price change, I(p0 , p1 , q 0 , q 1 ), has been determined, the corresponding aggregate volume indicator V (p0 , p1 , q 0 , q 1 ) can be determined using equation (2.83).*46
One way of viewing the decomposition of an overall value change into separate components of price
and quantity change is that it provides a commodity by commodity explanation for an overall value
change. It would be useful in many contexts to have a similar “micro” decomposition of an overall
index number change into commodity speciﬁc “contributions” or eﬀects. Diewert and Morrison
(1986)[221], Morrison and Diewert (1990)[407], Kohli (1990)[376] and Fox and Kohli (1998)[280]
have provided this type of decomposition into individual price and quantity eﬀects for the Törnqvist
index and we will cover this topic later when we study the output price index.
Before we deﬁne some speciﬁc examples of price and volume indicators, we need to address a preliminary problem: how should the period t prices and quantities for commodity n, ptn and qnt be deﬁned?
In real life applications of value decompositions into price and quantity parts, during any period t,
there will typically be many transactions in commodity n at a number of diﬀerent prices. Hence,
there is a need to provide a more precise deﬁnition for the “average” or “representative” price for
commodity n in period t, ptn . Irving Fisher (1922; 318)[274] addressed this preliminary aggregation
problem as follows:
“Essentially the same problem enters, however, whenever, as is usually the case, the data for
prices and quantities with which we start are averages instead of being the original market
quotations. Throughout this book, “the price” of any commodity or “the quantity” of it for
any year was assumed given. But what is such a price or such a quantity? . . . The quantities
sold will, of course, vary widely. What is needed is their sum for the year . . . . Or, if it is
worth while to put any ﬁner point on it, we may take the weighted arithmetic average for the
prices, the weights being the quantities sold.”
Thus Fisher more or less advocated the use of the unit value (total value transacted divided by
total quantity) as the appropriate price ptn for commodity n and the total quantity transacted
during period t as the appropriate quantity, qnt . As an aggregation formula at the ﬁrst stage of
aggregation, the unit value and total quantity transacted has been proposed by many economists
and statisticians, perhaps starting with Walsh (1901; 96)[530] (1921; 88)[531] and Davies (1924;
183)[106] (1932; 59)[107] and including many other more recent writers. If we want qnt to equal the
total quantity of commodity n transacted during period t and we also want the product of the price
ptn times quantity qnt to equal the value of period t transactions in commodity n, then we are forced
to deﬁne the aggregate period t price ptn to be the total value divided by the total quantity, or the
unit value.*47
We turn now to some speciﬁc examples of price and volume indicators. Bennet (1920; 457)[58]
proposed the following decomposition of a value change:
p1 · q 1 − p0 · q 0 =

(q 0 + q 1 ) · (p1 − p0 ) (p0 + p1 ) · (q 1 − q 0 )
+
.
2
2

(2.86)

The validity of (2.86) can be established simply by multiplying out the terms on the right hand side
and rearranging terms. Bennet interpreted the ﬁrst set of terms on the right hand side of (2.86) as
a measure of price change and the second set of terms as a measure of quantity change. Thus the
*46

*47

Note that once we solve the diﬀerence value decomposition problem for a single commodity, (2.84) above, then it
is easy to solve the problem for an arbitrary N using (2.85). However, it is not easy to solve (2.84). Conversely,
it is very easy to solve the ratio value decomposition problem (2.81) when N = 1 but it is very diﬃcult to solve
this problem for a general N .
For additional discussion on this topic of preliminary aggregation over transactions within a time period, see
Diewert (2010a)[204] and Hill (1996)[337]. For a discussion on when it is not appropriate to use unit values, see
Diewert and von der Lippe (2010)[222].
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Bennet indicators of price and volume change are deﬁned as:
(q 0 + q 1 ) · (p1 − p0 )
;
2
(p0 + p1 ) · (q 1 − q 0 )
VB (p0 , p1 , q 0 , q 1 ) ≡
.
2
IB (p0 , p1 , q 0 , q 1 ) ≡

(2.87)
(2.88)

Bennet (1920; 456-457)[58] justiﬁed his volume indicator as a linear approximation to the area under
a demand curve and his price indicator as a linear approximation to an area under an inverse demand
curve. Hence, Bennet was following in Marshall’s (1890)[399] partial equilibrium consumer surplus
footsteps. However, it is possible to derive Bennet’s indicators by an alternative line of reasoning,
which we now explain.
In the early industrial engineering literature, Harrison (1918; 393)[310] made the following decomposition of a cost change into a price variation plus an eﬃciency variation:
p1 · q 1 − p0 · q 0 = q 1 · (p1 − p0 ) + p0 · (q 1 − q 0 ).

(2.89)

Again, the proof that (2.89) is true is straightforward arithmetic. The reader familiar with index
number theory will recognize that Harrison’s indicator of price change, q 1 · (p1 − p0 ), is the diﬀerence
counterpart to the Paasche price index, p1 · q 1 /p0 · q 1 , deﬁned earlier by (2.21). Similarly, Harrison’s
indicator of quantity or eﬃciency change, p0 ·(q 1 −q 0 ), is the diﬀerence counterpart to the Laspeyres
quantity index, p0 · q 1 /p0 · q 0 . Thus we deﬁne the Paasche indicator of price change IP and the
Laspeyres indicator of quantity change VL as follows:
IP (p0 , p1 , q 0 , q 1 ) ≡ q 1 · (p1 − p0 );

(2.90)

VL (p0 , p1 , q 0 , q 1 ) ≡ p0 · (q 1 − q 0 ).

(2.91)

More recently in the accounting literature, it was recognized that the traditional variance analysis
decomposition of a value change, (2.89) above, may not be as appropriate as the following decomposition:
p1 · q 1 − p0 · q 0 = q 0 · (p1 − p0 ) + p1 · (q 1 − q 0 ).
(2.92)
The reason why the decomposition (2.92) may be preferable to (2.89) in the context of comparing
actual performance to “standard” performance is that in the case of exogenous prices, the ﬁrm
manager will have an incentive to maximize period 1 proﬁts, p1 · q 1 with respect to q 1 and thus the
eﬃciency change term, p1 · (q 1 − q 0 ) in (2.92), is consistent with proﬁt maximizing behavior. Again,
the index number reader will recognize that the indicator of price change in (2.92), q 0 · (p1 − p0 ), is
the diﬀerence analogue to the Laspeyres price index, p1 · q 0 /p0 · q 0 deﬁned earlier by (2.20) above,
and the indicator of quantity change in (2.92), q 0 · (p1 − p0 ), is the diﬀerence counterpart to the
Paasche quantity index, p1 · q 1 /p1 · q 0 . Thus we deﬁne the Laspeyres and Paasche indicators of price
and quantity change respectively as follows:
IL (p0 , p1 , q 0 , q 1 ) ≡ q 0 · (p1 − p0 );
0

1

0

1

1

1

0

VP (p , p , q , q ) ≡ p · (q − q ).

(2.93)
(2.94)

In the producer theory context, the Bennet indicators of price and volume change for a single
commodity n are illustrated below in Figure 2.1.
Figure 2.1 shows that the basic problem that we are trying to address is how to allocate the top
right hand side rectangle into a part that should be attributed to the change in prices and a part
that should be attributed to a change in quantities. The Paasche and Laspeyres indicators seem to
be clearly biased.
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Fig. 2.1 The Bennet Indicators in the Producer Context

In Figure 2.2, it can be veriﬁed that the Laspeyres indicator of quantity change, VL , gives an
overestimate of the change in consumer surplus while the Paasche indicator of quantity change, VP ,
gives an underestimate of the change in consumer surplus.

Fig. 2.2 The Bennet Volume Indicator in the Consumer Context

We turn now to another possible decomposition of the top right rectangle in Figure 2.1.
In a rather obscure paper, Montgomery (1929)[405] deﬁned some interesting indicators of price and
quantity change. The Paasche, Laspeyres and Bennet indicators of price and quantity change were
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well deﬁned irrespective of the signs of the individual prices and quantities, ptn and qnt . However, in
order to deﬁne the Montgomery indicators, we shall restrict all prices and quantities to be positive
since it will be necessary to take natural logarithms of the individual prices and quantities. The
restriction that all prices and quantities be positive is not restrictive in the context of computing
revenue and cost indicators. Obviously, a proﬁt indicator can be deﬁned as the diﬀerence between
the revenue and cost indicators and so, even in this context, the positivity restrictions are not too
restrictive.
The Montgomery (1929; 5)[405] indicators of price and volume change for the nth commodity are
deﬁned as follows:
IM (p0n , p1n , qn0 , qn1 ) ≡

p1n qn1 − p0n qn0
ln(p1n /p0n );
ln(p1n qn1 ) − ln(p0n qn0 )

(2.95)

VM (p0n , p1n , qn0 , qn1 ) ≡

p1n qn1 − p0n qn0
ln(qn1 /qn0 ).
ln(p1n qn1 ) − ln(p0n qn0 )

(2.96)

Note that the functional form for the indicator of price change, IM , is the same as the functional
form for the indicator of quantity change, except that the roles of prices and quantities have been
interchanged. Montgomery (1929; 3-9)[405] also showed that
p1n qn1 − p0n qn0 = IM (p0n , p1n , qn0 , qn1 ) + VM (p0n , p1n , qn0 , qn1 ).

(2.97)

In order to understand (2.95) and (2.96) better, the reader should note that
L(a, b) ≡

a−b
ln a − ln b

(2.98)

where a > 0, b > 0 is known in the economics literature as the Vartia (1976a)[517] (1976b)[518] mean
and in the mathematics literature as the logarithmic mean. It can be shown that L(a, b) is a linearly
homogeneous symmetric mean. In (2.95) and (2.96), a is p1n qn1 and b is p0n qn0 .
Montgomery (1929; 7-9)[405] derived his indicators by using a very interesting argument (which
parallels that of Bennet ) which we shall repeat (without giving the details)*48 since it shows how
a large number of “reasonable” price and quantity indicators can be derived. Suppose that qn is
functionally related to pn by a “supply” function:
qn = sn (pn ).

(2.99)

Note that the “supply” function sn (pn ) is a partial equilibrium supply function since only the price of
the nth good appears in (1.98) as an argument of the function. Montgomery (1929; 7)[405] assumed
the following functional form for sn (pn ):
sn (pn ) ≡ αpβn ;

where α > 0 and β ̸= 0.

(2.100)

Now deﬁne a theoretical price change indicator as the area under the “supply” curve going from p0n
to p1n :
∫
P ∗ (p0n , p1n , sn ) ≡ sn (p)dp where the limits of integration are p0n and p1n
∫
= αpβ dp
= α(1 + β)−1 p(1+β)
−1

= α(1 + β)
*48

[(p1n )1+β

See Diewert (2005a)[190] for the details.

evaluated at the upper and lower limits for β ̸= 1
− (p0n )1+β ]

(2.101)
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The unknown parameters α and β which appear in (2.100) can be determined by assuming that the
two data points p0n , qn0 and p1n , qn1 are on the “supply” function deﬁned by (2.99). Thus we have:
qn0 = α(p0n )β

and qn1 = α(p1n )β

qn0 /α = (p0n )β
p0n qn0 /α

=

or

and qn1 /α = (p1n )β

(p0n )β+1

and

p1n qn1 /α

=

(2.102)
or

(2.103)

(p1n )β+1 .

(2.104)

By taking ratios in (2.102), we can also deduce that
qn1 /qn0 = [p1n /p0n ]β

or

β = ln[qn1 /qn0 ]/ ln[p1n /p0n ]
or
1 + β = {ln[p1n /p0n ] + ln[qn1 /qn0 ]}/ ln[p1n /p0n ]
1 + β = {ln[p1n qn1 ] + ln[p0n qn0 ]}/ ln[p1n /p0n ].

or

(2.105)
(2.106)

Now substitute (2.104) into (2.101) to get
P ∗ (p0n , p1n , sn ) ≡ (1 + β)−1 [p1n qn1 − p0n qn0 ]
= ln[p1n /p0n ][p1n qn1 − p0n qn0 ]/{ln[p1n qn1 ] − ln[p0n qn0 ]} using (2.106)
= IM (p0n , p1n , qn0 , qn1 )

(2.107)

where the Montgomery indicator of price change for good, IM (p0n , p1n , qn0 , qn1 ), was deﬁned by (2.95).
Montgomery (following Bennet (1920; 456)[58]) also deﬁned the theoretical indicator of quantity
change going from qn0 to qn1 as the area under the inverse “supply” curve Sn where pn = Sn (qn ); i.e.,
deﬁne
∫
(2.108)
Q∗ (qn0 , qn1 , Sn ) ≡ Sn (q)dq where the limits of integration are qn0 and qn1 .
If the “supply” function sn (p) is deﬁned by (2.100), then the corresponding inverse “supply” function
Sn (q) has the same functional form; i.e., we have
pn = Sn (qn ) = [qn /α]1/β ≡ γqnδ

(2.109)

where δ ≡ 1/β (hence, we require β ̸= 0 and γ ≡ (1/α)1/β (hence, we also require α ̸= 0). Thus
the same argument that we used to derive (2.107) can be adapted to prove that if Sn is deﬁned by
(2.109) or equivalently if sn is deﬁned by (2.100), then
Q∗ (qn0 , qn1 , Sn ) = VM (p0n , p1n , qn0 , qn1 )

(2.110)

where VM (p0n , p1n , qn0 , qn1 ) is the Montgomery indicator of quantity change deﬁned by (2.96).
Montgomery (1929; 13)[405] gave a nice geometric interpretation of his method for the case where
0 < p0n < p1n and 0 < qn0 < qn1 which we repeat below in Figure 2.3.
Note that the Montgomery “supply” curve goes through the two observed price and quantity points,
p0n , qn0 and p1n , qn1 and it also goes through the origin. Montgomery thought that this was an advantage
of his nonlinear supply curve compared to Bennet’s linear supply curve (recall Figure 2.1 above).
Note that the period 1 value for commodity n, p1n qn1 , can be interpreted as the area of the big
rectangle in Figure 2.3, while the period 0 value, p0n qn0 , can be interpreted as the area of the smaller
inner rectangle. The part of the value change that is due to price change, IM (p0n , p1n , qn0 , qn1 ), is the
shaded area below the Montgomery “supply” curve and the part of the value change that is due
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Fig. 2.3 The Montgomery Indicators of Price and Volume Change

to quantity change, VM (p0n , p1n , qn0 , qn1 ), is the shaded area to the left of the Montgomery “supply”
curve.
It is easy to see how Montgomery’s idea could be generalized: instead of using the constant elasticity
functional form deﬁned by (2.100) or (2.109) to join the two observed price and quantity points, p0n , qn0
and p1n , qn1 , any monotonic curve could be used to join (p0n , qn0 ) and (p1n , qn1 ) and the corresponding
indicators of price and quantity change can be deﬁned by (2.101) and (2.108).
This brings to the next problem: which indicator of price change is “best”? Unfortunately, we are
not yet in a position to answer this question: we ﬁrst need to study the test and economic approaches
to index number theory in more detail.*49

2.7 The Aggregation Theorems of Hicks and Leontief
“A simple measurement of the diﬀerent quantities of the new composite commodity in terms of
physical units will be possible only under the condition that its composition remains constant.
Each unit of the composite good, I, must contain a ﬁxed amount of B and C.” Wassily Leontief
(1936; 55).
“Thus we have demonstrated mathematically the very important principle, used extensively
in the text, that if the prices of a group of goods change in the same proportion, that group
of goods behaves just as if it were a single commodity.” J.R. Hicks (1946; 312-313)[321].
At one level, the aggregation theorems of Leontief and Hicks are intuitively obvious. Suppose we
have price and quantity data for N commodities pertaining to an economic agent or a group of
economic agents for T + 1 periods, pt and q t , for t = 0, 1, 2, . . . , T . Suppose further that the period

*49

For more on the diﬀerences approach to index number theory, see Diewert (2005a)[190]. There has been a recent
surge of interest in the diﬀerences approach to index number theory and the measurement of welfare change: see
Chambers and Färe (1998)[89], Chambers (2001; 111)[88], Balk, Färe and Grosskopf (2004)[48], Balk (2007)[44]
(2008; Chapter 6)[45] and Diewert and Mizobuchi (2009)[220].
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t quantity vectors for t ≥ 1 are all proportional to the period 0 quantity vector, q 0 ; i.e., we have:
q t = αt q 0

for t = 1, 2, . . . , T

(2.111)

where the proportionality factors αt are all positive. This means that in period t, all of the long
term quantity relatives, qnt /qn0 equal αt . Under these circumstances, a very reasonable choice for the
period t long term quantity index is αt ; i.e., if (2.111) is true, then the long term bilateral quantity
index for period t should equal αt :
Q(p0 , pt , q 0 , q t ) = αt ;

t = 1, 2, . . . , T.

(2.112)

This is a simpliﬁed version of Leontief’s (1936) aggregation theorem.
Similarly, suppose that the period t price vectors for t ≥ 1 are all proportional to the period 0 price
vector, p0 ; i.e., we have:
pt = βt p0 for t = 1, 2, . . . , T
(2.113)
where the proportionality factors βt are all positive. This means that in period t, all of the long
term price relatives, ptn /p0n equal βt . Under these circumstances, a reasonable choice for the period t
long term price index is βt ; i.e., if (2.113) is true, then the long term bilateral price index for period
t should equal βt :
P (p0 , pt , q 0 , q t ) = βt ; t = 1, 2, . . . , T.
(2.114)
This is a simpliﬁed version of Hicks’ (1946)[321] aggregation theorem.*50
However, it is of some interest to ask under what conditions on preference or production functions*51
the proportionality conditions (2.111) or (2.113) will hold.
Refer back to section 2.1 above where we deﬁned f (q) to be a linearly homogeneous aggregator
function and c(p) to be its unit cost function.*52 Consider the following functional form for f :
f (q1 , q2 , . . . , qN ) ≡ min{qn /bn : n = 1, 2, . . . , N }
n

(2.115)

where the bn are positive parameters.*53 In the production function context, the f deﬁned by (2.115)
is known as the Leontief production function. In the utility function context, Figure 2.4 shows what
the indiﬀerence curves or isoutility curves for this function look like for N = 2.
If the aggregator function is deﬁned by (2.115), it can be seen that the minimum cost of achieving
one unit of utility is:
c(p) ≡ min{p · q : f (q) = 1}
q

=

N
∑

pn bn

n=1

=p·b

(2.116)

where b ≡ [b1 , . . . , bN ]T is the vector of input-output coeﬃcients. From Figure 2.4, it can be seen
that it does not matter what prices the consumer faces: in order to minimize the cost of achieving
one unit of utility, he or she will purchase the vector b in order to do this. In view of this property,
the Leontief utility function is sometimes called the no substitution utility function.
*50
*51
*52
*53

Thus these aggregation theorems can also be regarded as bilateral index number tests; see chapter 3.
We use the term aggregator function to cover both types of function, a term introduced by Diewert (1976)[127].
See equations (2.14) and (2.15).
In the production function context, the bn are called input-output coeﬃcients; bn is the minimum number of
units of input n required to produce on unit of output.
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Fig. 2.4 The Leontief Utility Function

Using Shephard’s (1953)[471] Lemma, the period t consumption vector q t for the consumer is equal
to the vector of derivatives of the period t cost function, ∇p c(pt )ut . Diﬀerentiating (2.116) gives us
the following result:
q t = but ; t = 0, 1, 2, . . . , T.
(2.117)
It can be seen that equations (2.117) are equivalent to equations (2.111). Thus Leontief preferences
are consistent with Leontief’s aggregation theorem.
There are also restrictions on preferences that give rise to the Hicks aggregation theorem conditions,
(2.113). Consider the following linear utility function:
f (q1 , q2 , . . . , qN ) ≡

N
∑

αn qn = α · q.

(2.118)

n=1

The unit cost function that corresponds to this utility function is the solution to the following
problem:
c(p) ≡ min{p · q : α · q = 1; q ≥ 0N }.
(2.119)
q

The above unit cost minimization problem is a linear programming problem and generally, the q ∗
solution to it will not have all components positive; i.e., in general, we will not obtain an interior
solution to (2.119). However, if consumers really do have linear preferences over the N commodities
under consideration, then we could argue that if suppliers of commodities want to sell positive
quantities, they will adjust their prices so that they are proportional to the vector of taste parameters
α. Thus under these hypotheses, the period t price vectors will satisfy the following conditions:
pt = γt α;

t = 0, 1, 2, . . . , T

(2.120)

where the γt are positive constants of proportionality to the α vector. It can be seen that conditions
(2.120) imply the Hicksian price proportionality conditions (2.113).
Note that linear preferences assume perfect substitutability between the N commodities, which is
the polar opposite case to the perfect lack of substitutability exhibited by Leontief preferences.
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We conclude with a brief explanation of the quotation of Hicks that introduced this section.
Consider the following utility maximization problem over two vectors of commodities, x and y:
max{f (x, y) : p · x + w · y = I}
x,y

(2.121)

where p ≫ 0N and w ≫ 0M are strictly positive vectors of prices facing the consumer and I is the
“income” that the consumer has to allocate between the commodities. If the price vectors for the x
commodities are expected to be always proportional to the positive vector of constants α, then we
can deﬁne the following aggregated over x commodities utility function, Fα :
Fα (y0 , y) ≡ max{f (x, y) : α · x = y0 }
x

(2.122)

where y0 can be interpreted as a constant dollar allocation of income to the x commodities. We
assume that the prices of the x commodities vary in strict proportion; i.e., we assume that
p = p0 α

(2.123)

where p0 is a scalar proportionality variable. Now consider the following aggregated utility maximization problem which uses the “macro” utility function F deﬁned by (2.122) above:
max
{Fα (y0 , y) : p0 y0 + w · y = I}.
′
y s

(2.124)

Under the proportionality assumption (2.123), we show that if x∗ , y ∗ solves the micro utility maximization problem (2.121), then y0∗ ≡ α · x∗ and y ∗ solve the macro utility maximization problem
(2.124). We start with the micro utility maximization problem, (2.121):
max{f (x, y) : p · x + w · y = I}
x,y

= max{f (x, y) : p0 α · x + w · y = I}
x,y

using (2.123)

= max
{f (x, y) : p0 y0 + w · y = I; α · x = y0 }
′
x,y s

where we have added the variable y0 and a deﬁning equation
= max
{{max f (x, y) : α · x = y0 } : p0 y0 + w · y = I}
′
y s

x

= max
{Fα (y0 , y) : p0 y0 + w · y = I}
′
y s

using deﬁnition (2.122) for the macro function

(2.125)

which is the macro utility maximization problem. Thus under the price proportionality assumptions
(2.123), the micro and macro utility maximization problems are essentially the same.*54
Problem 1 Prove that properties (2.26)-(2.29) imply property (2.30).
Hint: Let α ≡ min{a, b} and β ≡ max{a, b}. Then α12 ≤ (a, b) ≤ β12 where 12 is a vector of ones
of dimension 2.
Problem 2 Let a and b be positive numbers and deﬁne the following means of a and b:
(a) mA (a, b) ≡ (1/2)a + (1/2)b

(the arithmetic mean);

1/2

(b) mG (a, b) ≡ (ab)
(the geometric mean);
−1
(c) mH (a, b) ≡ [(1/2)a + (1/2)b−1 ]−1
(the harmonic mean).
*54

For a more elaborate exposition of this point, see Diewert (1978b)[130].
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Prove that:
(d) mH (a, b) ≤ mG (a, b) ≤ mA (a, b).
Under what conditions on a and b will strict inequalities hold in (d)?
Problem 3 When a = b > 0, show that the corresponding ﬁrst order partial derivatives of mH ,
mG and mA all coincide; i.e., show that :
(a)

∂mH (a,b)
∂a
∂mH (a,b)
∂b

=

∂mG (a,b)
∂a
∂mG (a,b)
∂b

=

∂mA (a,b)
∂a
∂mA (a,b)
∂b

if a = b;

=
=
if a = b.
(b)
(c) Are the second order partial derivatives also equal when a = b?
Problem 4 Instead of taking the arithmetic average of the expenditure shares in Theil’s weighted
stochastic approach, consider taking the geometric or harmonic average of these shares. Discuss the
advantages or disadvantages of the resulting indexes.
Problem 5 We have deﬁned the logarithmic mean of two positive numbers a and b as follows:
(a)

mL (a, b)

≡a

if a = b

≡ [a − b]/[ln a − ln b]

if a ̸= b where ln a is the natural logarithm of a.

Prove that mL is a homogeneous symmetric mean; i.e., mL satisﬁes (2.26)-(2.29) and (2.32).
Problem 6 Provide a proof for the Carli bias inequality in footnote 29 for the case when the number
of commodities equals 2; i.e., you may assume that N = 2.
Hint: Use the results of problem 2 above.
Problem 7 Let f (q) be a general (nonhomothetic) utility function and deﬁne the corresponding
cost function C(u, p) by (2.13) above. Suppose the consumer is engaging in cost minimizing behavior
during periods 0 and 1 so that we have:
(a) p0 · q 0 = C(u0 , p0 );
(b) p1 · q 1 = C(u1 , p1 ).
We assume that the observed quantity vectors for periods 0 and 1 are given by the following expressions using Shephard’s Lemma:
(c) q 0 = ∇p C(u0 , p0 );
(d) q 1 = ∇p C(u1 , p1 ).
Hicks (1941-42) deﬁned the following (theoretical) measures of welfare change:
(e) V (p0 , q 0 , q 1 ) ≡ C(u1 , p0 ) − C(u0 , p0 )
(the equivalent variation);
1
0
1
1
1
0
1
(f) V (p , q , q ) ≡ C(u , p ) − C(u , p )
(the compensating variation).
(g) Obtain an observable ﬁrst order approximation to the equivalent variation.
Hint:
(h) C(u1 , p0 ) ≈ C(u1 , p1 ) + ∇p C(u1 , p1 ) · (p0 − p1 ).
(i) Does your ﬁrst order approximation equal any of the indicators of volume change that we
considered in section 2.6?
(j) Obtain an observable ﬁrst order approximation to the compensating variation.
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(k) Does your ﬁrst order approximation obtained in part (j) equal any of the indicators of volume
change that we considered in section 2.6?
(l) Take an arithmetic average of the two ﬁrst order approximations that you obtained in parts
(g) and (j) above. Does this average approximation equal any of the indicators of volume
change that we considered in section 2.6?
Problem 8 Let q and b be N dimensional column vectors, let a be a scalar and let C be an N × N
symmetric matrix. Deﬁne the quadratic function of q, f (q) as follows:
(a) f (q) ≡ a + b · q + 12 q T Cq.
The second order Taylor series approximation to f (q) around the point q 0 is deﬁned as:
(b) F (q) ≡ f (q 0 ) + ∇f (q 0 )T (q − q 0 ) + 12 (q − q 0 )T ∇2 f (q 0 )(q − q 0 ).
(c) Show that f (q) = F (q) for all q when f (q) is deﬁned by (a).
(d) Show that the following identity holds if f (q) is deﬁned by (a):
(e) f (q 1 ) − f (q 0 ) = 12 [∇f (q 0 ) + ∇f (q 1 )]T [q 1 − q 0 ] for all q 0 and q 1 .

(f) Consider the following two ﬁrst order approximations:
(g) f (q 1 ) − f (q 0 ) ≈ ∇f (q 0 )T [q 1 − q 0 ] and
(h) f (q 0 ) − f (q 1 ) ≈ ∇f (q 1 )T [q 0 − q 1 ].

(i) Show that the right hand side of (e) is related to the two ﬁrst order approximations in (g) and
(h).

2.8 Appendix: A Note on the Uniqueness of the Theil Price Index
Weights
On page 36 above, we indicated that the weighting function, m(s0n , s1n ), that appears in Theil’s price
index, PT (p0 , p1 , q 0 , q 1 ), must be equal to the arithmetic mean of s0n and s1n in order that the Theil
probability weights sum to one. In this Appendix, we will provide a proof of this result.
We want to ﬁnd a homogeneous symmetric mean function, m(a, b), deﬁned over positive numbers a
and b such that the following functional equation is satisﬁed for all N ≥ 2:
∑N

0
1
t
n=1 m(sn , sn ) = 1 for all sn >
∑N 0
∑N 1
n=1 sn = 1 and
n=1 sn = 1.

0 such that

(A1)
(A2)

We will consider the case N = 2 and show that in this case, the mean function m(a, b) must be the
arithmetic mean, m(a, b) ≡ (1/2)a + (1/2)b. But it is easy to show that this choice of mean satisﬁes
the functional equation deﬁned by (A1) and (A2) for all N ≥ 2 and so the uniqueness of the Theil
probability weights will be established.
Assume that m(a, b) is a symmetric homogeneous mean function and let N = 2. Let a ≡ s01 and
b ≡ s11 where 0 < a < 1 and 0 < b < 1. Then using (A2) for N = 2, we see that s02 = 1 − a and
s12 = 1 − b. It can be veriﬁed that 0 < 1 − a < 1 and 0 < 1 − b < 1 using (A1) and (A2) for
N = 2. Thus when N = 2, the functional equation deﬁned by (A1) and (A2) becomes the following
functional equation:
m(a, b) + m(1 − a, 1 − b) = 1

for all a and b where 0 < a < 1 and 0 < b < 1.

(A3)
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Now let b = 1 − a and equation (A3) becomes:
1 = m(a, 1 − a) + m(1 − a, a)
= 2 m(a, 1 − a)
= 2a m(1, a

−1

− 1)

using 1 − b = a

using the symmetry property of m(a, b)
using a > 0 and the linear homogeneity property of m .

(A4)

Equation (A4) can be solved for m(1, a−1 − 1):
m(1, a−1 − 1) = a−1 /2;

0 < a < 1.

(A5)

Deﬁne x ≡ a−1 − 1. It can be seen that as a approaches 0, x will approach +∞ and as a approaches
1, x will approach 0. Thus as a ranges between 0 and 1, x will range between 0 and +∞. Now let
x = a−1 − 1 and use this equation to eliminate a−1 from equation (A5). We ﬁnd that the resulting
equation is:
m(1, x) = (x + 1)/2
for all x > 0.
(A6)
Now multiply both sides of equation (A6) by an arbitrary z > 0. Using the linear homogeneity of m
again, we ﬁnd that m must satisfy the following functional equation:
m(z, zx) = (z + zx)/2

for all z > 0 and x > 0.

(A7)

Finally deﬁne y ≡ zx and use this equation to eliminate zx from equation (A7). We obtain the
following functional equation that m must satisfy:
m(z, y) = (z + y)/2

for all z > 0 and y > 0.

(A8)

Thus the mean function m that satisﬁes the functional equation deﬁned by (A1) and (A2) must be
the arithmetic mean.
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Balk, B.M., R. Färe and S. Grosskopf (2004), “The Theory of Economic Price and Quantity Indicators”, Economic Theory 23, 149-164.
Bennet, T.L. (1920), “The Theory of Measurement of Changes in Cost of Living”, Journal of the
Royal Statistics Society 83, 455-462.
Bowley, A.L. (1901), Elements of Statistics, Westminster: P.S. King and Son.
Bowley, A.L. (1919), “The Measurement of Changes in the Cost of Living”, Journal of the Royal
Statistical Society 82, 343-372.
Carli, Gian-Rinaldo, (1804), “Del valore e della proporzione de’ metalli monetati”, pp. 297-366
in Scrittori classici italiani di economia politica, Volume 13, Milano: G.G. Destefanis (originally
published in 1764).

56

Chapter 2 EARLY APPROACHES TO INDEX NUMBER THEORY

Carlson, B.C. (1972), “The Logarithmic Mean”, The American Mathematical Monthly 79, 615-618.
Caves, D.W., L.R. Christensen and W.E. Diewert (1982), “The Economic Theory of Index Numbers
and the Measurement of Input, Output, and Productivity,” Econometrica 50, 1392-1414.
Chambers, R.G. (2001), “Consumers’ Surplus as an Exact and Superlative Cardinal Welfare Indicator”, International Economic Review 41, 105-119.
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Konüs, A.A. (1924), “The Problem of the True Index of the Cost of Living”, translated in Econometrica 7, (1939), 10-29.
Laspeyres, E. (1871), “Die Berechnung einer mittleren Waarenpreissteigerung”, Jahrbücher für Nationalökonomie und Statistik 16, 296-314.
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Chapter 3

FUNCTIONAL EQUATIONS
3.1 Introduction
Functional equations are very useful in many branches of pure and applied economics. For example,
consider the problem of choosing an index number formula. A price index, P (p0 , p1 , q 0 , q 1 ), is a
t
] respectively,
function of the price and quantity vectors, pt ≡ [pt1 , . . . , ptN ] and q t ≡ [q1t , . . . , qN
0
1
0
1
pertaining to two periods, t = 0 and 1 say, and P (p , p , q , q ) is supposed to be a summary
representation of the amount of price change that took place between periods 0 and 1 in the N
commodities being aggregated. In the test approach to index number theory, we assume that the
function P (p0 , p1 , q 0 , q 1 ) satisﬁes various mathematical properties that seem “reasonable”. We place
enough properties on the function P so that the functional form is completely determined. As another
application of the theory of functional equations, consider the problem of taking the mean of N
positive numbers, x ≡ [x1 , . . . , xN ], by means of some function m(x). If we place enough conditions
on the function m, we can characterize the functional form for m by its desired properties. There
are many other applications of functional equations to economics including developing measures of
income inequality, social welfare, industrial concentration and tax progressivity. Eichhorn (1978)[251]
has yet other applications of functional equations to economics.
In this chapter, we will not develop these applications of functional equations to economics; rather, we
will state and prove some of the simplest functional equations, due to Cauchy (1821)[83] and Pexider
(1903)[425]. These “simple” functional equations are often used to solve much more complicated
functional equations. Our proofs are modiﬁcations of the proofs found in Aczél (1966)[2] (1969)[3]
and Eichhorn (1978)[251].*1
The four fundamental Cauchy functional equations are:
f (x + y) = f (x) + f (y);

(3.1)

f (x + y) = f (x)f (y);

(3.2)

f (xy) = f (x) + f (y);
f (xy) = f (x)f (y);

x > 0; y > 0;
x > 0; y > 0.

(3.3)
(3.4)

The domains of deﬁnition for x and y for equations (3.1) and (3.2) could also be the set of positive
real numbers as is the case with equations (3.3) and (3.4) or (3.1) and (3.2) could hold for all x
and y where x and y are arbitrary real numbers; i.e., x ∈ R1 and y ∈ R1 . In general, the domain
of deﬁnition for the functions in a functional equation must be carefully speciﬁed. For each of the
*1

These references deal with solutions to the Cauchy and Pexider functional equations that are not necessarily
continuous functions. We will cover only the case of continuous solutions since these are the relevant solutions
for economic applications.
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equations (3.1) to (3.4), we look for the class of functions f that will satisfy the equation for all x
and y in the domain of deﬁnition for f .
We shall see that the nonconstant continuous solutions*2 to the functional equations (3.1)-(3.4) are
f (x) = cx, f (x) = ecx , f (x) = c ln x and f (x) = xc respectively, where c ̸= 0.
The four fundamental Pexider functional equations are:
f (x + y) = g(x) + h(y);

(3.5)

f (x + y) = g(x)h(y);

(3.6)

f (xy) = g(x) + h(y);
f (xy) = g(x)h(y);

x > 0; y > 0;
x > 0; y > 0.

(3.7)
(3.8)

Thus the Pexider functional equations have the same general structure as the Cauchy equations
except instead of each equation having only a single unknown function, each Pexider equation has
three unknown functions of one variable: f, g and h.

3.2 The First Fundamental Cauchy Functional Equation
Proposition 1 Let f (x) be a continuous function of one variable deﬁned for x > 0. Suppose f
satisﬁes the following equation for all positive x and y:
f (x + y) = f (x) + f (y);

x > 0; y > 0.

(3.9)

Then f must be equal to the following function:
f (x) ≡ cx;

x>0

(3.10)

where c is an arbitrary constant.
Proof. Let xi > 0 for i = 1, 2, ..., n. Then making repeated use of (3.9), we have:
∑n
∑n
f ( i=1 xi ) = f (x1 + { i=2 xi })
∑n
= f (x1 ) + f ( i=2 xi )
using (3.9)
∑n
= f (x1 ) + f (x2 ) + f ( i=3 xi )
using (3.9) again
= ...
∑n
= i=1 f (xi ).

(3.11)

Now let each xi = x > 0 and (3.11) becomes:
f (nx) = nf (x);

n a positive integer and x > 0.

(3.12)

Let m and n be positive integers and let u > 0 be an arbitrary positive number. Deﬁne x as:

Using (3.13), we have:

*2

x ≡ [m/n]u.

(3.13)

nx = mu.

(3.14)

Note that all four of the functional equations (3.1)-(3.4) have the zero function, f (x) ≡ 0 for all x in the domain
of deﬁnition, as solutions. This solution function is also continuous.
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Now apply (3.12) to both sides of (3.14) and obtain the following equation:
nf (x) = mf (u).

(3.15)

Substitute (3.13) into (3.15) and we obtain the following equation:
f ([m/n]u) = [m/n]f (u);
Deﬁne the constant c as

m and n positive integers, u > 0.
c ≡ f (1).

(3.16)
(3.17)

Now let r = m/n and let u = 1 and substitute these values into (3.16) and we obtain the following
equation:
f (r) = rf (1)
= rc

for r = m/n
using (3.17).

(3.18)

The continuity of f and (3.18) imply that f (x) is deﬁned by (3.10) where x is an arbitrary positive
number.
We now modify the above proof to cover the case where the functional equation (3.9) is to be satisﬁed
for all x and y (not just positive x and y).
Proposition 2 Let f (x) be a continuous function of one variable deﬁned for x ∈ R1 . Suppose f
satisﬁes the following equation for all x and y:
f (x + y) = f (x) + f (y);

x ∈ R1 ; y ∈ R1 .

(3.19)

Then f must be equal to the following function:
f (x) ≡ cx;

x ∈ R1

(3.20)

where c is an arbitrary constant.
Proof. From the proof of Proposition 1, we know f (x) satisﬁes (3.20) if x > 0. Using the continuity
of f , we see that f will also satisfy (3.20) if x = 0 and we will have:
f (0) = 0 = c0.

(3.21)

Now let x > 0 so that −x is an arbitrary negative number. Using (3.19) with y ≡ −x, we have
f (x) + f (−x) = f (x − x)
= f (0)
=0

using (3.21).

(3.22)

But (3.22) implies
f (−x) = −f (x)
= −cx

using (3.10) since x > 0

= c(−x).
Thus f (x) satisﬁes (3.20) no matter whether x is positive, negative or zero.
We turn now to the second Cauchy equation.

(3.23)
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3.3 The Second Fundamental Cauchy Functional Equation
Let f (x) be a function of one variable deﬁned for x > 0. Suppose f satisﬁes the following equation
for all positive x and y:
f (x + y) = f (x)f (y);
x > 0; y > 0.
(3.24)
Let xi > 0 for i = 1, 2, ..., n. Then making repeated use of (3.24), we have:
∑n
∑n
f ( i=1 xi ) = f (x1 + { i=2 xi })
∑n
= f (x1 )f ( i=2 xi )
using (3.24)
∑n
= f (x1 )f (x2 )f ( i=3 xi )
using (3.24) again
= ...
∏n
= i=1 f (xi ).

(3.25)

Now let each xi = x > 0 and (3.25) becomes:
f (nx) = f (x)n ;

n a positive integer and x > 0.

(3.26)

We shall use (3.26) in the following Lemma.
Lemma 1 Suppose f (x) is a function deﬁned for x > 0 and satisﬁes (3.24). Then if there exists an
x∗ > 0 such that
f (x∗ ) = 0,
(3.27)
then f must be identically equal to zero; i.e., we have
f (x) = 0;

x > 0.

(3.28)

Proof. Let x > 0. Then using (3.24) with y = x∗ , we have:
f (x + x∗ ) = f (x)f (x∗ )
=0

using (3.27).

(3.29)

y > x∗ .

(3.30)

Letting y ≡ x + x∗ , we see that (3.29) implies
f (y) = 0;

Now suppose there exists a u∗ such that 0 < u∗ < x∗ with
f (u∗ ) ̸= 0.

(3.31)

Then since u∗ > 0, there exists an integer n such that nu∗ > x∗ and hence, using (3.30),
f (nu∗ ) = 0.

(3.32)

But we can also apply equation (3.26) to f (nu∗ ):
f (nu∗ ) = f (u∗ )n ̸= 0

using our supposition (3.31).

(3.33)

However, (3.33) contradicts (3.32) so our supposition (3.31) is false and the lemma follows.
Looking at the functional equation (3.24), it is evident that
f (x) ≡ 0

(3.34)

for all x in the domain of deﬁnition of f is a solution to (3.24). Let us see if we can ﬁnd other
solutions to (3.24).

3.3 The Second Fundamental Cauchy Functional Equation
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Lemma 2 Suppose f (x) is a function deﬁned for x > 0 and satisﬁes (3.24). Then
f (u) ≥ 0

for all u > 0.

(3.35)

Proof. Let u > 0 and deﬁne x ≡ u/2 and y ≡ u/2 and apply (3.24):
f (u) = f ([u/2] + [u/2])
= f (u/2)2

using (3.24)

≥ 0.

(3.36)

Lemmas 1 and 2 show that solutions f (x) to the functional equation (3.24) are either of the form
f (x) ≡ 0 for all x > 0 or we must have
f (x) > 0

for all x > 0.

(3.37)

Now we are ready to exhibit the complete solution to (3.24) when f is continuous.
Proposition 3 Let f (x) be a continuous function of one variable deﬁned for x > 0. Suppose f
satisﬁes the following equation for all positive x and y:
f (x + y) = f (x)f (y);

x > 0; y > 0.

(3.38)

Then the solution to (3.38) is either f (x) ≡ 0 for all x > 0 or f must be equal to the following
function:
f (x) ≡ ecx ;
x>0
(3.39)
where c is an arbitrary constant.
Proof. Lemmas 1 and 2 above tell us if we look for a nonzero solution, we must have f (x) > 0 for
all x > 0. Hence, we assume f satisﬁes (3.37) and thus we can take the natural logarithm of both
sides of (3.38). Deﬁning the function g(x) ≡ ln f (x), the transformed version of (3.38) becomes the
following functional equation:
g(x + y) = g(x) + g(y);

x > 0; y > 0.

(3.40)

But this is the same functional equation as appeared in Proposition 1 above, with g replacing f .
Upon noting that the continuity of f (x) implies the continuity of ln f (x), we see that g(x) in (3.40)
is continuous and hence we can apply Proposition 1 to conclude g(x) = cx for some constant c. Since
f (x) = eg(x) , Proposition 3 follows.
Now let us change the domain of deﬁnition in (3.24) from positive values for x and y to unrestricted
values. Thus suppose f satisﬁes the following equation for all positive x and y:
x ∈ R1 ; y ∈ R1 .

f (x + y) = f (x)f (y);

(3.41)

Lemmas 3 and 4 below are counterparts to Lemmas 1 and 2 above.
Lemma 3 Suppose f (x) is a function deﬁned for x ∈ R1 and satisﬁes (3.41). Then if there exists
an x∗ ∈ R1 such that
f (x∗ ) = 0,
(3.42)
then f must be identically equal to zero; i.e., we have
f (x) = 0;

x ∈ R1 .

(3.43)
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Proof. Let x ∈ R1 and deﬁne y by

y ≡ x − x∗ .

(3.44)

Note that (3.44) implies x = x∗ + y. Now apply (3.41) with x∗ replacing x:
f (x) = f (x∗ + y)
∗

= f (x )f (y)
=0

using (3.44)
using (3.41)

using (3.42).

(3.45)

Lemma 4 Suppose f (x) is a function deﬁned for x ∈ R1 and satisﬁes (3.41). Then
f (u) ≥ 0

for all u ∈ R1 .

(3.46)

Proof. Let u ∈ R1 and deﬁne x ≡ u/2 and y ≡ u/2 and apply (3.41):
f (u) = f ([u/2] + [u/2])
= f (u/2)2

using (3.41)

≥ 0.

(3.47)

Lemmas 3 and 4 show that solutions f (x) to the functional equation (3.41) are either of the form
f (x) ≡ 0 for all x ∈ R1 or we must have
f (x) > 0

for all x ∈ R1 .

(3.48)

Now we are ready to exhibit the complete solution to (3.41) when f is continuous.
Proposition 4 Let f (x) be a continuous function of one variable deﬁned for x ∈ R1 . Suppose f
satisﬁes the functional equation (3.41) for all x and y. Then the solutions f are given by either
f (x) ≡ 0 for all x ∈ R1 or f must be equal to the following function:
f (x) ≡ ecx ;

x ∈ R1

(3.49)

where c is an arbitrary constant.
Proof. The proof is the same as the proof of Proposition 3 above except that now we apply
Proposition 2 instead of Proposition 1.
The proofs in this section illustrate a general technique that is often used in solving functional
equations: namely, try to transform the given functional equation into another equivalent functional
equation for which you can ﬁnd the solution!

3.4 The Third Fundamental Cauchy Functional Equation
Let f (x) be a function of one variable deﬁned for x > 0. Suppose f satisﬁes the following equation
for all positive x and y:
f (xy) = f (x) + f (y);
x > 0; y > 0.
(3.50)

3.5 The Fourth Fundamental Cauchy Functional Equation
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Proposition 5 Let f (x) be a continuous function of one variable for x > 0 and suppose f satisﬁes
the functional equation (3.50). Then f must be equal to the following function:
f (x) = c ln x;

x>0

(3.51)

where c is an arbitrary constant and ln x denotes the natural logarithm of x.
Proof. Let x > 0 and y > 0. Since x and y are positive, we can write x and y as follows:
x = eln x ;
ln y

y=e

(3.52)

.

(3.53)

Substitute (3.52) and (3.53) into (3.50) and get the following functional equation:
f (eln x eln y ) = f (eln x+ln y ) = f (eln x ) + f (eln y );

x > 0; y > 0.

(3.54)

Deﬁne the function of one variable g(u) for u ∈ R1 in terms of f as follows:
g(u) ≡ f (eu );

u ∈ R1 .

(3.55)

Note that the continuity of f will imply the continuity of g. Using deﬁnition (3.55), we can rewrite
(3.54) as follows:
g(ln x + ln y) = g(ln x) + g(ln y);
x > 0; y > 0.
(3.56)
Now deﬁne u ≡ ln x and v ≡ ln y and substitute these deﬁnitions into (3.56). Hence if f satisﬁes
(3.50), g will satisfy the following functional equation:
g(u + v) = g(u) + g(v);

u ∈ R1 ; v ∈ R1 .

(3.57)

But by Proposition 2, the set of solutions to (3.57) is:
g(u) = cu;

u ∈ R1 ; c is an arbitrary constant.

(3.58)

Using (3.52), we have:
f (x) = f (eln x )
= g(ln x)
= c ln x

using deﬁnition (3.55)
using (3.58)

(3.59)

which establishes (3.51).
We have only one more Cauchy functional equation to solve.

3.5 The Fourth Fundamental Cauchy Functional Equation
Let f (x) be a function of one variable deﬁned for x > 0. Suppose f satisﬁes the following equation
for all positive x and y:
f (xy) = f (x)f (y);
x > 0; y > 0.
(3.60)
Proposition 6 Let f (x) be a continuous function of one variable for x > 0 and suppose f satisﬁes
the functional equation (3.60). Then either f (x) = 0 for all x > 0 or f must be equal to the following
function:
f (x) = xc ;
x > 0; c is an arbitrary constant.
(3.61)
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Proof. It is very easy to verify that f (x) = 0 for all x is a solution to the functional equation (3.60).
We now show that if f (x∗ ) = 0 for any x∗ > 0, then f (x) is identically equal to 0.
Suppose x∗ > 0 exists such that
f (x∗ ) = 0.
(3.62)
Let x > 0. Now deﬁne y by
y ≡ x/x∗ > 0

since both x and x∗ are positive.

(3.63)

Note that (3.63) implies that x = x∗ y. Thus we have for an arbitrary x > 0:
f (x) = f (x∗ y)
= f (x∗ )f (y)
=0

using (3.60)

using (3.62).

(3.64)

Thus if f (x∗ ) = 0 for a single point x∗ , then f (x) is identically equal to zero.
We now show that f (x) must be nonnegative. Let x > 0 and deﬁne
y ≡ x1/2 ;

(3.65)

i.e., deﬁne y as the positive square root of x. Thus we have for an arbitrary x > 0:
f (x) = f (yy)

using deﬁnition (3.65)

= f (y)f (y)

using (3.60)

≥ 0.

(3.66)

Hence f (x) must be nonnegative over its domain of deﬁnition. This result and the earlier result
(3.64) means that we can assume that:
f (x) > 0

for x > 0

(3.67)

if we want to ﬁnd a nonzero solution to the functional equation (3.60). Thus, we now assume that
(3.67) holds and hence the natural logarithm of f (x), ln f (x), is well deﬁned for each x > 0. Thus
deﬁne the function of one variable, g(x), as follows:
g(x) ≡ ln f (x);

x > 0.

(3.68)

Since f is continuous, so is g. Now take logarithms of both sides of (3.60) and substitute deﬁnition
(3.68) into the resulting equation in order to obtain the following equation:
g(xy) = g(x) + g(y);

x > 0; y > 0.

(3.69)

But (3.69) is the functional equation (3.50), with g replacing f . Hence by Proposition 5 above, the
solution to (3.69) is:
g(x) ≡ c ln x;

x > 0; c is an arbitrary constant.

(3.70)

Exponentiating both sides of (3.68) shows that
f (x) = eg(x) ;
c ln x

=e

x>0
using (3.70)

ln x c

= [e

]

c

=x
which is (3.61).

We turn now to Pexider’s generalizations of Cauchy’s functional equations.

(3.71)
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Recall that the ﬁrst Pexider functional equation was f (x+y) = g(x)+h(y). We replace the functions
f, g and h by f 1 , f 2 and f 3 respectively and rewrite the equation as follows:
f 1 (x + y) = f 2 (x) + f 3 (y);

x ∈ R1 ; y ∈ R1 .

(3.72)

Note that we are assuming that the functions are deﬁned for all real x and y, not just positive x and
y. The following Proposition is a counterpart to Proposition 2 above.
Proposition 7 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for x ∈
R1 . Suppose that these functions satisfy (3.72) above for all x and y. Then these functions must be
equal to the following functions:
f 1 (x) ≡ cx + a + b;

x ∈ R1 ;

2

f (x) ≡ cx + a;
3

f (x) ≡ cx + b;

(3.73)

1

(3.74)

1

(3.75)

y ∈ R1 .

(3.76)

x∈R ;
x∈R

where a, b and c are arbitrary constants.
Proof. Let x = 0 and equation (3.72) becomes:
f 1 (y) = f 2 (0) + f 3 (y);
Deﬁne the constant a as follows:

a ≡ f 2 (0).

(3.77)

Now use (3.76) and (3.77) in order to deﬁne the function f 3 in terms of the function f 1 :
f 3 (y) = f 1 (y) − a;

y ∈ R1 .

(3.78)

Now let y = 0 and equation (3.72) becomes:
f 1 (x) = f 2 (x) + f 3 (0);
Deﬁne the constant b as follows:

x ∈ R1 .

b ≡ f 3 (0).

(3.79)
(3.80)

Now use (3.79) and (3.80) in order to deﬁne the function f 2 in terms of the function f 1 :
f 2 (x) = f 1 (x) − b;

x ∈ R1 .

(3.81)

Now substitute (3.78) and (3.81) into (3.72) and we ﬁnd that f 1 must satisfy the following functional
equation:
f 1 (x + y) = f 1 (x) − b + f 1 (y) − a;
x ∈ R1 ; y ∈ R1 .
(3.82)
Deﬁne the function f in terms of f 1 as follows:
f (x) ≡ f 1 (x) − a − b;

x ∈ R1 .

(3.83)

Use equation (3.83) to solve for f 1 in terms of f :
f 1 (x) = f (x) + a + b.

(3.84)
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Now substitute (3.84) into (3.82) and we obtain the following functional equation in f :
x ∈ R1 ; y ∈ R1 or

f (x + y) + a + b = [f (x) + a + b] − b + [f (y) + a + b] − a;
f (x + y) = f (x) + f (y)

(3.85)

which is the ﬁrst Cauchy equation. Hence, applying Proposition 2, we conclude that f (x) must equal
cx for some constant c. With f (x) determined, f 1 is determined using (3.84), f 2 is determined using
(3.81) and f 3 is determined using (3.78).
In the above Proposition, the domain of deﬁnition for f 1 , f 2 and f 3 was all of R1 . We can obtain a
counterpart to Proposition 7 where the functions are deﬁned only over positive real numbers but we
need to extend this domain of deﬁnition to include the origin as well. Thus we need the following
limits to exist and be ﬁnite numbers:
lim

x→0,x>0

f k (x) = ak ;

k = 1, 2, 3

(3.86)

where each ak is a ﬁnite real number. Now we can change the domains of deﬁnition for the functions
in (3.72) to x ≥ 0 and y ≥ 0; i.e., we now consider the following functional equation:
f 1 (x + y) = f 2 (x) + f 3 (y);

x ≥ 0; y ≥ 0.

(3.87)

Proposition 8 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for nonnegative x. Suppose that these functions satisfy (3.87) above for all nonnegative x and y. Then
these functions must be equal to the following functions:
f 1 (x) ≡ cx + a + b;
2

x ≥ 0;

(3.88)

f (x) ≡ cx + a;

x ≥ 0;

(3.89)

f 3 (x) ≡ cx + b;

x≥0

(3.90)

where a, b and c are arbitrary constants.
Proof. Repeat the proof of Proposition 7 above until the functional equation (3.85) is obtained.
Now apply Proposition 1 to get the f solution f (x) ≡ cx for x > 0. Extend the domain of deﬁnition
of this function to x = 0 by continuity and the rest of the proof of Proposition 7 goes through.

3.7 The Second Fundamental Pexider Functional Equation
Recall that the second Pexider functional equation was f (x+y) = g(x)h(y). We replace the functions
f, g and h by f 1 , f 2 and f 3 respectively and rewrite the equation as follows:
f 1 (x + y) = f 2 (x)f 3 (y);
It is obvious that

x ∈ R1 ; y ∈ R1 .

f 1 (x) ≡ 0; f 2 (x) ≡ 0 and f 3 (x) is arbitrary;

(3.91)

x ∈ R1

(3.92)

x ∈ R1

(3.93)

is a solution to (3.91). Similarly,
f 1 (x) ≡ 0; f 3 (x) ≡ 0 and f 2 (x) is arbitrary;

is also a solution to (3.91). We call these solutions to (3.91) the trivial solutions.

3.7 The Second Fundamental Pexider Functional Equation
Lemma 5 Suppose
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f 2 (0) = 0.

(3.94)

Then the only solution to (3.91) is a trivial solution.
Proof. Substitute x = 0 into (3.91) and use (3.94) to obtain the following equation:
f 1 (y) = 0f 3 (y) = 0

y ∈ R1 .

(3.95)

Thus f 1 must be identically equal to zero. Now substitute this fact back into (3.91) and we obtain
the following equation:
0 = f 2 (x)f 3 (y);
x ∈ R1 ; y ∈ R1 .
(3.96)
If f 3 (y ∗ ) ̸= 0 for any y ∗ ∈ R1 , then (3.96) implies that
f 2 (x) = 0;

for all x ∈ R1 .

(3.97)

Hence if f 3 (y ∗ ) ̸= 0 for any y ∗ ∈ R1 , we obtain a trivial solution to (3.91). On the other hand, if
f 3 (y) = 0 for all y ∈ R1 , we again obtain a trivial solution to (3.91). Hence, under the supposition
(3.94), we always obtain a trivial solution to (3.91).
In a similar fashion, we can show if

f 3 (0) = 0,

(3.98)

then again, we will always obtain a trivial solution to (3.91). Using the above results, we can now
solve the second Pexider equation.
Proposition 9 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for x ∈
R1 . Suppose that these functions satisfy (3.91) above for all x and y. Then either we have a trivial
solution deﬁned by (3.92) or (3.93) or these functions must be equal to the following functions:
f 1 (x) ≡ abecx ;
f 2 (x) ≡ aecx ;
3

cx

f (x) ≡ be ;

x ∈ R1 ;
x ∈ R1 ;
x∈R

1

(3.99)
(3.100)
(3.101)

where a ̸= 0, b ̸= 0 and c ∈ R1 are constants.
Proof. Substitute x = 0 into (3.91) and we obtain the following equation:
f 1 (y) = f 2 (0)f 3 (y);
Deﬁne the constant a as:

y ∈ R1 .

a ≡ f 2 (0).

(3.102)
(3.103)

Now if f 2 (0) = 0, by Lemma 5 above, we obtain a trivial solution to (3.91). Hence, in what follows,
we assume:
a ̸= 0.
(3.104)
Using (3.102)-(3.104), we can deﬁne f 3 in terms of f 1 as follows:
f 3 (x) = a−1 f 1 (x);

x ∈ R1 .

(3.105)

Now substitute y = 0 into (3.91) and we obtain the following equation:
f 1 (x) = f 2 (x)f 3 (0);

x ∈ R1 .

(3.106)

72

Chapter 3 FUNCTIONAL EQUATIONS

Deﬁne the constant b as:

b ≡ f 3 (0).

(3.107)

Now if f 3 (0) = 0, by Lemma 5 above, we obtain a trivial solution to (3.91). Hence, in what follows,
we assume:
b ̸= 0.
(3.108)
Using (3.106)-(3.108), we can deﬁne f 2 in terms of f 1 as follows:
f 2 (x) = b−1 f 1 (x);

x ∈ R1 .

(3.109)

Substitute (3.105) and (3.109) into (3.91), which eliminates f 2 and f 3 and we ﬁnd that f 1 must
satisfy the following functional equation:
f 1 (x + y) = a−1 b−1 f 1 (x)f 1 (y);

x ∈ R1 ; y ∈ R1 .

(3.110)

Now deﬁne a new function f (x) in terms of f 1 as follows:
f (x) ≡ a−1 b−1 f 1 (x);

x ∈ R1 .

(3.111)

Use (3.111) to solve for f 1 in terms of f :
f 1 (x) = abf (x).

(3.112)

Substitute this f 1 solution into (3.110) and we obtain the following functional equation involving
only f :
abf (x + y) = a−1 b−1 [abf (x)][abf (y)];
f (x + y) = f (x)f (y);

x ∈ R1 ; y ∈ R1 or

x ∈ R1 ; y ∈ R1 .

(3.113)

By Proposition 4 above, the only nontrivial solution to (3.113) is
f (x) ≡ ecx ;

x ∈ R1

(3.114)

where c is an arbitrary constant. Now substitute (3.114) back into (3.112), (3.109) and (3.105) and
we obtain the nontrivial solutions to (3.91) deﬁned by the functions (3.99)-(3.101).
Note that if a = 0 or b = 0, then the solution functions deﬁned by (3.99)-(3.101) reduce to a trivial
solution. Hence we could have simpliﬁed the statement of the Proposition by omitting the mention
of trivial solutions in the ﬁrst part of the Proposition and just deﬁning the solution functions as
(3.99)-(3.101) for arbitrary constants a, b and c.
In the above Proposition, the domain of deﬁnition for f 1 , f 2 and f 3 was all of R1 . We can obtain a
counterpart to Proposition 9 where the functions are deﬁned only over positive real numbers but we
need to extend this domain of deﬁnition to include the origin as well. Thus again we need the limits
in (3.86) above to exist and be ﬁnite numbers. If this is the case, then we can change the domains
of deﬁnition for the functions in (3.91) to x ≥ 0 and y ≥ 0; i.e., we now consider the following
functional equation:
f 1 (x + y) = f 2 (x)f 3 (y);
x ≥ 0; y ≥ 0.
(3.115)
Proposition 10 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for x
nonnegative. Suppose that these functions satisfy (3.115) above for all x and y. Then these functions
must be equal to the functions deﬁned by (3.99)-(3.101) where a, b and c are arbitrary constants.

3.8 The Third Fundamental Pexider Functional Equation
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Proof. Repeat the proof of Proposition 9 above until the functional equation (3.113) is obtained.
Now apply Proposition 3 to get the f solution f (x) ≡ ecx for x > 0. Extend the domain of deﬁnition
of this function to x = 0 by continuity and the rest of the proof of Proposition 9 goes through.
Propositions 8 and 10 are important in economic applications where the domains of deﬁnition of the
relevant functions are usually restricted to positive or nonnegative x.

3.8 The Third Fundamental Pexider Functional Equation
Recall that the third Pexider functional equation was f (xy) = g(x) + h(y). We replace the functions
f, g and h by f 1 , f 2 and f 3 respectively and rewrite the equation as follows:
f 1 (xy) = f 2 (x) + f 3 (y);

x > 0; y > 0.

(3.116)

Proposition 11 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for
positive x. Suppose that these functions satisfy (3.116) above for all x and y. Then these functions
must be equal to the following functions:
f 1 (x) ≡ c ln x + a + b;
f 2 (x) ≡ c ln x + a;
3

f (x) ≡ c ln x + b;

x > 0;

(3.117)

x > 0;

(3.118)

x>0

(3.119)

where a, b and c are arbitrary constants.
Proof. Substitute x = 1 into (3.116) and we obtain the following equation:
f 1 (y) = f 2 (1) + f 3 (y);
Deﬁne the constant a as:

y > 0.

a ≡ f 2 (1).

(3.120)
(3.121)

Using (3.120) and (3.121), we can deﬁne f 3 in terms of f 1 as follows:
f 3 (y) = f 1 (y) − a;

y > 0.

(3.122)

Now substitute y = 1 into (3.116) and we obtain the following equation:
f 1 (x) = f 2 (x) + f 3 (1);
Deﬁne the constant b as:

x > 0.

b ≡ f 3 (1).

(3.123)
(3.124)

Using (3.123)-(3.124), we can deﬁne f 2 in terms of f 1 as follows:
f 2 (x) = f 1 (x) − b;

x > 0.

(3.125)

Now substitute (3.125) and (3.122) into (3.116) and we obtain the following equation that involves
only f 1 :
f 1 (xy) = f 1 (x) − b;
x > 0; y > 0.
(3.126)
Use f 1 in order to deﬁne a new function f as follows:
f (x) ≡ f 1 (x) − a − b;

x > 0.

(3.127)
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Now use (3.127) in order to write f 1 in terms of f :
f 1 (x) = f (x) + a + b;

x > 0.

(3.128)

Substitute (3.128) into (3.126) and obtain the following equation involving only f :
f (xy) + a + b = [f (x) + a + b] − b + [f (y) + a + b] − a

x > 0; y > 0 or

f (xy) = f (x) + f (y).

(3.129)

But (3.129) means f satisﬁes Cauchy’s third functional equation and hence by Proposition 5, f must
equal:
f (x) ≡ c ln x;
x>0
(3.130)
where c is an arbitrary constant. Substitute (3.130) into (3.128) and we ﬁnd f 1 is deﬁned by (3.117).
Then substitute (3.117) into (3.122) and (3.125) and we ﬁnd that f 2 and f 3 must be deﬁned by
(3.118) and (3.119).

3.9 The Fourth Fundamental Pexider Functional Equation
Recall that the fourth Pexider functional equation was f (xy) = g(x)h(y). We replace the functions
f, g and h by f 1 , f 2 and f 3 respectively and rewrite the equation as follows:
f 1 (xy) = f 2 (x)f 3 (y);
It is obvious that

x > 0; y > 0.

f 1 (x) ≡ 0; f 2 (x) ≡ 0 and f 3 (x) is arbitrary;

(3.131)
x>0

(3.132)

x>0

(3.133)

is a solution to (3.131). Similarly,
f 1 (x) ≡ 0; f 3 (x) ≡ 0 and f 2 (x) is arbitrary;

is also a solution to (3.131). We call these solutions to (3.131) the trivial solutions.
Lemma 6 Suppose

f 2 (1) = 0.

(3.134)

Then the only solution to (3.131) is a trivial solution.
Proof. Substitute x = 1 into (3.131) and use (3.134) to obtain the following equation:
f 1 (y) = 0f 3 (y) = 0

y > 0.

(3.135)

Thus f 1 must be identically equal to zero. Now substitute this fact back into (3.131) and we obtain
the following equation:
0 = f 2 (x)f 3 (y);
x > 0; y > 0.
(3.136)
If f 3 (y ∗ ) ̸= 0 for any y ∗ > 0, then (3.136) implies that
f 2 (x) = 0;

x > 0.

(3.137)

Hence if f 3 (y ∗ ) ̸= 0 for any y ∗ > 0, we obtain a trivial solution to (3.131). On the other hand, if
f 3 (y) = 0 for all y > 0, we again obtain a trivial solution to (3.131). Hence, under the supposition
(3.134), we always obtain a trivial solution to (3.131).

3.9 The Fourth Fundamental Pexider Functional Equation
In a similar fashion, we can show if
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f 3 (1) = 0,

(3.138)

then again, we will always obtain a trivial solution to (3.131). Using the above results, we can now
solve the fourth Pexider equation.
Proposition 12 Let f 1 (x), f 2 (x) and f 3 (x) be continuous functions of one variable deﬁned for
positive x. Suppose that these functions satisfy (3.131) above for all x and y. Then these functions
must be equal to the following functions:
f 1 (x) ≡ abxc ;
2

x > 0;

c

(3.139)

f (x) ≡ ax ;

x > 0;

(3.140)

f 3 (x) ≡ bxc ;

x>0

(3.141)

where a, b and c are arbitrary constants.
Proof. Substitute x = 1 into (3.131) and we obtain the following equation:
f 1 (y) = f 2 (1)f 3 (y);
Deﬁne the constant a as:

y > 0.

a ≡ f 2 (1).

(3.142)
(3.143)

If a = 0, then by Lemma 6, we obtain a trivial solution to (3.131). Hence, we will assume that a ̸= 0.
Using (3.142) and (3.143), we can deﬁne f 3 in terms of f 1 as follows:
f 3 (y) = a−1 f 1 (y);

y > 0.

(3.144)

Now substitute y = 1 into (3.131) and we obtain the following equation:
f 1 (x) = f 2 (x)f 3 (1);
Deﬁne the constant b as:

x > 0.

b ≡ f 3 (1).

(3.145)
(3.146)

If b = 0, then by Lemma 6, we obtain a trivial solution to (3.131). Hence, we will assume that b ̸= 0.
Using (3.145)-(3.146), we can deﬁne f 2 in terms of f 1 as follows:
f 2 (x) = b−1 f 1 (x);

x > 0.

(3.147)

Now substitute (3.144) and (3.147) into (3.131) and we obtain the following equation that involves
only f 1 :
f 1 (xy) = a−1 b−1 f 1 (x)f 1 (y);
x > 0; y > 0.
(3.148)
Use f 1 in order to deﬁne a new function f as follows:
f (x) ≡ a−1 b−1 f 1 (x);

x > 0.

(3.149)

Now use (3.149) in order to write f 1 in terms of f :
f 1 (x) = abf (x);

x > 0.

(3.150)

Substitute (3.150) into (3.148) and obtain the following equation involving only f :
abf (xy) = a−1 b−1 [abf (x)][abf (y)]
f (xy) = f (x)f (y).

x > 0; y > 0 or
(3.151)
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But (3.151) means f satisﬁes Cauchy’s fourth functional equation and hence by Proposition 6, f
must equal:
f (x) ≡ xc ;
x>0
(3.152)
where c is an arbitrary constant. Substitute (3.152) into (3.150) and we ﬁnd f 1 is deﬁned by (3.139)
where a and b are not equal to zero. Then substitute (3.139) into (3.147) and (3.144) and we ﬁnd
that f 2 and f 3 must be deﬁned by (3.140) and (3.141) with a ̸= 0 and b ̸= 0. However, if we let a
or b equal 0, then we obtain the trivial solutions to (3.131) so that all of the solutions to (3.131) are
deﬁned by (3.139)-(3.141) where a, b and c are unrestricted constants.
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Chapter 4

The Axiomatic Approach to Bilateral Index
Number Theory
4.1 Bilateral Indexes and Some Early Tests
In this chapter, our goal will be to assume that the bilateral price index formula, P (p0 , p1 , q 0 , q 1 ),
satisﬁes a suﬃcient number of “reasonable” tests or properties so that the functional form for P is
determined.*1 The word “bilateral”*2 refers to the assumption that the function P depends only on
the data pertaining to the two situations or periods being compared; i.e., P is regarded as a function
of the two sets of price and quantity vectors, p0 , p1 , q 0 , q 1 , that are to be aggregated into a single
number that summarizes the overall change in the N price ratios, p11 /p01 , . . . , p1N /p0N .
We will take the perspective outlined in section 2.1 of Chapter 2; i.e., along with the price index
P (p0 , p1 , q 0 , q 1 ), there is a companion quantity index Q(p0 , p1 , q 0 , q 1 ) such that the product of
these two indices equals the value ratio between the two periods. Thus, throughout this section, we
assume that P and Q satisfy the following product test:
p1 · q 1
= P (p0 , p1 , q 0 , q 1 )Q(p0 , p1 , q 0 , q 1 ).
p0 · q 0

(4.1)

Equation (4.1) means that as soon as the functional form for the price index P is determined, then
(4.1) can be used to determine the functional form for the quantity index Q. However, a further
advantage of assuming that the product test holds is that we can assume that the quantity index Q
satisﬁes a “reasonable” property and then use (4.1) to translate this test on the quantity index into
a corresponding test on the price index P .*3
If N = 1, so that there is only one price and quantity to be aggregated, then a natural candidate
for P is p11 /p01 , the single price ratio, and a natural candidate for Q is q11 /q10 , the single quantity
ratio. When the number of commodities or items to be aggregated is greater than 1, then what
index number theorists have done over the years is propose properties or tests that the price index
P should satisfy. These properties are generally multi-dimensional analogues to the one good price
index formula, p11 /p01 . Below, we list twenty tests that turn out to characterize the Fisher ideal price
index.
*1
*2
*3

Much of the material in this Chapter is drawn from section sections 2 and 3 of Diewert (1992)[143] and Diewert
(1993a)[152]. For surveys of the axiomatic approach see Balk (1995)[35] and von Auer (2001)[17].
Multilateral index number theory refers to the situation where there are more than two situations whose prices
and quantities need to be aggregated.
This observation was ﬁrst made by Fisher (1911; 400-406)[272]. Vogt (1980)[523] also pursued this idea.
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We shall assume that every component of each price and quantity vector is positive; i.e., pt ≫ 0N
and q t ≫ 0N *4 for t = 0, 1. If we want to set q 0 = q 1 , we call the common quantity vector q; if we
want to set p0 = p1 , we call the common price vector p.
Our ﬁrst two tests are not very controversial and so we will not discuss them.
T1:

Positivity *5 : P (p0 , p1 , q 0 , q 1 ) > 0.

T2:

Continuity *6 : P (p0 , p1 , q 0 , q 1 ) is a continuous function of its arguments.

Our next two tests are somewhat more controversial.
T3:

Identity or Constant Prices Test *7 : P (p, p, q 0 , q 1 ) = 1.

That is, if the price of every good is identical during the two periods, then the price index should
equal unity, no matter what the quantity vectors are. The controversial part of this test is that the
two quantity vectors are allowed to be diﬀerent in the above test.*8
∑N 1
pi qi
T4: Fixed Basket or Constant Quantities Test *9 : P (p0 , p1 , q, q) = ∑i=1
.
N
0q
p
i
i=1 i
That is, if quantities are constant during the two periods so that q 0 = q 1 ≡ q, then the price
∑N
index should equal the expenditure on the constant basket in period 1, i=1 p1i qi , divided by the
∑N
expenditure on the basket in period 0, i=1 p0i qi .
Problem 1 If the price index P satisﬁes Test T4 and P and Q jointly satisfy the product test, (4.1)
above, then show*10 that Q must satisfy the identity test Q(p0 , p1 , q, q) = 1 for all strictly positive
vectors p0 , p1 , q. This constant quantities test for Q is also somewhat controversial since p0 and p1
are allowed to be diﬀerent.

4.2 Homogeneity Tests
The following four tests restrict the behavior of the price index P as the scale of any one of the four
vectors p0 , p1 , q 0 , q 1 changes.

*4

*5
*6
*7

*8
*9

*10

Notation: q ≫ 0N means that each component of the vector q is positive; q ≥ 0N means each component of q
∑
is nonnegative and q > 0N means q ≥ 0N and q ̸= 0N . Finally, p · q ≡ N
n=1 pn qn denotes the inner product
of the vectors p and q.
Eichhorn and Voeller (1976, 23)[250] suggested this test.
Fisher (1922; 207-215)[274] informally suggested the essence of this test.
Laspeyres (1871; 308)[384], Walsh (1901; 308)[530] and Eichhorn and Voeller (1976; 24)[250] have all suggested
this test. Laspeyres came up with this test or property to discredit the ratio of unit values index of Drobisch
(1871)[242], which does not satisfy this test. This test is also a special case of Fisher’s (1911; 409-410)[272] price
proportionality test.
Usually, economists assume that given a price vector p, the corresponding quantity vector q is uniquely determined. Here, we have the same price vector but the corresponding quantity vectors are allowed to be diﬀerent.
The origins of this test go back at least two hundred years to the Massachusetts legislature which used a constant
basket of goods to index the pay of Massachusetts soldiers ﬁghting in the American Revolution; see Willard
Fisher (1913)[276]. Other researchers who have suggested the test over the years include: Lowe (1823, Appendix,
95)[395], Scrope (1833, 406)[467], Jevons (1865)[364], Sidgwick (1883, 67-68)[477], Edgeworth (1925, 215)[247]
originally published in 1887, Marshall (1887, 363)[398], Pierson (1895, 332)[427], Walsh (1901, 540)[530] (1921b;
544)[533], and Bowley (1901, 227)[66]. Vogt and Barta (1997; 49)[524] correctly observe that this test is a
special case of Fisher’s (1911; 411)[272] proportionality test for quantity indexes which Fisher (1911; 405)[272]
translated into a test for the price index using the product test (4.1).
See Vogt (1980; 70)[523].

4.2 Homogeneity Tests
T5:
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Proportionality in Current Prices *11 : P (p0 , λp1 , q 0 , q 1 ) = λP (p0 , p1 , q 0 , q 1 ) for λ > 0.

That is, if all period 1 prices are multiplied by the positive number λ, then the new price index is λ
times the old price index. Put another way, the price index function P (p0 , p1 , q 0 , q 1 ) is (positively)
homogeneous of degree one in the components of the period 1 price vector p1 . Most index number
theorists regard this property as a very fundamental one that the index number formula should
satisfy.
Walsh (1901)[530] and Fisher (1911; 418)[272] (1922; 420)[274] proposed the related proportionality
test P (p, λp, q 0 , q 1 ) = λ. This last test is a combination of T3 and T5; in fact Walsh (1901, 385)[530]
noted that this last test implies the identity test, T3.
In our next test, instead of multiplying all period 1 prices by the same number, we multiply all
period 0 prices by the number λ.
T6:

Inverse Proportionality in Base Period Prices *12 : P (λp0 , p1 , q 0 , q 1 ) = λ−1 P (p0 , p1 , q 0 , q 1 )
for λ > 0.

That is, if all period 0 prices are multiplied by the positive number λ, then the new price index is 1/λ
times the old price index. Put another way, the price index function P (p0 , p1 , q 0 , q 1 ) is (positively)
homogeneous of degree minus one in the components of the period 0 price vector p0 .
The following two homogeneity tests can also be regarded as invariance tests.
T7:

Invariance to Proportional Changes in Current Quantities:
P (p0 , p1 , q 0 , λq 1 ) = P (p0 , p1 , q 0 , q 1 ) for all λ > 0.

That is, if current period quantities are all multiplied by the number λ, then the price index remains
unchanged. Put another way, the price index function P (p0 , p1 , q 0 , q 1 ) is (positively) homogeneous
of degree zero in the components of the period 1 quantity vector q 1 . Vogt (1980, 70)[523] was the ﬁrst
to propose this test*13 and his derivation of the test is of some interest. Suppose the quantity index
Q satisﬁes the quantity analogue to the price test T5; i.e., suppose Q satisﬁes Q(p0 , p1 , q 0 , λq 1 ) =
λQ(p0 , p1 , q 0 , q 1 ) for λ > 0. Then using the product test (4.1), we see that P must satisfy T7.
T8:

Invariance to Proportional Changes in Base Quantities *14 :
P (p0 , p1 , λq 0 , q 1 ) = P (p0 , p1 , q 0 , q 1 ) for all λ > 0.

That is, if base period quantities are all multiplied by the number λ, then the price index remains
unchanged. Put another way, the price index function P (p0 , p1 , q 0 , q 1 ) is (positively) homogeneous
of degree zero in the components of the period 0 quantity vector q 0 . If the quantity index Q satisﬁes
the following counterpart to T8: Q(p0 , p1 , λq 0 , q 1 ) = λ−1 Q(p0 , p1 , q 0 , q 1 ) for all λ > 0, then using
(4.1), the corresponding price index P must satisfy T8. This argument provides some additional
justiﬁcation for assuming the validity of T8 for the price index function P .
T7 and T8 together impose the property that the price index P does not depend on the absolute
magnitudes of the quantity vectors q 0 and q 1 .

*11
*12
*13
*14

This test was proposed by Walsh (1901, 385)[530], Eichhorn and Voeller (1976, 24)[250] and Vogt (1980, 68)[523].
Eichhorn and Voeller (1976; 28)[250] suggested this test.
Fisher (1911;
405)[272] proposed the related test P (p0 , p1 , q 0 , λq 0 )
=
P (p0 , p1 , q 0 , q 0 )
=
∑N
∑N
1
0
0
0
i=1 pi qi /
i=1 pi qi .
This test was proposed by Diewert (1992; 216)[143].
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4.3 Invariance and Symmetry Tests
The next ﬁve tests are invariance or symmetry tests. Fisher (1922; 62 63, 458-460)[274] and Walsh
(1921b; 542)[533] seem to have been the ﬁrst researchers to appreciate the signiﬁcance of these kinds
of tests. Fisher (1922, 62-63)[274] spoke of fairness but it is clear that he had symmetry properties
in mind. It is perhaps unfortunate that he did not realize that there were more symmetry and
invariance properties than the ones he proposed; if he had realized this, it is likely that he would
have been able to provide an axiomatic characterization for his ideal price index, as will be done in
section 4.6 below. Our ﬁrst invariance test is that the price index should remain unchanged if the
ordering of the commodities is changed:
T9:

Commodity Reversal Test (or invariance to changes in the ordering of commodities):
P (p0∗ , p1∗ , q 0∗ , q 1∗ ) = P (p0 , p1 , q 0 , q 1 )

where pt∗ denotes a permutation of the components of the vector pt and q t∗ denotes the same
permutation of the components of q t for t = 0, 1. This test is due to Irving Fisher (1922)[274], and
it is one of his three famous reversal tests. The other two are the time reversal test and the factor
reversal test which will be considered below.
T10: Invariance to Changes in the Units of Measurement (commensurability test):
−1 0
−1 1
P (α1 p01 , . . . , αN p0N ; α1 p11 , . . . , αN p1N ; α1−1 q10 , . . . , αN
qN ; α1−1 q11 , . . . , αN
qN ) =
1
0
1
1
0
0
1
0
P (p1 , . . . , pN ; p1 , . . . , pN ; q1 , . . . , qN ; q1 , . . . , qN ) for all α1 > 0, . . . , αN > 0.

That is, the price index does not change if the units of measurement for each commodity are changed.
The concept of this test was due to Jevons (1884; 23)[365] and the Dutch economist Pierson (1896;
131)[429], who criticized several index number formula for not satisfying this fundamental test. Fisher
(1911; 411)[272] ﬁrst called this test the change of units test and later, Fisher (1922; 420)[274] called
it the commensurability test.
T11: Time Reversal Test: P (p0 , p1 , q 0 , q 1 ) =

1
P (p1 , p0 , q 1 , q 0 )

.

That is, if the data for periods 0 and 1 are interchanged, then the resulting price index should
equal the reciprocal of the original price index. Obviously, in the one good case when the price
index is simply the single price ratio; this test is satisﬁed (as are all of the other tests listed in
this section). When the number of goods is greater than one, many commonly used price indices
fail this test; e.g., the Laspeyres (1871)[384] price index, PL deﬁned earlier in Chapter 2, and the
Paasche (1874)[421] price index, PP , both fail this fundamental test. The concept of the test was
due to Pierson (1896; 128)[429], who was so upset with the fact that many of the commonly used
index number formulae did not satisfy this test, that he proposed that the entire concept of an
index number should be abandoned. More formal statements of the test were made by Walsh (1901;
368)[530] (1921b; 541)[533] and Fisher (1911; 534)[272] (1922; 64)[274].
Our next two tests are more controversial, since they are not necessarily consistent with the economic
approach to index number theory. However, these tests are quite consistent with the weighted
stochastic approach to index number theory discussed in Chapter 2.later in this chapter.
T12: Quantity Reversal Test (quantity weights symmetry test):
P (p0 , p1 , q 0 , q 1 ) = P (p0 , p1 , q 1 , q 0 ).
That is, if the quantity vectors for the two periods are interchanged, then the price index remains
invariant. This property means that if quantities are used to weight the prices in the index number
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formula, then the period 0 quantities q 0 and the period 1 quantities q 1 must enter the formula in
a symmetric or even handed manner. Funke and Voeller (1978; 3)[282] introduced this test; they
called it the weight property.
The next test is the analogue to T12 applied to quantity indices:
T13: Price Reversal Test (price weights symmetry test)*15 :
∑N 1 1 ∑N 0 0
∑N 0 1 ∑N 1 0
p q /
p q
i=1 pi qi /
i=1 pi qi
= i=1 1i i 0 0i=11 i i .
0
1
0
1
P (p , p , q , q )
P (p , p , q , q )
Thus if we use (4.1) to deﬁne the quantity index Q in terms of the price index P , then it can be seen
that T13 is equivalent to the following property for the associated quantity index Q:
Q(p0 , p1 , q 0 , q 1 ) = Q(p1 , p0 , q 0 , q 1 ).
That is, if the price vectors for the two periods are interchanged, then the quantity index remains
invariant. Thus if prices for the same good in the two periods are used to weight quantities in the
construction of the quantity index, then property T13 implies that these prices enter the quantity
index in a symmetric manner.

4.4 Mean value tests
The next three tests are mean value tests.
T14: Mean Value Test for Prices *16
min(p1i /p0i : i = 1, . . . , N ) ≤ P (p0 , p1 , q 0 , q 1 ) ≤ max(p1i /p0i : i = 1, . . . , N ).
i

i

That is, the price index lies between the minimum price ratio and the maximum price ratio. Since
the price index is supposed to be some sort of an average of the N price ratios, p1i /p0i , it seems
essential that the price index P satisfy this test.
The next test is the analogue to T14 applied to quantity indexes:
T15: Mean Value Test for Quantities *17 :
V 1 /V 0
≤ max(qi1 /qi0 : i = 1, . . . , N )
i
i
P (p0 , p1 , q 0 , q 1 )
∑N
where V t is the period t value aggregate V t ≡ n=1 ptn qnt for t = 0, 1. Using (4.1) to deﬁne the
quantity index Q in terms of the price index P , we see that T15 is equivalent to the following property
for the associated quantity index Q:
min(qi1 /qi0 : i = 1, . . . , N ) ≤

min(qi1 /qi0 : i = 1, . . . , N ) ≤ Q(p0 , p1 , q 0 , q 1 ) ≤ max(qi1 /qi0 : i = 1, . . . , N ).
i

i

(4.2)

That is, the implicit quantity index Q deﬁned by P lies between the minimum and maximum rates
of growth qi1 /qi0 of the individual quantities.
In Chapter 2,we argued that it was very reasonable to take an average of the Laspeyres and Paasche
price indices as a single “best” measure of overall price change. This point of view can be turned
into a test:
*15
*16
*17

This test was proposed by Diewert (1992; 218)[143].
This test seems to have been ﬁrst proposed by Eichhorn and Voeller (1976; 10)[250].
This test was proposed by Diewert (1992; 219)[143].
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T16: Paasche and Laspeyres Bounding Test *18 : The price index P lies between the Laspeyres and
Paasche indices, PL and PP , deﬁned by (4.3) and (4.4) below.
PL ≡

p1 · q 0
;
p0 · q 0

(4.3)

PP ≡

p1 · q 1
.
p0 · q 1

(4.4)

Problem 2 Consider a test where the implicit quantity index Q that corresponds to P via (4.1) is
to lie between the Laspeyres and Paasche quantity indices, QL and QP , deﬁned by (4.5) and (4.6):
QL ≡

p0 · q 1
;
p0 · q 0

(4.5)

QP ≡

p1 · q 1
.
p1 · q 0

(4.6)

Show that the resulting test turns out to be equivalent to test T16 on P .

4.5 Monotonicity Tests
Our ﬁnal four tests are monotonicity tests; i.e., how should the price index P (p0 , p1 , q 0 , q 1 ) change
as any component of the two price vectors p0 and p1 increases or as any component of the two
quantity vectors q 0 and q 1 increases.
T17: Monotonicity in Current Prices: P (p0 , p1 , q 0 , q 1 ) < P (p0 , p2 , q 0 , q 1 ) if p1 < p2 .
That is, if some period 1 price increases, then the price index must increase, so that P (p0 , p1 , q 0 , q 1 )
is increasing in the components of p1 . This property was proposed by Eichhorn and Voeller (1976;
23)[250] and it is a very reasonable property for a price index to satisfy.
T18: Monotonicity in Base Prices: P (p0 , p1 , q 0 , q 1 ) > P (p2 , p1 , q 0 , q 1 ) if p0 < p2 .
That is, if any period 0 price increases, then the price index must decrease, so that P (p0 , p1 , q 0 , q 1 )
is decreasing in the components of p0 . This very reasonable property was also proposed by Eichhorn
and Voeller (1976; 23)[250].
T19: Monotonicity in Current Quantities: if q 1 < q 2 , then
∑N 1 1 ∑N 0 0
∑N 1 2 ∑N 0 0
p q /
p q
i=1 pi qi /
i=1 pi qi
< i=1 0i i 1 0i=12 i i .
0
1
0
1
P (p , p , q , q )
P (p , p , q , q )
T20: Monotonicity in Base Quantities: if q 0 < q 2 , then
∑N 1 1 ∑N 0 0
∑N 1 1 ∑N 0 2
p q /
p q
i=1 pi qi /
i=1 pi qi
> i=1 0i i 1 2i=11 i i .
0
1
0
1
P (p , p , q , q )
P (p , p , q , q )
If we deﬁne the implicit quantity index Q that corresponds to P using (4.1), we ﬁnd that T19
translates into the following inequality involving Q:
Q(p0 , p1 , q 0 , q 1 ) < Q(p0 , p1 , q 0 , q 2 ) if q 1 < q 2 .
*18

Bowley (1901; 227)[66] and Fisher (1922; 403)[274] both endorsed this property for a price index.

(4.7)

4.6 The Fisher ideal index and the test approach

83

That is, if any period 1 quantity increases, then the implicit quantity index Q that corresponds to
the price index P must increase. Similarly, we ﬁnd that T20 translates into:
Q(p0 , p1 , q 0 , q 1 ) > Q(p0 , p1 , q 2 , q 1 ) if q 0 < q 2 .

(4.8)

That is, if any period 0 quantity increases, then the implicit quantity index Q must decrease. Tests
T19 and T20 are due to Vogt (1980, 70)[523].
This concludes our listing of tests. In the next section, we ask whether any index number formula
P (p0 , p1 , q 0 , q 1 ) exists that can satisfy all twenty tests.

4.6 The Fisher ideal index and the test approach
It can be shown that the only index number formula P (p0 , p1 , q 0 , q 1 ) which satisﬁes tests T1 - T20
is the Fisher ideal price index PF deﬁned as the geometric mean of the Laspeyres and Paasche price
indexes:*19
[ 1 0 ]1/2 [ 1 1 ]1/2
p ·q
p ·q
0
1
0
1
PF (p , p , q , q ) ≡
.
(4.9)
0
0
p ·q
p0 · q 1
To prove this assertion, it is relatively straightforward to show that the Fisher index satisﬁes all 20
tests.
Problem 3 Show that PF satisﬁes tests T3, T4, T5, T6, T7, T8, T9, T10, T11, T12, T16, T17 and
T18.
The more diﬃcult part of the proof is to show that it is the only index number formula which satisﬁes
these tests. This part of the proof follows from the fact that if P satisﬁes the positivity test T1 and
the three reversal tests, T11-T13, then P must equal PF . To see this, rearrange the terms in the
statement of test T13 into the following equation:
∑N

∑N 0 0
1 1
i=1 pi qi /
i=1 pi qi
∑N 0 1 ∑N 1 0
i=1 pi qi
i=1 pi qi /

=

P (p0 , p1 , q 0 , q 1 )
P (p1 , p0 , q 0 , q 1 )

=

P (p0 , p1 , q 0 , q 1 )
using T12, the quantity reversal test
P (p1 , p0 , q 1 , q 0 )

= P (p0 , p1 , q 0 , q 1 )P (p0 , p1 , q 0 , q 1 ) using T11, the time reversal test.
(4.10)
Now take positive square roots on both sides of (4.10) and we see that the left hand side of the equation is the Fisher index PF (p0 , p1 , q 0 , q 1 ) deﬁned by (4.9) and the right hand side is P (p0 , p1 , q 0 , q 1 ).
Thus if P satisﬁes T1, T11, T12 and T13, it must equal the Fisher ideal index PF .
Problem 4 Deﬁne the Fisher quantity index as the product of the square root of the Laspeyres and
Paasche quantity indexes:
[

p0 · q 1
QF (p , p , q , q ) ≡
p0 · q 0
0

1

0

1

]1/2 [

p1 · q 1
p1 · q 0

]1/2
.

(4.11)

Show that the Q that corresponds to PF using the product test (4.1) is equal to the QF deﬁned by
(4.11).
*19

See Diewert (1992; 221)[143].
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It turns out that PF satisﬁes yet another test, T21, which was Irving Fisher’s (1921; 534) (1922;
72-81)[274] third reversal test (the other two being T9 and T11):
T21: Factor Reversal Test (functional form symmetry test):
∑N 1 1
pi qi
0
1
0
1
0
1
0
1
.
P (p , p , q , q )P (q , q , p , p ) = ∑i=1
N
0 0
i=1 pi qi
A justiﬁcation for this test is the following one: if P (p0 , p1 , q 0 , q 1 ) is a good functional form for the
price index, then if we reverse the roles of prices and quantities, P (q 0 , q 1 , p0 , p1 ) ought to be a good
functional form for a quantity index (which seems to be a correct argument) and thus the product of
the price index P (p0 , p1 , q 0 , q 1 ) and the quantity index Q(p0 , p1 , q 0 , q 1 ) = P (q 0 , q 1 , p0 , p1 ) ought
to equal the value ratio, V 1 /V 0 . The second part of this argument does not seem to be valid and
thus many researchers over the years have objected to the factor reversal test. However, if one is
willing to embrace T21 as a basic test, Funke and Voeller (1978; 180)[282] showed that the only
index number function P (p0 , p1 , q 0 , q 1 ) which satisﬁes T1 (positivity), T11 (time reversal test), T12
(quantity reversal test) and T21 (factor reversal test) is the Fisher ideal index PF deﬁned by (4.9).
Thus the price reversal test T13 can be replaced by the factor reversal test in order to obtain a
minimal set of four tests that lead to the Fisher price index.*20

4.7 The Test Performance of Other Indexes
The Fisher price index PF satisﬁes all 20 of the tests listed in sections 4.1-4.5 above. Which tests
do other commonly used price indexes satisfy? Recall the Laspeyres index PL deﬁned by (4.3), the
Paasche index PP deﬁned by (4.4) and the Törnqvist index PT deﬁned by:
ln PT (p0 , p1 , q 0 , q 1 ) ≡

N
∑
s0n + s1n
ln(p1n /p0n )
2
n=1

(4.12)

where stn is the expenditure share of commodity n in period t for t = 0, 1 and n = 1, ..., N .
Straightforward computations show that the Paasche and Laspeyres price indexes, PL and PP , fail
only the three reversal tests, T11, T12 and T13. Since the quantity and price reversal tests, T12 and
T13, are somewhat controversial and hence can be discounted, the test performance of PL and PP
seems at ﬁrst sight to be quite good. However, the failure of the time reversal test, T11, is a severe
limitation associated with the use of these indexes.
The Törnqvist price index PT fails nine tests: T4 (the ﬁxed basket test), the quantity and price
reversal tests T12 and T13, T15 (the mean value test for quantities), T16 (the Paasche and Laspeyres
bounding test) and the 4 monotonicity tests T17 to T20. Thus the Törnqvist index is subject to a
rather high failure rate.*21

4.8 The Walsh Price Index: An Axiomatic Approach
Although the Laspeyres, Paasche, Fisher and Törnqvist price indexes are the most commonly used
index number formulae,*22 there is one other price index that deserves mention at this point. Instead
*20
*21

*22

Other characterizations of the Fisher price index can be found in Funke and Voeller (1978)[282] and Balk
(1985)[32] (1995)[35].
However, we shall show later that the Törnqvist index approximates the Fisher index quite closely using “normal”
time series data that is subject to relatively smooth trends. Hence under these circumstances, the Törnqvist
index can be regarded as passing the 20 tests to a reasonably high degree of approximation.
These are the four index number formulae that are standard options in the index command in the economics
computer program SHAZAM; the “Divisia” index in SHAZAM is actually the (chained) Törnqvist price index
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of looking for a “best” average of the two ﬁxed basket indexes that correspond to the baskets chosen
in either of the two periods being compared, we could instead look for a “best” average basket of the
two baskets represented by the vectors q 0 and q 1 and then use this average basket to compare the
price levels of periods 0 and 1.*23 Thus we ask that the nth quantity weight, qn , to be an average or
mean of the base period quantity qn0 and the period 1 quantity for commodity n qn1 , say m(qn0 , qn1 ),
for n = 1, 2, . . . , N .*24 Price statisticians refer to this type of index as a pure price index *25 and it
corresponds to Knibbs’ (1924; 43)[374] unequivocal price index. Under these assumptions, the pure
price index can be deﬁned as a member of the following class of index numbers:
∑N
p1n m(qn0 , qn1 )
0
1
0
1
.
(4.13)
PK (p , p , q , q ) ≡ ∑n=1
N
0 1
0
j=1 pj m(qj , qj )
In order to determine the functional form for the mean function m, it is necessary to impose some
tests or axioms on the pure price index deﬁned by (4.13). Again we ask that PK satisfy the time
reversal test, T11 above. Under this hypothesis, it is almost immediately obvious that the mean
function m must be a symmetric mean; i.e., m must satisfy the following property: m(a, b) = m(b, a)
for all a > 0 and b > 0.
To see this, assume that PK satisﬁes the time reversal test. Using (4.13) and T11, this means that
m must satisfy the following equation:
∑N
∑N
1
0 1
1
1 0
n=1 pn m(qn , qn )
n=1 pn m(qn , qn )
=
.
(4.14)
∑N 0
∑N 0
0 1
1 0
j=1 pj m(qj , qj )
j=1 pj m(qj , qj )
Assume that N ≥ 2 and let p11 = 1, p02 = 1 and let the other ptn approach 0. With these substitutions,
equation (4.14) can be rewritten as follows:
m(q11 , q10 )
m(q10 , q11 )
=
1
0
m(q2 , q2 )
m(q21 , q20 )

(4.15)

and (4.15) must hold for all positive q10 , q11 , q20 and q21 . Using the positivity of m, we can rearrange
equation (4.15) into the following equation:
m(q10 , q11 )
m(q20 , q21 )
=
.
m(q11 , q10 )
m(q21 , q20 )

(4.16)

Since the left hand side of (4.16) does not depend on q20 and q21 , it must remain constant as q20 and
q21 vary and hence the right hand side of (4.16) must be constant as q20 and q21 vary. Thus letting
a = q20 and b = q21 , we have:
m(a, b)
= c > 0 for all a > 0 and b > 0
m(b, a)

(4.17)

where the positivity of c follows from the positivity of m. Now let a = b in (4.17) and using the
mean property of m, m(a, a) = a, we have:
c=
*23
*24

*25

a
m(a, a)
= = 1.
m(a, a)
a

(4.18)

PT .
Irving Fisher (1922)[274] considered both averaging strategies in his classic study on index numbers. Walsh
(1901)[530] (1921a)[532] concentrated on the second averaging strategy.
0 , q 1 ) to be the same for each commodity n. We assume that
Note that we have chosen the mean function m(qn
n
m(a, b) has at least the following two properties: m(a, b) is a positive and continuous function, deﬁned for all
positive numbers a and b and m(a, a) = a for all a > 0. For additional material on symmetric means, see
Diewert (1993b; 361)[153].
See section 7 in Diewert (2001)[171].
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Now substitute (4.18) back into (4.17), and we get the desired result; i.e., m must satisfy m(a, b) =
m(b, a).
The assumption that m must be a symmetric mean still does not pin down the functional form
for the pure price index deﬁned by (4.13) above. For example, the function m(a, b) could be the
arithmetic mean, (1/2)a+(1/2)b, in which case (4.13) reduces to the Marshall (1887)[398] Edgeworth
(1925)[247] price index PM E , which was the pure price index preferred by Knibbs (1924; 56)[374]:
0

1

0

∑N

1

PM E (p , p , q , q ) ≡ ∑n=1
N

j=1

p1n (1/2)(qn0 + qn1 )
p0j (1/2)(qj0 + qj1 )

.

(4.19)

On the other hand, the function m(a, b) could be the geometric mean, (ab)1/2 , in which case (4.13)
reduces to the Walsh (1901; 398)[530] (1921a; 97)[532] price index, PW *26 :
0

1

0

1

∑N

PW (p , p , q , q ) ≡ ∑n=1
N

j=1

p1n (qn0 qn1 )1/2
p0j (qj0 qj1 )1/2

.

(4.20)

However, there are many other possibilities for the mean function m, including the mean of order r,
[(1/2)ar + (1/2)br ]1/r for r ̸= 0. Obviously, in order to completely determine the functional form for
the pure price index PK , we need to impose at least one additional test or axiom on PK (p0 , p1 , q 0 , q 1 ).
In order to obtain an additional axiom, we note that there is a problem with the use of the Marshall
Edgeworth price index (4.19) in the context of using the formula to make international comparisons
of prices. If the price levels of a very large country are compared to the price levels of a small
country using formula (4.19), then the quantity vector of the large country may totally overwhelm
the inﬂuence of the quantity vector corresponding to the small country.*27 In technical terms, the
Marshall Edgeworth formula is not homogeneous of degree 0 in the components of both q 0 and q 1 .
To prevent this problem from occurring in the use of a pure price index PK (p0 , p1 , q 0 , q 1 ) deﬁned
by (4.13), we ask that PK satisfy the invariance to proportional changes in current quantities test,
Test T7 above. These two tests, the time reversal test T11 and the invariance test T7, enable us to
determine the precise functional form for the pure price index PK deﬁned by (4.13) above: the pure
price index PK must be the Walsh index PW deﬁned by (4.20).*28
To prove this assertion, assume that the number of commodities N is greater than one. We have
already noted that the time reversal test T11 implies that the mean function m must satisfy the
symmetry property m(a, b) = m(b, a). Substitution of (4.13) into the invariance test T7 yields the
following equation, which must be valid for all p0 > 0N , p1 > 0N , q 0 ≫ 0N , q 1 ≫ 0N and λ > 0:
]
] [∑
] [∑
] [∑
[∑
N
N
N
N
1
0
0
0 1
1
0 1
1
0
1
0
pj m(qj , λqj ) or
pi m(qi , qi )
pj m(qj , qj ) =
pi m(qi , λqi )
i=1

∑N ∑N
i=1
*26

*27

*28

j=1

j=1

i=1

[
]
p1i m(qi0 , λqi1 ) m(qj0 , qj1 ) − m(qi0 , qi1 ) m(qj0 , λqj1 ) p0j = 0.

j=1

(4.21)

Walsh endorsed PW as being the best index number formula: “We have seen reason to believe formula 6 better
than formula 7. Perhaps formula 9 is the best of the rest, but between it and Nos. 6 and 8 it would be diﬃcult
to decide with assurance.” C.M. Walsh (1921a; 103)[532]. His formula 6 is PW deﬁned by (4.15) and his 9 is
the Fisher ideal deﬁned by (4.9) above. His formula 8 is the formula p1 · q 1 /p0 · q 0 QW (p0 , p1 , q 0 , q 1 ), which
is known as the implicit Walsh price index where QW (p0 , p1 , q 0 , q 1 ) is the Walsh quantity index deﬁned later
by (4.40). Thus although Walsh thought that his Walsh price index was the best functional form, his implicit
Walsh price index and the “Fisher” formula were not far behind.
This is not likely to be a severe problem in the time series context where the change in quantity vectors going
from one period to the next is likely to be small. A more serious problem with the Marshall Edgeworth formula
is that the corresponding implicit quantity index, p1 · q 1 /p0 · q 0 PM E (p0 , p1 , q 0 , q 1 ), is not homogeneous of
degree one in q 1 .
The following proof is taken from section 7 of Diewert (2001)[171].
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Set all components of p1 equal to 0 except the ﬁrst component, p11 , which we set equal to 1. Set all
components of p0 equal to 0 except the second component, p02 , which we set equal to 1. Then (4.21)
becomes:
m(q10 , λq11 ) m(q20 , q21 ) − m(q10 , q11 ) m(q20 , λq21 ) = 0.
(4.22)
Let a ≡ q10 , b ≡ q11 , c ≡ q20 , d ≡ q21 . Then using these deﬁnitions and the positivity property of m,
after some rearrangement, (4.22) becomes:
m(a, λb)
m(c, λd)
=
.
m(a, b)
m(c, d)

(4.23)

The equation (4.23) holds for all positive a, b, c, d and λ. Now as a and b vary, the right hand side
of (4.23) remains constant. Hence the left hand side of (4.23) must also be constant as a and b vary
and so there exists a positive function of one variable, f (λ) say, such that for all positive a, b and λ:
m(a, λb)
= f (λ).
m(a, b)

(4.24)

Hence for all a > 0, b > 0 and λ > 0, we have:
m(a, λb) = f (λ) m(a, b).

(4.25)

Substituting a = 1 and b = 1 into (4.24) yields:
m(1, λ1)
m(1, 1)
= m(1, λ) using the m(a, a) = a property of m which implies m(1, 1) = 1.

f (λ) =

(4.26)

Substituting (4.26) back into (4.25) yields:
m(a, λb) = m(1, λ) m(a, b).

(4.27)

Now set a = 1 in (4.27) and using (4.26), the resulting equation is:
f (λb) = f (λ)f (b) for all λ > 0 and b > 0.

(4.28)

Since f (b) = m(1, b) and using the continuity of m, f is a continuous function of one variable. But
(4.28) is one of Cauchy’s (1821)[84] functional equations (see Eichhorn (1978; 3)[251] for a more
recent reference) and under our assumptions on the mean function m, has the solution:
f (λ) = λc

for some constant c ̸= 0.

(4.29)

In order to determine m, set b = 1 and evaluate (4.27):
m(a, λ) = m(1, λ) m(a, 1)
= m(1, λ) m(1, a) using the symmetry property for m
= f (λ)f (a) using (4.21) above.

(4.30)

Substitution of (4.29) into (4.30) yields the following functional form for m:
m(a, b) = ac bc

for all a > 0 and b > 0.

(4.31)

Finally, set a = b in (4.31) and obtain
m(a, a) = a2c = a using (4.31) and m(a, a) = a.

(4.32)
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The second equality in (4.32) implies c = 1/2 and substituting this value for c back into (4.31) gives
us the functional form for m; i.e., m(a, b) = a1/2 b1/2 .
In order to be of practical use by statistical agencies, an index number formula must be able to be
expressed as a function of the base period expenditure shares, s0n , the current period expenditure
shares, s1n , and the N price ratios, p1n /p0n . The Walsh price index deﬁned by (4.20) above can be
rewritten in this format:
∑N
p1n (qn0 qn1 )1/2
0
1
0
1
PW (p , p , q , q ) ≡ ∑n=1
N
0 0 1 1/2
j=1 pj (qj qj )
] 0 1 1/2
∑N [ 1
0 1 1/2
(sn sn )
n=1 pn /(pn pn )
= ∑N [
]
0 1 1/2 (s0 s1 )1/2
0
j j
j=1 pj /(pj pj )
[
]
∑N
1/2
(s0 s1 )1/2 p1n /p0n
.
(4.33)
= ∑n=1 n n
]
[
N
0 s1 )1/2 p0 /p1 1/2
(s
j
j
j=1 j j
The Walsh price index, PW , fails four tests: T13, the price reversal test; T16, the Paasche and
Laspeyres bounding test; T19, the monotonicity in current quantities test; and T20, the monotonicity
in base quantities test.
The conclusion we draw from the above results is that from the viewpoint of the test approach
to index numbers, the Fisher ideal price index PF appears to be “best” since it satisﬁes all 20
tests.*29 The Paasche and Laspeyres indexes are next best if we treat each test as being equally
important. However, both of these indexes fail the very important time reversal test. The remaining
two indexes, the Walsh and Törnqvist price indexes, both satisfy the time reversal test but the Walsh
index emerges as being “better” since it passes 16 of our 20 tests whereas the Törnqvist only satisﬁes
11 tests.
Recall that our ﬁrst approach to index number theory was to take an even handed average of the two
primary ﬁxed basket indexes: the Laspeyres and Paasche price indices. These two primary indexes
are based on pricing out the baskets that pertain to the two periods under consideration. In a sense,
they are extreme baskets. Taking an average of them led to the Fisher ideal price index PF deﬁned
by (4.9) above. Our second approach to index number theory was the stochastic approach and that
approach led to the Törnqvist index PT deﬁned by (4.12). Our third approach to index number theory
was the test approach and that led to the Fisher ideal price index PF again. Our next approach
that we considered in this section was to average the basket quantity weights and then price out this
average basket at the prices pertaining to the two situations under consideration. This approach led
to the Walsh price index PW deﬁned by (4.20) above. All three of these indexes PF , PT and PW , can
be written as a function of the base period expenditure shares, s0n , the current period expenditure
shares, s1n , and the N price ratios, p1n /p0n . Assuming that the statistical agency has information on
these three sets of variables, which of these three “best” indexes should be used? Experience with
normal time series data has shown that these three indexes will not diﬀer substantially and thus it is
a matter of indiﬀerence which of these indexes is used in practice.*30 All three of these indexes are
examples of superlative indexes, which will be deﬁned in a subsequent chapter when we consider the
*29

*30

This assertion needs to be qualiﬁed: there are many other tests which we have not discussed and price statisticians
could diﬀer on the importance of satisfying various sets of tests. In particular, Reinsdorf and Triplett (2008)[449]
strongly criticize the test approach for the arbitrariness of the tests that are chosen to justify a particular index
number formula. Some references which discuss other tests are Eichhorn and Voeller (1976)[250], Balk (1995)[35],
Reinsdorf (2006)[446], Vogt and Barta (1997)[524] and von Auer (2001)[525].
Diewert (1978; 887-889)[131] showed that these two indexes will approximate each other to the second order
around an equal price and quantity point. Thus for normal time series data where prices and quantities do not
change much going from the base period to the current period, the indexes will approximate each other quite
closely. See problems 5 and 6 below for the proof.
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economic approach. However, note that the Fisher, Walsh and Törnqvist indexes all treat the data
pertaining to the two situations in a symmetric manner. Hill*31 commented on superlative price
indexes and the importance of a symmetric treatment of the data as follows:
“Thus economic theory suggests that, in general, a symmetric index that assigns equal weight
to the two situations being compared is to be preferred to either the Laspeyres or Paasche
indices on their own. The precise choice of superlative index—whether Fisher, Törnqvist or
other superlative index—may be of only secondary importance as all the symmetric indices
are likely to approximate each other, and the underlying theoretic index fairly closely, at least
when the index number spread between the Laspeyres and Paasche is not very great.” Peter
Hill (1993; 384)[333].
Problem 5 Consider the Laspeyres, Paasche, Fisher, Törnqvist and Walsh price indexes,
PL , PP , PF , PT and PW as functions of the four sets of variables, p0 , p1 , q 0 , q 1 . Show that all of the
4N ﬁrst order partial derivatives of each of these 5 indexes are equal when evaluated at a point
where the two price vectors are equal (so that p0 = p1 ≡ p) and where the two quantity vectors are
equal (so that q 0 = q 1 ≡ q); i.e., show that
∇PL (p, p, q, q) = ∇PP (p, p, q, q) = ∇PF (p, p, q, q) = ∇PT (p, p, q, q) = ∇PW (p, p, q, q).

(4.34)

Comment: It is easy to show that
PL (p, p, q, q) = PP (p, p, q, q) = PF (p, p, q, q) = PT (p, p, q, q) = PW (p, p, q, q) = 1. (4.35)
Equations (4.34) and (4.35) show that the Laspeyres, Paasche, Fisher, Törnqvist and Walsh
indexes all approximate each other to the ﬁrst order around an equal price and quantity point.
Problem 6
(a) Show that ∇2 PL (p, p, q, q) ̸= ∇2 PP (p, p, q, q) and hence the Laspeyres and Paasche indexes do
not approximate each other to the second order around an equal price and quantity point; i.e., their
4N × 4N matrices of second order partial derivatives are not all equal when evaluated at an equal
price and quantity point.
(b) Show that ∇2 PL (p, p, q, q) ̸= ∇2 PF (p, p, q, q) and hence the Laspeyres and Fisher indexes do
not approximate each other to the second order around an equal price and quantity point.
(c) Show that ∇2 PP (p, p, q, q) ̸= ∇2 PF (p, p, q, q) and hence the Paasche and Fisher indexes do not
approximate each other to the second order around an equal price and quantity point.
(d) Show that ∇2 PF (p, p, q, q) = ∇2 PW (p, p, q, q) and hence the Fisher and Walsh indexes do
approximate each other to the second order around an equal price and quantity point.
(e) Show that ∇2 PF (p, p, q, q) = ∇2 PT (p, p, q, q) and hence the Fisher and Törnqvist indexes do
approximate each other to the second order around an equal price and quantity point.
Comment: Problems 5 and 6 show that the Fisher, Törnqvist and Walsh price indexes all approximate each other to the second order around an equal price and quantity point and hence these
indexes are likely to be numerically very close to each other provided prices and quantities do
not change “too much” between the two periods under consideration. These problems also
show that the Paasche and Laspeyres indexes do not approximate the other three indexes to
the second order around an equal price and quantity point.
Problem 7 Determine which of the 21 tests the Marshall Edgeworth index deﬁned by (4.19) satisﬁes.
*31

See also Hill (1988)[332].
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4.9 The Additivity Test
There is an additional test that many national income accountants regard as very important:
the additivity test. This is a test or property that is placed on the implicit quantity index
Q(p0 , p1 , q 0 , q 1 ) that corresponds to the price index P (p0 , p1 , q 0 , q 1 ) using the product test,
P (p0 , p1 , q 0 , q 1 )Q(p0 , p1 , q 0 , q 1 ) = p1 · q 1 /p0 · q 0 . The additivity test states that the implicit
quantity index has the following form:
∑N ∗ 1
p q
Q(p0 , p1 , q 0 , q 1 ) = ∑Ni=1 i i
∗ 0
m=1 pm qm

(4.36)

where the common across periods price for commodity i, p∗i for i = 1, . . . , N , can be a function
of all 4N prices and quantities pertaining to the two periods or situations under consideration,
p0 , p1 , q 0 , q 1 . In the literature on making multilateral comparisons (i.e., comparisons between more
than two situations), it is quite common to assume that the quantity comparison between any two
regions can be made using the two regional quantity vectors, q 0 and q 1 , and a common reference
price vector, p∗ ≡ (p∗1 , . . . , p∗N ).*32
Obviously, diﬀerent versions of the additivity test can be obtained if we place further restrictions
on precisely which variables each reference price p∗i depends.*33 The simplest such restriction is to
assume that each p∗i depends only on the commodity i prices pertaining to each of the two situations
under consideration, p0i and p1i . If we further assume that the functional form for the weighting
function is the same for each commodity, so that p∗i = m(p0i , p1i ) for i = 1, . . . , N , then we are led to
the unequivocal quantity index postulated by Knibbs (1924; 44)[374].
The theory of the unequivocal quantity index (or the pure quantity index *34 ) parallels the theory of
the pure price index outlined in section 4.8 above. We give a brief outline of this theory. Let the
pure quantity index QK have the following functional form:
0

1

0

1

∑N

i=1
QK (p , p , q , q ) ≡ ∑N

qi1 m(p0i , p1i )

0
k=1 qk

m(p0k , p1k )

.

(4.37)

We assume that the price vectors p0 and p1 are strictly positive and the quantity vectors q 0 and
q 1 are nonnegative but have at least one positive component.*35 Our problem is to determine the
*32

*33

*34
*35

Hill (1993; 395-397)[333] termed such multilateral methods the block approach while Diewert (1996; 250-251)[158]
(1999)[165] used the term average price approaches. Diewert (1999; 19)[165] used the term additive multilateral system. For axiomatic approaches to multilateral index number theory, see Balk (1996)[36] and Diewert
(1999)[165].
National income accountants typically demand that the reference price p∗i be either the base period price p0i or
the price of the current period p1i , which of course leads to the Laspeyres and Paasche quantity indexes. The
reason why national income accountants prefer this very strong form of additivity is that if we use base period
prices p0 as our reference price vector, then the nominal and real value of the ith commodity coincide for each
i in the base period (these values are p0i qi0 ) while the nominal and real values of the ith commodity in period 1
are set equal to p1i qi1 and p0i qi1 respectively. Thus nominal and real values for each commodity coincide in the
base period and the commodity real values are additively comparable over the two periods using the Laspeyres
quantity index. On the other hand, if we use current period prices p1 as our reference price vector, then the
nominal and real value of the ith commodity coincide for each i in the current period (these values are p1i qi1 )
while the nominal and real values of the ith commodity in period 0 are set equal to p0i qi0 and p1i qi0 respectively.
Thus nominal and real values for each commodity coincide in the current period and the commodity real values
are additively comparable over the two periods using the Paasche quantity index. Of course, the problem is that
both sets of real values are equally plausible but in general, they will be diﬀerent!
Diewert (2001)[171] used this term.
We assume that m(a, b) has the following two properties: m(a, b) is a positive and continuous function, deﬁned
for all positive numbers a and b and m(a, a) = a for all a > 0.
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functional form for the averaging function m if possible. To do this, we need to impose some tests
or properties on the pure quantity index QK . As was the case with the pure price index, it is very
reasonable to ask that the quantity index satisfy the time reversal test:
QK (p1 , p0 , q 1 , q 0 ) =

1
QK

(p0 , p1 , q 0 , q 1 )

.

(4.38)

As was the case with the theory of the unequivocal price index, it can be seen that if the unequivocal
quantity index QK is to satisfy the time reversal test (4.38), the mean function in (4.37) must be
symmetric. We also ask that QK satisfy the following invariance to proportional changes in current
prices test.
QK (p0 , λp1 , q 0 , q 1 ) = QK (p0 , p1 , q 0 , q 1 ) for all p0 , p1 , q 0 , q 1 and all λ > 0.

(4.39)

The idea behind this invariance test is this: the quantity index QK (p0 , p1 , q 0 , q 1 ) should only depend
on the relative prices in each period and it should not depend on the amount of inﬂation between
the two periods. Another way to interpret test (4.39) is to look at what the test implies for the
corresponding implicit price index, PIK , deﬁned using the product test. It can be shown that if
QK satisﬁes (4.39), then the corresponding implicit price index PIK will satisfy test T5 above, the
proportionality in current prices test. The two tests, (4.38) and (4.39), enable us to determine the
precise functional form for the pure quantity index QK deﬁned by (4.37) above: the pure quantity
index or Knibbs’ unequivocal quantity index QK must be the Walsh quantity index QW *36 deﬁned
by:
∑N 1 0 1 1/2
0
1
0
1
i=1 qi (pi pi )
.
(4.40)
QW (p , p , q , q ) ≡ ∑N
0 0 1 1/2
k=1 qk (pk pk )
Thus with the addition of two tests, the pure price index PK must be the Walsh price index PW
deﬁned by (4.20) and with the addition of the same two tests (but applied to quantity indexes instead
of price indexes), the pure quantity index QK must be the Walsh quantity index QW deﬁned by
(4.40). However, note that the product of the Walsh price and quantity indexes is not equal to
the expenditure ratio, V 1 /V 0 . Thus believers in the pure or unequivocal price and quantity index
concepts have to choose one of these two concepts; they both cannot apply simultaneously.*37
If the quantity index Q(p0 , p1 , q 0 , q 1 ) satisﬁes the additivity test (4.36) for some price weights p∗i ,
then we can rewrite the percentage change in the quantity aggregate, Q(p0 , p1 , q 0 , q 1 )−1, as follows:
∑N ∗ 1
p q
0
1
0
1
Q(p , p , q , q ) − 1 = ∑Ni=1 i i − 1
∗ 0
m=1 pm qm
∑N ∗ 1 ∑N ∗ 0
p q − i=1 pi qi
= i=1∑i Ni
∗ 0
m=1 pm qm
∑N
=
wi {qi1 − qi0 }/qi0
i=1
∑N
{
}
=
wi (qi1 /qi0 ) − 1
(4.41)
i=1

where the weight for commodity i, wi , is deﬁned as a hybrid expenditure share using the reference
price vector p∗ and the base period quantity vector q 0 :
wi ≡ ∑N

p∗i qi0

m=1

*36
*37

0
p∗m qm

;

i = 1, . . . , N.

This is the quantity index that corresponds to the price index 8 deﬁned by Walsh (1921a; 101)[532].
Knibbs (1924)[374] did not notice this point!

(4.42)
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Note that the change in commodity i going from situation 0 to situation 1 is qi1 − qi0 and the
percentage change in this commodity is (qi1 /qi0 ) − 1. Thus the ith term on the right hand side of
(4.41) is the contribution of the percentage change in commodity i to the overall percentage change in
the aggregate going from period 0 to 1. Business analysts often want statistical agencies to provide
decompositions like (4.41) above so that they can decompose the overall change in an aggregate into
sector speciﬁc components of change.*38 Thus there is a demand on the part of users for additive
quantity indexes.
For the Walsh quantity index deﬁned by (4.40), the ith weight is
wW i ≡ ∑N

[p0i p1i ]1/2 qi0

0 1 1/2 q 0
m
m=1 [pm pm ]

;

i = 1, . . . , N.

(4.43)

Thus the Walsh quantity index QW has a percentage decomposition into component changes of the
form (4.41) where the weights are deﬁned by (4.43).
It turns out that the Fisher quantity index QF deﬁned by (4.11) also has an additive percentage
change decomposition of the form given by (4.41). The ith weight wF i for this Fisher decomposition
is rather complicated and depends on the Fisher quantity index QF (p0 , p1 , q 0 , q 1 ) as follows*39 :
wF i ≡

[u0i + {QF }2 u1i ]qi0
;
1 + QF

i = 1, . . . , N

(4.44)

where QF is the value of the Fisher quantity index, QF (p0 , p1 , q 0 , q 1 ) and the period t normalized
price for commodity i, uti , is deﬁned as the period i price pti divided by the period t expenditure on
the aggregate:
pt
uti ≡ ∑N i
; t = 0, 1; i = 1, . . . , N.
(4.45)
t t
m=1 pm qm
Using the weights wF i deﬁned by (4.44) and (4.45), we obtain the following exact decomposition for
the Fisher ideal quantity index*40 :
∑N
{
}
QF (p0 , p1 , q 0 , q 1 ) − 1 =
wF i (qi1 /qi0 ) − 1 .
(4.46)
i=1

Thus the apparent lack of additivity of the Fisher quantity index does not prevent it from having
an additive percentage change decomposition. In fact, Problem 9 below shows that there is an even
simpler additive representation for the Fisher quantity index.
Problem 8 Substitute (4.44) into (4.46) and solve the resulting equation for QF .
Problem 9 Consider the following N + 2 equations in the N + 2 unknowns, QF and PF and p∗i :
∑N ∗ 1
p q
(i) QF = ∑Ni=1 i i ;
∗ 0
m=1 pm qm
∑N 1 1
p q
(ii) PF QF = ∑Ni=1 i i ;
0 0
m=1 pm qm
(iii) p∗i = (1/2)p0i + (1/2)(p1i /PF ) for i = 1, . . . , N .
*38
*39
*40

Business and government analysts also often demand an analogous decomposition of the change in price aggregate
into sector speciﬁc components that add up.
This decomposition was obtained by Diewert (2002)[176] and Reinsdorf, Diewert and Ehemann (2002)[451]. For
an economic interpretation of this decomposition, see Diewert (2002)[176].
To verify the exactness of the decomposition, substitute (4.44) into (4.46) and solve the resulting equation for
QF . We ﬁnd that the solution is equal to QF deﬁned by (4.11) above; see Problem 8.
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Show that the QF solution to the above equations is the Fisher ideal quantity index deﬁned by
(4.11). Thus (i) and (iii) show that the Fisher quantity index has an additive decomposition of the
type deﬁned by (4.36), which is due to Van IJzeren (1987; 6)[515]. The ith reference price pi* is
deﬁned as p∗i ≡ (1/2)p0i + (1/2)p1i /PF (p0 , p1 , q 0 , q 1 ) for i = 1, . . . , N and where PF is the Fisher
price index. This decomposition was also independently derived by Dikhanov (1997)[239]. The Van
IJzeren decomposition for the Fisher quantity index is currently being used by Bureau of Economic
Analysis; see Moulton and Seskin (1999; 16)[409] and Ehemann, Katz and Moulton (2002)[249].
Problem 10 Show that percentage change decomposition of the Fisher quantity index QF deﬁned
by (4.46) and the corresponding percentage change decomposition that can be obtained using Van
IJzeren’s additive representation of QF approximate each other to the second order around any
point where the period 0 and 1 price and quantity vectors are equal. This result was ﬁrst derived
by Reinsdorf, Diewert and Ehemann (2002)[451].
Due to the symmetric nature of the Fisher price and quantity indexes, it can be seen that the Fisher
price index PF deﬁned by (4.9) also has the following additive percentage change decomposition:
PF (p0 , p1 , q 0 , q 1 ) − 1 =

∑N
i=1

{
}
wF∗ i (p1i /p0i ) − 1

(4.47)

where the commodity i price weight wF∗ i is deﬁned as
wF∗ i ≡

[vi0 + {PF }2 vi1 ]p0i
;
1 + PF

i = 1, . . . , N

(4.48)

where PF is the value of the Fisher price index, PF (p0 , p1 , q 0 , q 1 ) and the period t normalized quantity
for commodity i, vit , is deﬁned as the period i quantity qit divided by the period t expenditure on the
aggregate:
qt
vit ≡ ∑N i
; t = 0, 1; i = 1, . . . , N.
(4.49)
t t
m=1 pm qm
The above results show that the Fisher price and quantity indexes satisfy the additivity test and as
well, the percentage change in each of these indexes have at least two exact additive decompositions
into components that give the contribution to the overall change in the price (or quantity) index of
the change in each price (or quantity).*41

4.10 The Circularity Test
If the identity test T3 is true, then the time reversal test T11 can be rewritten as follows:
1 = P (p0 , p0 , q 0 , q 0 ) = P (p0 , p1 , q 0 , q 1 )P (p1 , p0 , q 1 , q 0 ).

(4.50)

Thus if we start out with the prices p0 in period 0 and go to the prices p1 in period 1 but then return
to the prices of period 0 in period 2, and if the tests T3 and T11 are satisﬁed, then the product
of the price movement from period 0 to 1, P (p0 , p1 , q 0 , q 1 ), and the price movement from period
1 to 2, P (p1 , p0 , q 1 , q 0 ), turns out to equal 1, indicating that the chained price index in period 2
has returned to its period 0 level of 1. An obvious generalization of (4.50) would be to replace the
*41

But how can we choose which of these two additive decompositions is “best”? We could attempt to develop
a test approach to answer this question or we could appeal to the economic approach to see if either of the
two decompositions has an economic interpretation. However, in order to pursue this second approach, we
much wait until we have studied the economic approach. Alternatively, we could just note that since the two
decompositions turn out to be very close numerically, it will not matter much which decomposition we use in
practice.
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assumption that the period 2 price and quantity vectors in the above formula are the same as the
period 0 price and quantity vectors, p0 and q 0 , and allow for arbitrary period 2 price and quantity
vectors, p2 and q 2 . With this replacement, (4.50) becomes:
P (p0 , p2 , q 0 , q 2 ) = P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ).

(4.51)

If an index number formula P satisﬁes (4.51), then we say that P satisﬁes the circularity test.*42
What is the meaning of (4.51)? The index number on the left hand side of (4.51), compares prices in
period 2 directly with prices in period 0 and P (p0 , p2 , q 0 , q 2 ) is called the ﬁxed base price index for
period 2. The chained price index for period 2, P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ), on the right hand
side of (4.51) compares prices in period 2 with those in period 0 by ﬁrst comparing prices in period
1 with those in period 0 (this is the chain link index P (p0 , p1 , q 0 , q 1 )) and multiplies that index by
the chain link index that compares prices in period 2 to those of period 1, P (p1 , p2 , q 1 , q 2 ). If the
index number formula P satisﬁes the circularity test (4.51), then it does not matter whether we use
the chained index (the right hand side of (4.51)) to compare prices in period 2 with those of the
base period 0 or if we use the ﬁxed base index (the left hand side of (4.51)): we get the same answer
either way. Obviously, it would be very nice if we could ﬁnd an index number formula that satisﬁed
the circularity test and had satisfactory axiomatic properties with respect to the other tests that we
have considered.
Unfortunately, it turns out that index number formulae that satisfy the circularity test have other
properties that make it very unsatisfactory. Consider the following result:
Proposition 1 Assume that the index number formula P satisﬁes the following tests: T1 (positivity), T2 (continuity), T3 (identity), T5 (proportionality in current prices), T10 (commensurability)
and T17 (monotonicity in current prices) in addition to the circularity test above. Then P must have
the following functional form due originally to Konüs and Byushgens*43 (1926; 163-166)[381]:*44
PKB (p0 , p1 , q 0 , q 1 ) ≡

∏N
i=1

[p1i /p0i ]αi

(4.52)

where the N constants αi satisfy the following restrictions:
∑N
i=1

αi = 1 and αi > 0 for i = 1, . . . , N .

(4.53)

Proof. Rewrite the circularity test (4.51) in the following form:
P (p∗ , p, q ∗ , q) = P (p∗ , p0 , q ∗ , q 0 )P (p0 , p, q 0 , q).

(4.54)

Using T1, we can rewrite (4.54) as follows:
P (p0 , p, q 0 , q) =
*42
*43

*44

P (p∗ , p, q ∗ , q)
.
P (p∗ , p0 , q ∗ , q 0 )

(4.55)

The test name is due to Fisher (1922; 413)[274] and the concept was originally due to Westergaard (1890;
218-219)[540].
Konüs and Byushgens show that the index deﬁned by (4.52) is exact for Cobb-Douglas (1928)[95] preferences;
see also Pollak (1989; 23)[434]. The concept of an exact index number formula will be explained when we study
the economic approach to index number theory.
See also Eichhorn (1978; 167-168)[251] and Vogt and Barta (1997; 47)[524]. Proofs of related results can be
found in Funke, Hacker and Voeller (1979)[283] and Balk (1995)[35]. This result vindicates Irving Fisher’s (1922;
274)[274] intuition who asserted that “the only formulae which conform perfectly to the circular test are index
numbers which have constant weights. . . ” Fisher (1922; 275)[274] went on to assert: “But, clearly, constant
weighting is not theoretically correct. If we compare 1913 with 1914, we need one set of weights; if we compare
1913 with 1915, we need, theoretically at least, another set of weights. . . . Similarly, turning from time to space,
an index number for comparing the United States and England requires one set of weights, and an index number
for comparing the United States and France requires, theoretically at least, another.”
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Now hold p∗ and q ∗ constant at some ﬁxed values and deﬁne the function f (p, q) as follows:
f (p, q) ≡ P (p∗ , p, q ∗ , q) > 0 for all p ≫ 0N and q ≫ 0N

(4.56)

where the positivity of f (p, q) follows from T1. Substituting deﬁnition (4.56) back into (4.55) gives
us the following representation for P (p0 , p, q 0 , q):
P (p0 , p, q 0 , q) =

f (p, q)
.
f (p0 , q 0 )

(4.57)

Now let p0 = p in (4.57) and apply the identity test T3 to the resulting equation. We obtain:
1 = P (p, p, q 0 , q) =
Deﬁne the function g(p) as

f (p, q)
;
f (p, q 0 )

p ≫ 0N ; q ≫ 0N ; q 0 ≫ 0N .

g(p) ≡ f (p, 1N ) > 0 p ≫ 0N .

(4.58)

(4.59)

Now set q 0 in (4.58) equal to a vector of ones, 1N , and (4.58) becomes:
f (p, q) = f (p, 1N )
= g(p)

using deﬁnition (4.59).

(4.60)

Thus f (p, q) cannot depend on q. Now substitute (4.60) back into (4.57) and we ﬁnd that P must
have the following representation if P satisﬁes the circularity test and the tests T1 and T3:
P (p0 , p, q 0 , q) =

g(p)
;
g(p0 )

p ≫ 0N ; p 0 ≫ 0N ; q ≫ 0N ; q 0 ≫ 0N .

(4.61)

Now apply the commensurability test, T10, to the P that is deﬁned by (4.61) where we set αi =
(p0i )−1 for i = 1, ..., N . Using the representation for P given by (4.61), we ﬁnd that g must satisfy
the following functional equation:
g(p1 )
g(p11 /p01 , p12 /p02 , . . . , p1N /p0N )
=
;
g(p0 )
g(1N )
Deﬁne h(p) as follows:
h(p) ≡

g(p)
> 0;
g(1N )

p0 ≫ 0N ; p1 ≫ 0N .

p ≫ 0N

(4.62)

(4.63)

where the positivity of h follows from the positivity of g. Using deﬁnition (4.63), we have:
h(p11 /p01 , p12 /p02 , . . . , p1N /p0N ) =

g(p11 /p01 , p12 /p02 , . . . , p1N /p0N )
g(1N )

=

g(p1 )
g(p0 )

=

[g(p1 )/g(1N )]
[g(p0 )/g(1N )]

=

h(p1 )
h(p0 )

p0 ≫ 0N ; p1 ≫ 0N

using (4.62)
using T1

using (4.63) twice.

(4.64)

Thus h must satisfy the following functional equation:
h(p0 )h(p11 /p01 , p12 /p02 , . . . , p1N /p0N ) = h(p1 );

p0 ≫ 0N ; p1 ≫ 0N .

(4.65)
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Deﬁne the vector x as the vector p0 and the vector y as p11 /p01 , p12 /p02 , . . . , p1N /p0N . Hence the product
of the ith components of x and y is equal to the ith component of the vector p1 and it can be seen
that the functional equation (4.65) is equivalent to the following functional equation:
h(x1 y1 , x2 y2 , . . . , xN yN ) = h(x1 , x2 , . . . , xN )h(y1 , y2 , . . . , yN );

x ≫ 0N ; y ≫ 0N .

(4.66)

Equation (4.66) becomes the following equation if we allow x1 and y1 to vary freely but ﬁx all xi
and yi at 1 for i = 2, 3, ..., N :
h(x1 y1 , 1, . . . , 1) = h(x1 , 1, . . . , 1)h(y1 , 1, . . . , 1);

x1 > 0; y1 > 0.

(4.67)

But (4.67) is an example of Cauchy’s (1821)[84] fourth functional equation. Using the T1 (positivity)
and T2 (continuity) properties of P , which carry over to h, we see that the solution to (4.67) is:
c(1)

h(x1 , 1, . . . , 1) = x1

(4.68)

where c(1) is an arbitrary constant. In a similar fashion, (4.66) becomes the following equation if
we allow x2 and y2 to vary freely but ﬁx all other xi and yi at 1:
h(1, x2 y2 , 1, . . . , 1) = h(1, x2 , 1, . . . , 1)h(1, y2 , 1, . . . , 1);
The solution to (4.69) is:

x2 > 0; y2 > 0.

(4.69)

c(2)

h(1, x2 , 1, . . . , 1) = x2

(4.70)

where c(2) is an arbitrary constant. In a similar fashion, we ﬁnd that
c(3)

h(1, 1, x3 , 1, . . . , 1) = x3

c(N )

(4.71)

; . . . ; h(1, 1, . . . , 1, xN ) = xN

where the c(i) are arbitrary constants. Using (4.66) repeatedly, we can show:
h(x1 , x2 , . . . , xN ) = h(x1 , 1, . . . , 1)h(1, x2 , . . . , xN )
= h(x1 , 1, . . . , 1)h(1, x2 , 1, . . . , 1)h(1, 1, x3 , . . . , xN )
= h(x1 , 1, . . . , 1)h(1, x2 , 1, . . . , 1)h(1, 1, x3 , 1, . . . , 1)h(1, 1, 1, x4 , . . . , xN )
···
= h(x1 , 1, . . . , 1)h(1, x2 , 1, . . . , 1)h(1, 1, x3 , 1, . . . , 1) · · · h(1, 1, . . . , 1, xN )
∏N c(i)
=
xi
using (4.68), (4.70) and (4.71).
(4.72)
i=1

Thus we have determined the functional form for the function h. Now use (4.63) to determine the
function g(p) in terms of h(p):
g(p) = g(1N )h(p)
∏N c(i)
= g(1N )
pi .

(4.73)

i=1

Using (4.61), we can express P in terms of g as follows:
P (p0 , p1 , q 0 , q 1 ) =
=

g(p1 )
g(p0 )
g(1N )

∏N

1 c(i)
i=1 (pi )
0 c(i)
i=1 (pi )

∏N

g(1N )
∏N
=
(p1i /p0i )c(i) .
i=1

using (4.73)
(4.74)
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Now apply test T5, proportionality in current prices, to the P deﬁned by (4.74). It is easy to see
that this test implies that the constants c(i) must sum to 1.
Finally, apply test T17, monotonicity in current prices, to conclude that the constants c(i) must be
positive. Hence we can set the c(i) equal to the αi and we have proved the Proposition.
Thus under fairly weak regularity conditions, the only price index satisfying the circularity test is
a weighted geometric average of all the individual price ratios, the weights being constant through
time.
An interesting special case of the family of indices deﬁned by (4.52) occurs when the weights αi are
all equal. In this case, PKB reduces to the Jevons (1865)[364] index:
PJ (p0 , p1 , q 0 , q 1 ) ≡

∏N
i=1

[p1i /p0i ]1/N .

(4.75)

The problem with the indexes deﬁned by Konüs and Byushgens and Jevons is that the individual
price ratios, p1i /p0i , have weights (either αi or 1/N ) that are independent of the economic importance
of commodity i in the two periods under consideration. Put another way, these price weights are
independent of the quantities of commodity i consumed or the expenditures on commodity i during
the two periods. Hence, these indexes are not really suitable for use by statistical agencies at higher
levels of aggregation when expenditure share information is available.*45
The above results indicate that it is not useful to ask that the price index P satisfy the circularity
test exactly. However, it is of some interest to ﬁnd index number formulae that satisfy the circularity
test to some degree of approximation since the use of such an index number formula will lead to
measures of aggregate price change that are more or less the same no matter whether we use the
chain or ﬁxed base systems. Irving Fisher (1922; 284)[274] found that deviations from circularity
using his data set and the Fisher ideal price index PF deﬁned by (4.9) above were quite small. This
relatively high degree of correspondence between ﬁxed base and chain indexes has been found to hold
for other symmetrically weighted formulae like the Walsh index PW deﬁned by (4.20) above.*46 Thus
in most time series applications of index number theory where the base year in ﬁxed base indexes
is changed every 5 years or so, it will not matter very much whether the statistical agency uses a
ﬁxed base price index or a chain index, provided that a symmetrically weighted formula is used.*47
This of course depends on the length of the time series considered and the degree of variation in the
prices and quantities as we go from period to period. The more prices and quantities are subject to
large ﬂuctuations (rather than smooth trends), the less the correspondence.*48
It is possible to give a theoretical explanation for the approximate satisfaction of the circularity test
for symmetrically weighted index number formulae. Another symmetrically weighted formula is the
Törnqvist (1936)[509] Theil (1967)[500] index PT deﬁned earlier by (4.12).*49 Alterman, Diewert
and Feenstra (1999; 61)[10] showed that if the logarithmic price ratios ln(pti /pt−1
) trend linearly
i
t
with time t and the expenditure shares si also trend linearly with time, then the Törnqvist index PT
*45

*46
*47

*48
*49

However, if the expenditure shares are not changing much from period to period (or better yet, are constant),
then by choosing the αi to be these constant expenditure shares, the Konüs and Byushgens price index will
reduce to the Theil price index PT , deﬁned by (4.12) above, which has good statistical properties.
See for example Diewert (1978; 894)[131].
More speciﬁcally, most superlative indexes (which are symmetrically weighted) will satisfy the circularity test
to a high degree of approximation in the time series context. Superlative indexes will be deﬁned later when we
study the economic approach to index number theory. It is worth stressing that ﬁxed base Paasche and Laspeyres
indexes are very likely to diverge considerably over a 5 year period if computers (or any other commodity which
has price and quantity trends that are quite diﬀerent from the trends in the other commodities) are included in
the value aggregate under consideration.
See Szulc (1983)[497] and Hill (1988)[332].
This formula was explicitly deﬁned in Törnqvist and Törnqvist (1937)[510].
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will satisfy the circularity test exactly.*50 Since many economic time series on prices and quantities
satisfy these assumptions approximately, then the Törnqvist index PT will satisfy the circularity
test approximately. As we can deduce from Problem 6 above, the Törnqvist index generally closely
approximates the symmetrically weighted Fisher and Walsh indexes, so that for many economic
time series, all three of these symmetrically weighted indices will satisfy the circularity test to a high
enough degree of approximation so that it will not matter whether we use the ﬁxed base or chain
principle.

4.11 An Alternative Axiomatic Approach to Index Number Theory
One of Walsh’s approaches to index number theory was an attempt to determine the “best” weighted
average of the price relatives, ri .*51 This is equivalent to using an axiomatic approach to try and
determine the “best” index of the form P (r, v 0 , v 1 ), where v 0 and v 1 are the vectors of expenditures
on the n commodities during periods 0 and 1.*52 However, initially, rather than starting with indexes
of the form P (r, v 0 , v 1 ), indexes of the form P (p0 , p1 , v 0 , v 1 ) will be considered, since this framework
will be more comparable to the ﬁrst bilateral axiomatic framework taken in sections 4.1-4.6 above.
As will be seen below, if the invariance to changes in the units of measurement test is imposed on an
index of the form P (p0 , p1 , v 0 , v 1 ), then P (p0 , p1 , v 0 , v 1 ) can be written in the form P (r, v 0 , v 1 ).
Recall that the product test was used in order to deﬁne the quantity index, Q(p0 , p1 , q 0 , q 1 ) ≡
V 1 /V 0 P (p0 , p1 , q 0 , q 1 ), that corresponded to the bilateral price index P (p0 , p1 , q 0 , q 1 ). A similar
product test holds in the present framework; i.e., given that the functional form for the price index
P (p0 , p1 , v 0 , v 1 ) has been determined, then the corresponding implicit quantity index can be deﬁned
in terms of P as follows:
∑N
1
0
1
0
1
n=1 vn
Q(p , p , v , v ) ≡ ∑N
.
(4.76)
0
0
1
0
1
n=1 vn P (p , p , v , v )
In sections 4.1-4.6 above, the price and quantity indices P (p0 , p1 , q 0 , q 1 ) and Q(p0 , p1 , q 0 , q 1 ) were
determined jointly; i.e., not only were axioms imposed on P (p0 , p1 , q 0 , q 1 ) but they were also imposed
on Q(p0 , p1 , q 0 , q 1 ) and the product test (4.1) was used to translate these tests on Q into tests on P .
In what follows, only tests on P (p0 , p1 , v 0 , v 1 ) will be used in order to determine the “best” price
index of this form. Thus there is a parallel theory for quantity indices of the form Q(p0 , p1 , v 0 , v 1 )
where it is attempted to ﬁnd the “best” value weighted average of the quantity relatives, qn1 /qn0 .*53
*50

*51

*52
*53

This exactness result can be extended to cover the case when there are monthly proportional variations in prices
and the expenditure shares have constant seasonal eﬀects in addition to linear trends; see Alterman, Diewert
and Feenstra (1999; 65)[10].
Fisher also took this point of view when describing his approach to index number theory: “An index number of
the prices of a number of commodities is an average of their price relatives. This deﬁnition has, for concreteness,
been expressed in terms of prices. But in like manner, an index number can be calculated for wages, for quantities
of goods imported or exported, and, in fact, for any subject matter involving divergent changes of a group of
magnitudes. Again, this deﬁnition has been expressed in terms of time. But an index number can be applied
with equal propriety to comparisons between two places or, in fact, to comparisons between the magnitudes of a
group of elements under any one set of circumstances and their magnitudes under another set of circumstances.”
Irving Fisher (1922; 3)[274]. However, in setting up his axiomatic approach, Fisher imposed axioms on the price
and quantity indices written as functions of the two price vectors, p0 and p1 , and the two quantity vectors, q 0
and q 1 ; i.e., he did not write his price index in the form P (r, v 0 , v 1 ) and impose axioms on indices of this type.
Of course, in the end, his ideal price index turned out to be the geometric mean of the Laspeyres and Paasche
price indices and as was seen in Chapter 2, each of these indices can be written as expenditure share weighted
averages of the N price relatives, rn ≡ p1n /p0n .
Chapter 3 in Vartia (1976)[519] considered a variant of this axiomatic approach.
It turns out that the price index that corresponds to this “best” quantity index, deﬁned as P ∗ (q 0 , q 1 , v 0 , v 1 ) ≡
∑N
∑N
1
0
0
1
0
1
0
1
0
1
n=1 vn /[ n=1 vn Q(q , q , v , v )], will not equal the “best” price index, P (p , p , v , v ). Thus the axiomatic approach to be developed in this section generates separate “best” price and quantity indexes whose
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For the most part, the tests which will be imposed on the price index P (p0 , p1 , v 0 , v 1 ) in this section
are counterparts to the tests that were imposed on the price index P (p0 , p1 , q 0 , q 1 ) in sections 4.14.6 above. It will be assumed that every component of each price and value vector is positive; i.e.,
pt ≫ 0N and v t ≫ 0N for t = 0, 1. If it is desired to set v 0 = v 1 , the common expenditure vector
is denoted by v; if it is desired to set p0 = p1 , the common price vector is denoted by p.
The ﬁrst two tests are straightforward counterparts to the corresponding tests in section 4.1.
T1:

Positivity: P (p0 , p1 , v 0 , v 1 ) > 0.

T2:

Continuity: P (p0 , p1 , v 0 , v 1 ) is a continuous function of its arguments.

T3:

Identity or Constant Prices Test: P (p, p, v 0 , v 1 ) = 1.

That is, if the price of every good is identical during the two periods, then the price index should
equal unity, no matter what the value vectors are. Note that the two value vectors are allowed to
be diﬀerent in the above test.
The following four tests restrict the behavior of the price index P as the scale of any one of the four
vectors p0 , p1 , v 0 , v 1 changes.
T4:

Proportionality in Current Prices: P (p0 , λp1 , v 0 , v 1 ) = λP (p0 , p1 , v 0 , v 1 ) for λ > 0.

That is, if all period 1 prices are multiplied by the positive number λ, then the new price index is λ
times the old price index. Put another way, the price index function P (p0 , p1 , v 0 , v 1 ) is (positively)
homogeneous of degree one in the components of the period 1 price vector p1 . This test is the
counterpart to test T5 in section 4.2 above.
In the next test, instead of multiplying all period 1 prices by the same number, all period 0 prices
are multiplied by the number λ.
T5:

Inverse Proportionality in Base Period Prices:
P (λp0 , p1 , v 0 , v 1 ) = λ−1 P (p0 , p1 , v 0 , v 1 ) for λ > 0.

That is, if all period 0 prices are multiplied by the positive number λ, then the new price index is 1/λ
times the old price index. Put another way, the price index function P (p0 , p1 , v 0 , v 1 ) is (positively)
homogeneous of degree minus one in the components of the period 0 price vector p0 . This test is
the counterpart to test T6 in section 4.2.
The following two homogeneity tests can also be regarded as invariance tests.
T6:

Invariance to Proportional Changes in Current Period Values:
P (p0 , p1 , v 0 , λv 1 ) = P (p0 , p1 , v 0 , v 1 ) for λ > 0.

That is, if current period values are all multiplied by the number λ, then the price index remains
unchanged. Put another way, the price index function P (p0 , p1 , v 0 , v 1 ) is (positively) homogeneous
of degree zero in the components of the period 1 value vector v 1 .
T7:

Invariance to Proportional Changes in Base Period Values:
P (p0 , p1 , λv 0 , v 1 ) = P (p0 , p1 , v 0 , v 1 ) for λ > 0.

That is, if base period values are all multiplied by the number λ, then the price index remains
unchanged. Put another way, the price index function P (p0 , p1 , v 0 , v 1 ) is (positively) homogeneous
of degree zero in the components of the period 0 value vector v 0 .
product does not equal the value ratio in general. This is a disadvantage of this second axiomatic approach to
bilateral indices compared to the ﬁrst approach studied in sections 4.1-4.6 above.
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T6 and T7 together impose the property that the price index P does not depend on the absolute
∑N
magnitudes of the value vectors v 0 and v 1 . Using test T6 with λ = 1/ i=1 vi1 and using test T7
∑N
with λ = 1/ i=1 vi0 , it can be seen that P has the following property:
P (p0 , p1 , v 0 , v 1 ) = P (p0 , p1 , s0 , s1 )

(4.77)

where s0 and s1 are the vectors of expenditure shares for periods 0 and 1; i.e., the ith component
∑N
of st is sti ≡ vit / k=1 vkt for t = 0, 1. Thus the tests T6 and T7 imply that the price index function
P is a function of the two price vectors p0 and p1 and the two vectors of expenditure shares, s0 and
s1 .
Walsh suggested the spirit of tests T6 and T7 as the following quotation indicates:
“What we are seeking is to average the variations in the exchange value of one given total sum
of money in relation to the several classes of goods, to which several variations [i.e., the price
relatives] must be assigned weights proportional to the relative sizes of the classes. Hence the
relative sizes of the classes at both the periods must be considered.” Correa Moylan Walsh
(1901; 104)[530].
Walsh also realized that weighting the ith price relative ri by the arithmetic mean of the value
weights in the two periods under consideration, (1/2)[vi0 + vi1 ] would give too much weight to the
expenditures of the period that had the highest level of prices:
“At ﬁrst sight it might be thought suﬃcient to add up the weights of every class at the two
periods and to divide by two. This would give the (arithmetic) mean size of every class over
the two periods together. But such an operation is manifestly wrong. In the ﬁrst place, the
sizes of the classes at each period are reckoned in the money of the period, and if it happens
that the exchange value of money has fallen, or prices in general have risen, greater inﬂuence
upon the result would be given to the weighting of the second period; or if prices in general
have fallen, greater inﬂuence would be given to the weighting of the ﬁrst period. Or in a
comparison between two countries, greater inﬂuence would be given to the weighting of the
country with the higher level of prices. But it is plain that the one period, or the one country,
is as important, in our comparison between them, as the other, and the weighting in the
averaging of their weights should really be even.” Correa Moylan Walsh (1901; 104-105)[530].
As a solution to the above weighting problem, Walsh (1901; 202)[530] (1921a; 97)[532] proposed the
following geometric Walsh price index :
PGW (p0 , p1 , v 0 , v 1 ) ≡

∏N
n=1

[ 1 0 ]w(n)
pn /pn

(4.78)

where the nth weight in the above formula was deﬁned as
(v 0 v 1 )1/2
(s0 s1 )1/2
w(n) ≡ ∑N n n
= ∑N n n
;
0 1 1/2
0 1 1/2
i=1 (vi vi )
i=1 (si si )

n = 1, . . . , N.

(4.79)

The second equation in (4.79) shows that Walsh’s geometric price index PGW (p0 , p1 , v 0 , v 1 ) can also
be written as a function of the expenditure share vectors, s0 and s1 ; i.e., PGW (p0 , p1 , v 0 , v 1 ) is homogeneous of degree 0 in the components of the value vectors v 0 and v 1 and so PGW (p0 , p1 , v 0 , v 1 ) =
PGW (p0 , p1 , s0 , s1 ). Thus Walsh came very close to deriving the Törnqvist Theil index deﬁned
earlier by (4.12).*54
*54

One could derive Walsh’s index using the same arguments as Theil except that the geometric average of the
expenditure shares (s0n s1n )1/2 could be taken as a preliminary probability weight for the nth logarithmic price
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The next 5 tests are invariance or symmetry tests and 4 of them are direct counterparts to similar
tests in section 4.3 above. The ﬁrst invariance test is that the price index should remain unchanged
if the ordering of the commodities is changed.
T8:

Commodity Reversal Test (or invariance to changes in the ordering of commodities):
P (p0∗ , p1∗ , v 0∗ , v 1∗ ) = P (p0 , p1 , v 0 , v 1 )

where pt∗ denotes a permutation of the components of the vector pt and v t∗ denotes the same
permutation of the components of v t for t = 0, 1.
The next test asks that the index be invariant to changes in the units of measurement.
T9:

Invariance to Changes in the Units of Measurement (commensurability test):
0
1
P (α1 p01 , . . . , αN p0N ; α1 p11 , . . . , αN p1N ; v10 , . . . , vN
; v11 , . . . , vN
)=

1
0
) for all α1 > 0, . . . , αN > 0.
; v11 , . . . , vN
P (p01 , . . . , p0N ; p11 , . . . , p1N ; v10 , . . . , vN

That is, the price index does not change if the units of measurement for each commodity are changed.
Note that the expenditure on commodity i during period t, vit , does not change if the unit by which
commodity i is measured changes.
The last test has a very important implication. Let α1 = 1/p01 , . . . , αN = 1/p0N and substitute these
values for the αi into the deﬁnition of the test. The following equation is obtained:
P (p0 , p1 , v 0 , v 1 ) = P (1N , r, v 0 , v 1 ) ≡ P ∗ (r, v 0 , v 1 )

(4.80)

where 1N is a vector of ones of dimension N and r is a vector of the price relatives; i.e., the ith
component of r is ri ≡ p1i /p0i . Thus if the commensurability test T9 is satisﬁed, then the price index
P (p0 , p1 , v 0 , v 1 ), which is a function of 4N variables, can be written as a function of 3N variables,
P ∗ (r, v 0 , v 1 ), where r is the vector of price relatives and P ∗ (r, v 0 , v 1 ) is deﬁned as P (1N , r, v 0 , v 1 ).
The next test asks that the formula be invariant to the period chosen as the base period.
T10: Time Reversal Test: P (p0 , p1 , v 0 , v 1 ) =

1
.
P (p0 , p1 , v 0 , v 1 )

That is, if the data for periods 0 and 1 are interchanged, then the resulting price index should equal
the reciprocal of the original price index. Obviously, in the one good case when the price index is
simply the single price ratio, this test will be satisﬁed (as are all of the other tests listed in this
section).
The next test is a variant of the circularity test, that was introduced in section 4.10 above; see
equation (4.51).
T11: Transitivity in Prices for Fixed Value Weights:
P (p0 , p1 , v r , v s )P (p1 , p2 , v r , v s ) = P (p0 , p2 , v r , v s ).
In this test, the expenditure weighting vectors, v r and v s , are held constant while making all price
comparisons. However, given that these weights are held constant, then the test asks that the
product of the index going from period 0 to 1, P (p0 , p1 , v r , v s ), times the index going from period 1
to 2, P (p1 , p2 , v r , v s ), should equal the direct index that compares the prices of period 2 with those
relative, ln rn . These preliminary weights are then normalized to add up to unity by dividing by their sum. It is
evident that Walsh’s geometric price index will closely approximate Theil’s index using normal time series data.
More formally, regarding both indices as functions of p0 , p1 , v 0 , v 1 , it can be shown that PGW (p0 , p1 , v 0 , v 1 )
approximates PT (p0 , p1 , v 0 , v 1 ) to the second order around an equal price (i.e., p0 = p1 ) and quantity (i.e.,
q 0 = q 1 ) point.
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of period 0, P (p0 , p2 , v r , v s ). Obviously, this test is a many commodity counterpart to a property
that holds for a single price relative.
The ﬁnal test in this section captures the idea that the value weights should enter the index number
formula in a symmetric manner.
T12: Quantity Weights Symmetry Test: P (p0 , p1 , v 0 , v 1 ) = P (p0 , p1 , v 1 , v 0 ).
That is, if the expenditure vectors for the two periods are interchanged, then the price index remains
invariant. This property means that if values are used to weight the prices in the index number
formula, then the period 0 values v 0 and the period 1 values v 1 must enter the formula in a symmetric
or even handed manner.
The next test is a mean value test.
T13: Mean Value Test for Prices:
min(p1i /p0i : i = 1, . . . , N ) ≤ P (p0 , p1 , v 0 , v 1 ) ≤ max(p1i /p0i : i = 1, . . . , N ).
i

i

That is, the price index lies between the minimum price ratio and the maximum price ratio. Since
the price index is to be interpreted as an average of the n price ratios, p1i /p0i , it seems essential that
the price index P satisfy this test.
The next two tests in this section are monotonicity tests; i.e., how should the price index
P (p0 , p1 , v 0 , v 1 ) change as any component of the two price vectors p0 and p1 increases.
T14: Monotonicity in Current Prices: P (p0 , p1 , v 0 , v 1 ) < P (p0 , p2 , v 0 , v 1 ) if p1 < p2 .
That is, if some period 1 price increases, then the price index must increase (holding the value vectors
ﬁxed), so that P (p0 , p1 , v 0 , v 1 ) is increasing in the components of p1 for ﬁxed p0 , v 0 and v 1 .
T15: Monotonicity in Base Prices: P (p0 , p1 , v 0 , v 1 ) > P (p2 , p1 , v 0 , v 1 ) if p0 < p2 .
That is, if any period 0 price increases, then the price index must decrease, so that P (p0 , p1 , v 0 , v 1 )
is decreasing in the components of p0 for ﬁxed p1 , v 0 and v 1 .
The above tests are not suﬃcient to determine the functional form of the price index; for example, it
can be shown that both Walsh’s geometric price index PGW (p0 , p1 , v 0 , v 1 ) deﬁned by (4.78) and the
Törnqvist Theil index PT (p0 , p1 , q 0 , q 1 )*55 deﬁned by (4.12) satisfy all of the above axioms. Thus
at least one more test will be required in order to determine the functional form for the price index
P (p0 ,p1 ,v 0 ,v 1 ).
The tests proposed thus far do not specify exactly how the expenditure share vectors s0 and s1 are
to be used in order to weight say the ﬁrst price relative, p11 /p01 . The next test says that only the
expenditure shares s01 and s11 pertaining to the ﬁrst commodity are to be used in order to weight the
prices that correspond to commodity 1, p11 and p01 .
T16: Own Share Price Weighting:
∑N
∑N
P (p01 , 1, . . . , 1; p11 , 1, . . . , 1; v 0 ; v 1 ) = f (p01 , p11 , v10 / n=1 vn0 , v11 / n=1 vn1 ).

(4.81)

∑N
Note that v1t / k=1 vkt equals st1 , the expenditure share for commodity 1 in period t. The above test
says that if all of the prices are set equal to 1 except the prices for commodity 1 in the two periods,
but the expenditures in the two periods are arbitrarily given, then the index depends only on the
*55

(
)
∑
∑N t
0
1
1
0
t
t
Deﬁne ln PT p0 , p1 , v 0 , v 1 ≡ N
n=1 (1/2) (sn + sn ) ln(pn /pn ) where sn ≡ vn / i=1 vi for n = 1, . . . , N and
t = 0, 1. Thus the “new” Törnqvist Theil index is equal to the one that was deﬁned earlier by (4.12).
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two prices for commodity 1 and the two expenditure shares for commodity 1. The axiom says that
a function of 2 + 2N variables is actually only a function of 4 variables.*56
If test T16 is combined with test T8, the commodity reversal test, then it can be seen that P has
the following property:
∑N
∑N
P (1, . . . , 1, p0i , 1, . . . , 1; 1, . . . , 1, p1i , 1, . . . , 1; v 0 ; v 1 ) = f (p0i , p1i , vi0 / n=1 vn0 , vi1 / n=1 vn1 );
i = 1, . . . , N. (4.82)
Equation (4.82) says that if all of the prices are set equal to 1 except the prices for commodity i
in the two periods, but the expenditures in the two periods are arbitrarily given, then the index
depends only on the two prices for commodity i and the two expenditure shares for commodity i.
The ﬁnal test that also involves the weighting of prices is the following one:
T17: Irrelevance of Price Change with Tiny Value Weights:
0
1
P (p01 , 1, . . . , 1; p11 , 1, . . . , 1; 0, v20 , . . . , vN
; 0, v21 , . . . , vN
) = 1.

(4.83)

The test T17 says that if all of the prices are set equal to 1 except the prices for commodity 1 in the
two periods, and the expenditures on commodity 1 are zero in the two periods but the expenditures
on the other commodities are arbitrarily given, then the index is equal to 1.*57 Thus, roughly
speaking, if the value weights for commodity 1 are tiny, then it does not matter what the price of
commodity 1 is during the two periods.
Of course, if test T17 is combined with test T8, the commodity reversal test, then it can be seen
that P has the following property: for i = 1, . . . , N :
0
0
0
1
1
1
P (1, . . . , 1, p0i , 1, . . . , 1; 1, . . . , 1, p1i , 1, . . . , 1; v10 , . . . , vi−1
, 0, vi+1
, . . . , vN
; v11 , . . . , vi−1
, 0,vi+1
, . . . , vN
)

= 1. (4.84)
Equation (4.84) says that if all of the prices are set equal to 1 except the prices for commodity i in
the two periods, and the expenditures on commodity i are 0 during the two periods but the other
expenditures in the two periods are arbitrarily given, then the index is equal to 1.
This completes the listing of tests for the weighted average of price relatives approach to bilateral
index number theory. It turns out that the above tests are suﬃcient to imply a speciﬁc functional
form for the price index as will be seen in the next section.

4.12 The Törnqvist Theil Price Index and the Third Test Approach to
Bilateral Indexes
In the Appendix to this Chapter, it is shown that if the number of commodities N exceeds two
and the bilateral price index function P (p0 , p1 , v 0 , v 1 ) satisﬁes the 17 axioms listed above , then P
must be the Törnqvist Theil price index PT (p0 , p1 , v 0 , v 1 ) deﬁned by footnote 55.*58 Thus the 17
properties or tests listed in section 4.11 provide an axiomatic characterization of the Törnqvist Theil
*56
*57
*58

In the economics literature, axioms of this type are known as separability axioms.
Strictly speaking, since all prices and values are required to be positive, the left hand side of (4.83) should be
replaced by the limit as the commodity 1 values, v10 and v11 , approach 0.
The Törnqvist Theil price index satisﬁes all 17 tests but the proof in the Appendix did not use all of these tests
to establish the result in the opposite direction: tests 5, 13, 15 and one of 10 or 12 were not required in order
to show that an index satisfying the remaining tests must be the Törnqvist Theil price index. For alternative
characterizations of the Törnqvist Theil price index, see Balk and Diewert (2001)[46] and Hillinger (2002)[340].
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price index, just as the 20 tests listed in sections4.1-4.5 provided an axiomatic characterization for
the Fisher ideal price index.
Obviously, there is a parallel axiomatic theory for quantity indices of the form Q(q 0 , q 1 , v 0 , v 1 ) that
depend on the two quantity vectors for periods 0 and 1, q 0 and q 1 , as well as on the corresponding
two expenditure vectors, v 0 and v 1 . Thus if Q(q 0 , q 1 , v 0 , v 1 ) satisﬁes the quantity counterparts to
tests T1 to T17, then Q must be equal to the Törnqvist Theil quantity index QT (q 0 , q 1 , v 0 , v 1 ),
whose logarithm is deﬁned as follows:
ln QT (p0 , p1 , q 0 , q 1 ) ≡

N
∑
s0n + s1n
ln(qn1 /qn0 )
2
n=1

(4.85)

∑N
where as usual, the period t expenditure share on commodity i, sti , is deﬁned as vit / k=1 vkt for
i = 1, . . . , N and t = 0, 1.
Unfortunately, the implicit Törnqvist Theil price index, PIT (q 0 , q 1 , v 0 , v 1 ) that corresponds to the
Törnqvist Theil quantity index QT deﬁned by (4.85) using the product test is not equal to the direct
Törnqvist Theil price index PT (p0 , p1 , v 0 , v 1 ) deﬁned by footnote 55. The product test equation
that deﬁnes PIT in the present context is given by the following equation:
∑N 1
0
1
0
1
n=1 vn
PIT (q , q , v , v ) ≡ ∑N
.
(4.86)
0
0
1
0
1
n=1 vn QT (q , q , v , v )
The fact that the direct Törnqvist Theil price index PT is not in general equal to the implicit
Törnqvist Theil price index PIT deﬁned by (4.86) is a bit of a disadvantage compared to the axiomatic
approach outlined in section 4.6 above, which led to the Fisher ideal price and quantity indices as
being “best”. Using the Fisher approach meant that it was not necessary to decide whether one
wanted a “best” price index or a “best” quantity index: the theory outlined in sections 4.1-4.6
determined both indices simultaneously. However, in the Törnqvist Theil approach outlined in this
section, it is necessary to choose whether one wants a “best” price index or a “best” quantity
index.*59
Other tests are of course possible. A counterpart to Test T16 in section 4.4 , the Paasche and
Laspeyres bounding test, is the following geometric Paasche and Laspeyres bounding test:
PGL (p0 , p1 , v 0 , v 1 ) ≤ P (p0 , p1 , v 0 , v 1 ) ≤ PGP (p0 , p1 , v 0 , v 1 ) or
PGP (p0 , p1 , v 0 , v 1 ) ≤ P (p0 , p1 , v 0 , v 1 ) ≤ PGL (p0 , p1 , v 0 , v 1 )

(4.87)

where the logarithms of the geometric Laspeyres and geometric Paasche price indices, PGL and PGP ,
are deﬁned as follows:
∑N
ln PGL (p0 , p1 , v 0 , v 1 ) ≡ n=1 s0n ln(p1n /p0n );
(4.88)
∑
N
ln PGP (p0 , p1 , v 0 , v 1 ) ≡ n=1 s1n ln(p1n /p0n )
(4.89)
∑N
As usual, the period t expenditure share on commodity i, sti , is deﬁned as vit / k=1 vkt for i = 1, . . . , N
and t = 0, 1.
Problem 11 Show that Törnqvist Theil price index PT (p0 , p1 , v 0 , v 1 ) deﬁned by footnote 55 satisﬁes the geometric Laspeyres and Paasche bounding test but the geometric Walsh price index
PGW (p0 , p1 , v 0 , v 1 ) deﬁned by (4.78) does not satisfy it.
*59

Hillinger (2002)[340] suggested taking the geometric mean of the direct and implicit Törnqvist Theil price indexes
in order to resolve this conﬂict. Unfortunately, the resulting index is not “best” for either set of axioms that were
suggested in this section. For more on Hillinger’s approach to index number theory, see Hillinger (2003)[341].
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The geometric Paasche and Laspeyres bounding test was not included as a primary test in section
4.11 because a priori, it was not known what form of averaging of the price relatives (e. g., geometric
or arithmetic or harmonic) would turn out to be appropriate in this test framework. The test (4.87)
is an appropriate one if it has been decided that geometric averaging of the price relatives is the
appropriate framework, since the geometric Paasche and Laspeyres indices correspond to “extreme”
forms of value weighting in the context of geometric averaging and it is natural to require that the
“best” price index lie between these extreme indices.
Walsh (1901; 408)[530] pointed out a problem with his geometric price index PGW deﬁned by (4.78),
which also applies to the Törnqvist Theil price index PT (p0 , p1 , v 0 , v 1 ) deﬁned by footnote 55: these
geometric type indices do not give the “right” answer when the quantity vectors are constant (or
proportional) over the two periods. In this case, Walsh thought that the “right” answer must be the
Lowe (1823)[395] index, which is the ratio of the costs of purchasing the constant basket during the
two periods. Put another way, the geometric indices PGW and PT do not satisfy the ﬁxed basket
test, T4 in section 4.1 above. What then was the argument that led Walsh to deﬁne his geometric
average type index PGW ? It turns out that he was led to this type of index by considering another
test, which will now be explained.
Walsh (1901; 228-231)[530] derived his test by considering the following very simple framework.
Let there be only two commodities in the index and suppose that the expenditure share on each
commodity is equal in each of the two periods under consideration. The price index under these
conditions is equal to P (p01 , p02 ; p11 , p12 ; v10 , v20 ; v11 , v21 ) = P ∗ (r1 , r2 ; 1/2, 1/2; 1/2, 1/2) ≡ m(r1 , r2 ) where
m(r1 , r2 ) is a symmetric mean of the two price relatives, r1 ≡ p11 /p01 and r2 ≡ p12 /p02 .*60 In this
framework, Walsh then proposed the following price relative reciprocal test:
m(r1 , r1−1 ) = 1.

(4.90)

Thus if the value weighting for the two commodities is equal over the two periods and the second price
relative is the reciprocal of the ﬁrst price relative r1 , then Walsh (1901; 230)[530] argued that the
overall price index under these circumstances ought to equal one, since the relative fall in one price
is exactly counterbalanced by a rise in the other and both commodities have the same expenditures
in each period. He found that the geometric mean satisﬁed this test perfectly but the arithmetic
mean led to index values greater than one (provided that r1 was not equal to one) and the harmonic
mean led to index values that were less than one, a situation which was not at all satisfactory.*61
Thus he was led to some form of geometric averaging of the price relatives in one of his approaches
to index number theory.
A generalization of Walsh’s result is easy to obtain. Suppose that the mean function, m(r1 , r2 ),
satisﬁes Walsh’s reciprocal test, (4.90), and in addition, m is a homogeneous mean, so that it satisﬁes
the following property for all r1 > 0, r2 > 0 and λ > 0:
m(λr1 , λr2 ) = λ m(r1 , r2 ).

(4.91)

Let r1 > 0, r2 > 0. Then
m(r1 , r2 ) = [r1 /r1 ] m(r1 , r2 )
= r1 m(r1 /r1 , r2 /r1 ) using (4.91) with λ ≡ 1/r1
= r1 m(1, r2 /r1 )
= r1 f (r2 /r1 )
*60
*61

(4.92)

Walsh considered only the cases where m was the arithmetic, geometric and harmonic means of r1 and r2 .
“This tendency of the arithmetic and harmonic solutions to run into the ground or to ﬂy into the air by their
excessive demands is clear indication of their falsity.” Correa Moylan Walsh (1901; 231)[530].
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where the function of one (positive) variable f (z) is deﬁned as
f (z) ≡ m(1, z).

(4.93)

Using (4.90):
1 = m(r1 , r1−1 )
= [r1 /r1 ] m(r1 , r1−1 )
= r1 m(1, r1−2 ) using (4.91) with λ ≡ 1/r1 .

(4.94)

Using deﬁnition (4.93), (4.94) can be rearranged into the following equation:
f (r1−2 ) = r1−1 .

(4.95)

Letting z ≡ r1−2 so that z 1/2 = r1−1 , (4.95) becomes:
f (z) = z 1/2 .

(4.96)

Now substitute (4.96) into (4.92) and the functional form for the mean function m(r1 , r2 ) is determined:
1/2 1/2
m(r1 , r2 ) = r1 f (r2 /r1 ) = r1 (r2 /r1 )1/2 = r1 r2 .
(4.97)
Thus the geometric mean of the two price relatives is the only homogeneous mean that will satisfy
Walsh’s price relative reciprocal test.
There is one additional test that should be mentioned. Fisher (1911; 401)[272] introduced this test
in his ﬁrst book that dealt with the test approach to index number theory. He called it the test of
determinateness as to prices and described it as follows:
“A price index should not be rendered zero, inﬁnity, or indeterminate by an individual price
becoming zero. Thus, if any commodity should in 1910 be a glut on the market, becoming
a ‘free good’, that fact ought not to render the index number for 1910 zero.” Irving Fisher
(1911; 401)[272].
In the present context, this test could be interpreted as the following one: if any single price p0i
or p1i tends to zero, then the price index P (p0 , p1 , v 0 , v 1 ) should not tend to zero or plus inﬁnity.
However, with this interpretation of the test, which regards the values vit as remaining constant as
the p0i or p1i tends to zero, none of the commonly used index number formulae would satisfy this
test. Hence this test should be interpreted as a test that applies to price indices P (p0 , p1 , q 0 , q 1 )
of the type that were studied in sections 4.1-4.5 above, which is how Fisher intended the test to
apply. Thus Fisher’s price determinateness test should be interpreted as follows: if any single price
p0i or p1i tends to zero, then the price index P (p0 , p1 , q 0 , q 1 ) should not tend to zero or plus inﬁnity.
With this interpretation of the test, it can be veriﬁed that Laspeyres, Paasche and Fisher indexes
satisfy this test but the Törnqvist Theil price index will not satisfy this test. Thus when using the
Törnqvist Theil price index, care must be taken to bound the prices away from zero in order to avoid
a meaningless index number value.
Walsh was aware that geometric average type indexes like the Törnqvist Theil price index PT or
Walsh’s geometric price index PGW deﬁned by (4.78) become somewhat unstable*62 as individual
price relatives become very large or small:

*62

That is, the index may approach zero or plus inﬁnity.
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“Hence in practice the geometric average is not likely to depart much from the truth. Still, we
have seen that when the classes [i. e., expenditures] are very unequal and the price variations
are very great, this average may deﬂect considerably.” Correa Moylan Walsh (1901; 373)[530].
“In the cases of moderate inequality in the sizes of the classes and of excessive variation in one
of the prices, there seems to be a tendency on the part of the geometric method to deviate
by itself, becoming untrustworthy, while the other two methods keep fairly close together.”
Correa Moylan Walsh (1901; 404)[530].
Weighing all of the arguments and tests presented in this chapter, it seems that there may be a
slight preference for the use of the Fisher ideal price index as a suitable target index for a statistical
agency that wishes to use the axiomatic approach, but of course, opinions can diﬀer on which set of
axioms is the most appropriate to use in practice.

4.13 Appendix: The Törnqvist Theil Price Index and the Third Bilateral
Test Approach
Deﬁne ri ≡ p1i /p0i for i = 1, . . . , N . Using T1, T9 and (4.80), P (p0 , p1 , v 0 , v 1 ) = P ∗ (r, v 0 , v 1 ). Using
T6, T7 and (4.77):
P (p0 , p1 , v 0 , v 1 ) = P ∗ (r, s0 , s1 )
(A1)
where st is the period t expenditure share vector for t = 0, 1.
Let x ≡ (x1 , . . . , xN ) and y ≡ (y1 , . . . , yN ) be strictly positive vectors. The transitivity test T11 and
(A1) imply that the function P ∗ has the following property:
P ∗ (x, s0 , s1 )P ∗ (y, s0 , s1 ) = P ∗ (x1 y1 , . . . , xN yN , s0 , s1 ).

(A2)

Using T1, P ∗ (r, s0 , s1 ) > 0 and using T14, P ∗ (r, s0 , s1 ) is strictly increasing in the components of
r. The identity test T3 implies that
P ∗ (1N , s0 , s1 ) = 1

(A3)

where 1N is a vector of ones of dimension N . Using a result due to Eichhorn (1978; 66)[251], it
can be seen that these properties of P ∗ are suﬃcient to imply that there exist positive functions
αi (s0 , s1 ) for i = 1, . . . , N such that P ∗ has the following representation:
ln P ∗ (r, s0 , s1 ) =

∑N
i=1

αi (s0 , s1 ) ln ri .

(A4)

The continuity test T2 implies that the positive functions αi (s0 , s1 ) are continuous. For λ > 0, the
linear homogeneity test T4 implies that
ln P ∗ (λr, s0 , s1 ) = ln λ + ln P ∗ (r, s0 , s1 )
∑N
=
αi (s0 , s1 ) ln λri using (A4)
i=1
∑N
∑N
=
αi (s0 , s1 ) ln λ +
αi (s0 , s1 ) ln ri
i=1
i=1
∑N
=
αi (s0 , s1 ) ln λ + ln P ∗ (r, s0 , s1 ) using (A4).
i=1

(A5)

Equating the right hand sides of the ﬁrst and last lines in (A5) shows that the functions αi (s0 , s1 )
must satisfy the following restriction:
∑N
αi (s0 , s1 ) = 1
(A6)
i=1
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for all strictly positive vectors s0 and s1 .
Using the weighting test T16 and the commodity reversal test T8, equations (4.84) hold. Equations
(4.84) combined with the commensurability test T9 implies that P ∗ satisﬁes the following equations:
P ∗ (1, . . . , 1, ri , 1, . . . , 1; s0 ; s1 ) = f (1, s0i , s1i );

i = 1, . . . , N

(A7)

for all ri > 0 where f is the function deﬁned in test T16.
Substitute equations (A7) into equations (A4) in order to obtain the following system of equations:
ln P ∗ (1, . . . , 1, ri , 1, . . . , 1; s0 ; s1 ) = ln f (1, s0i , s1i ) = αi (s0 , s1 ) ln ri ;

i = 1, . . . , N

(A8)

But equation i in (A8) implies that the positive continuous function of 2N variables αi (s0 , s1 ) is
constant with respect to all of its arguments except s0i and s1i and this property holds for each i.
Thus each αi (s0 , s1 ) can be replaced by the positive continuous function of two variables βi (s0i , s1i )
for i = 1, . . . , N .*63 Now replace the αi (s0 , s1 ) in equation (A4) by the βi (s0i , s1i ) for i = 1, . . . , N
and the following representation for P ∗ is obtained:
ln P ∗ (r, s0 , s1 ) =

∑N
i=1

βi (s0i , s1i ) ln ri

(A9)

Equations (A6) imply that the functions βi (s0i , s1i ) also satisfy the following restrictions:
∑N
n=1

s0n = 1;

∑N
n=1

s1n = 1 implies

∑N
i=1

βi (s0i , s1i ) = 1.

(A10)

Assume that the weighting test T17 holds and substitute equations (4.84) into (A9) in order to
obtain the following equations:
βi (0, 0) ln[p1i /p0i ] = 0;

i = 1, . . . , N.

(A11)

Since the p1i and p0i can be arbitrary positive numbers, it can be seen that (A11) implies
βi (0, 0) = 0;

i = 1, . . . , N.

(A12)

Assume that the number of commodities N is equal to or greater than 3. Using (A10) and (A12),
Theorem 2 in Aczél (1987; 8)[4] can be applied and the following functional form for each of the
βi (s0i , s1i ) is obtained:
βi (s0i , s1i ) = γs0i + (1 − γ)s1i ; i = 1, . . . , N
(A13)
where γ is a positive number satisfying 0 < γ < 1.
Finally, the time reversal test T10 or the quantity weights symmetry test T12 can be used to show
that γ must equal 1/2. Substituting this value for γ back into (A13) and then substituting those
equations back into (A9), the functional form for P ∗ and hence P is determined as
N
∑
s0n + s1n
ln(p1n /p0n ).
ln P (p , p , v , v ) = ln P (r, s , s ) =
2
n=1
0

*63

1

0

1

∗

0

1

(A14)

More explicitly, β1 (s01 , s11 ) ≡ α1 (s01 , 1, . . . , 1; s11 , 1, . . . , 1) and so on. That is, in deﬁning β1 (s01 , s11 ), the function
α1 (s01 , 1, . . . , 1; s11 , 1, . . . , 1) is used where all components of the vectors s0 and s1 except the ﬁrst are set equal
to an arbitrary positive number like 1.
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Acta Math. 8,94-96.
Jevons, W.S., (1865), “The Variation of Prices and the Value of the Currency since 1782”, Journal
of the Statistical Society of London 28, 294-320; reprinted in Investigations in Currency and Finance
(1884), London: Macmillan and Co., 119-150.
Jevons, W.S., (1884), “A Serious Fall in the Value of Gold Ascertained and its Social Eﬀects Set
Forth (1863)”, pp. 13-118 in Investigations in Currency and Finance, London: Macmillan and Co.
Knibbs, Sir G.H. (1924), “The Nature of an Unequivocal Price Index and Quantity Index”, Journal
of the American Statistical Association 19, 42-60 and 196-205.
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Chapter 5

The Theory of the Cost of Living Index:
The Single Consumer Case
5.1 The Konüs Cost of Living Index for a Single Consumer
In this section, we will outline the theory of the cost of living index for a single consumer (or
household) that was ﬁrst developed by the Russian economist, A. A. Konüs (1924)[380]. This
theory relies on the assumption of optimizing behavior on the part of economic agents (consumers
or producers). Thus given a vector of commodity or input prices pt that the agent faces in a given
time period t, it is assumed that the corresponding observed quantity vector q t is the solution to
a cost minimization problem that involves either the consumer’s preference or utility function f
or the producer’s production function f .*1 Thus in contrast to the axiomatic approach to index
number theory, the economic approach does not assume that the two quantity vectors q 0 and q 1 are
independent of the two price vectors p0 and p1 . In the economic approach, the period 0 quantity
vector q 0 is determined by the consumer’s preference function f and the period 0 vector of prices
p0 that the consumer faces and the period 1 quantity vector q 1 is determined by the consumer’s
preference function f and the period 1 vector of prices p1 .
We assume that “the” consumer has well deﬁned preferences over diﬀerent combinations of the N
consumer commodities or items.*2 Each combination of items can be represented by a positive vector
q ≡ [q1 , . . . , qN ]. The consumer’s preferences over alternative possible consumption vectors q are
assumed to be representable by a continuous, increasing and concave*3 utility function f . Thus if
f (q 1 ) > f (q 0 ), then the consumer prefers the consumption vector q 1 to q 0 . We further assume that
the consumer minimizes the cost of achieving the period t utility level ut ≡ f (q t ) for periods t = 0, 1.
Thus we assume that the observed period t consumption vector q t solves the following period t cost
minimization problem:
{∑
} ∑
N
N
t
t
t
t
t
C(u , p ) ≡ min
pi qi : f (q) = u ≡ f (q ) =
pti qit ; t = 0, 1.
(5.1)
q

*1

*2

*3

i=1

i=1

For a description of the economic theory of the input and output price indexes, see Balk (1998)[38]. In the
economic theory of the output price index, q t is assumed to be the solution to a revenue maximization problem
involving the output price vector pt .
In this section, these preferences are assumed to be invariant over time. In chapter 6 when we introduce
environmental variables, this assumption will be relaxed (one of the environmental variables could be a time
variable that shifts tastes).
f is concave if and only if f (λq 1 + (1 − λ)q 2 ) ≥ λf (q 1 ) + (1 − λ)f (q 2 ) for all 0 ≤ λ ≤ 1 and all q 1 ≫ 0N
and q 2 ≫ 0N . Note that q ≥ 0N means that each component of the N dimensional vector q is nonnegative,
q ≫ 0N means that each component of q is positive and q > 0N means that q ≥ 0N but q ̸= 0N ; i.e., q is
nonnegative but at least one component is positive.
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The period t price vector for the n commodities under consideration that the consumer faces is pt .
Note that the solution to the cost or expenditure minimization problem (5.1) for a general utility
level u and general vector of commodity prices p deﬁnes the consumer’s cost function, C(u, p). We
shall use the cost function in order to deﬁne the consumer’s cost of living price index.
Problem 1 Assume that f (q) is continuous, increasing in the components of q and deﬁned for all
q ≥ 0N with f (0N ) = u0 . The cost function C(u, p) is deﬁned as minq≥0 {p · q : f (q) ≥ u} for
all strictly positive price vectors p ≫ 0N and all u such that u0 ≤ u ≤ umax where umax is the
maximum value of utility that f (q) can attain for q ≥ 0N . Show that the cost function C has the
following properties:
(i) C(u, p) > 0 if u > u0 and p ≫ 0N (positivity);
(ii) C(u, p2 ) > C(u, p1 ) if u > u0 and p2 ≫ p1 ≫ 0N (increasing in the components of p);
(iii) C(u2 , p) > C(u1 , p) if u2 > u1 ≥ u0 and p ≫ 0N (increasing in the utility level u);
(iv) C(u, λp) = λC(u, p) for u ≥ u0 , p ≫ 0N and λ > 0 (C is linearly homogeneous in the components of p);
(v) C(u, λp1 + (1 − λ)p2 ) ≥ λC(u, p1 ) + (1 − λ)C(u, p2 ) (C is concave in the components of p).
Note that we do not have to assume that f (q) is concave in q in order to derive the above properties
of C.
The Konüs (1924)[380] family of true cost of living indexes pertaining to two periods where the
consumer faces the strictly positive price vectors p0 ≡ (p01 , . . . , p0N ) and p1 ≡ (p11 , . . . , p1N ) in periods
0 and 1 respectively is deﬁned as the ratio of the minimum costs of achieving the same utility level
u ≡ f (q) where q ≡ (q1 , . . . , qN ) is a positive reference quantity vector; i.e., we have
PK (p0 , p1 , q) ≡

C[f (q), p1 ]
.
C[f (q), p0 ]

(5.2)

We say that deﬁnition (5.2) deﬁnes a family of price indexes because there is one such index for each
reference quantity vector q chosen.
It is natural to choose two speciﬁc reference quantity vectors q in deﬁnition (5.2): the observed base
period quantity vector q 0 and the current period quantity vector q 1 . The ﬁrst of these two choices
leads to the following Laspeyres-Konüs true cost of living index :
PK (p0 , p1 , q 0 ) ≡

C[f (q 0 ), p1 ]
C[f (q 0 ), p0 ]

C[f (q 0 ), p1 ]
using (5.1) for t = 0
= ∑N
0 0
i=1 pi qi
{∑
}/ ∑
N
N
= min
p1i qi : f (q) = f (q 0 )
p0i qi0
q

i=1

i=1

using the deﬁnition of the cost minimization problem that deﬁnes C[f (q 0 ), p1 ]
∑N 1 0
pi qi
0
≤ ∑i=1
since q 0 ≡ (q10 , . . . , qN
) is feasible for the minimization problem
N
0
0
i=1 pi qi
= PL (p0 , p1 , q 0 , q 1 )

(5.3)

where PL is the Laspeyres price index deﬁned in earlier chapters. Thus the (unobservable) LaspeyresKonüs true cost of living index is bounded from above by the observable Laspeyres price index.*4
*4

This inequality was ﬁrst obtained by Konüs (1924) (1939; 17)[380]. See also Pollak (1983)[433].
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The second of the two natural choices for a reference quantity vector q in deﬁnition (5.2) leads to
the following Paasche-Konüs true cost of living index :
C[f (q 1 ), p1 ]
C[f (q 1 ), p0 ]
∑N 1 1
i=1 pi qi
using (5.1) for t = 1
=
C[f (q 1 ), p0 ]
/
{∑
}
∑N
N
1 1
0
1
=
pi qi min
pi qi : f (q) = f (q )

PK (p0 , p1 , q 1 ) ≡

i=1

q

i=1

using the deﬁnition of the cost minimization problem that deﬁnes C[f (q 1 ), p0 ]
∑N 1 1
pi qi
1
since q 1 ≡ (q11 , . . . , qN
) is feasible for the minimization problem
≥ ∑i=1
N
1
0
q
p
i
i
i=1
∑N
∑N
and thus C[f (q 1 ), p0 ] ≤ i=1 p0i qi1 and hence 1/C[f (q 1 ), p0 ] ≥ 1/ i=1 p0i qi1
= PP (p0 , p1 , q 0 , q 1 )

(5.4)

where PP is the Paasche price index deﬁned in earlier chapters. Thus the (unobservable) PaascheKonüs true cost of living index is bounded from below by the observable Paasche price index.*5
It is possible to illustrate the two inequalities (5.3) and (5.4) if there are only two commodities; see
Figure 5.1 below.

q2

q1=(q11,q21)
q0*

q1*
q0=(q10,q20)

O

A B

C

D

E

F

Fig. 5.1 The Laspeyres and Paasche bounds to the true cost of living

*5

This inequality is also due to Konüs (1924) (1939; 19)[380]. See also Pollak (1983)[433].

q1
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The solution to the period 0 cost minimization problem is the vector q 0 and the straight line through
C represents the consumer’s period 0 budget constraint, the set of quantity points q1 , q2 such that
p01 q1 + p02 q2 = p01 q10 + p02 q20 . The curved line through q 0 is the consumer’s period 0 indiﬀerence curve,
the set of points q1 , q2 such that f (q1 , q2 ) = f (q10 , q20 ); i.e., it is the set of consumption vectors that
give the same utility as the observed period 0 consumption vector q 0 . The solution to the period 1
cost minimization problem is the vector q 1 and the straight line through D represents the consumer’s
period 1 budget constraint, the set of quantity points q1 , q2 such that p11 q1 + p12 q2 = p11 q11 + p12 q21 . The
curved line through q 1 is the consumer’s period 1 indiﬀerence curve, the set of points q1 , q2 such
that f (q1 , q2 ) = f (q11 , q21 ); i.e., it is the set of consumption vectors that give the same utility as the
∗
observed period 1 consumption vector q 1 . The point q 0 solves the hypothetical cost minimization
problem of minimizing the cost of achieving the base period utility level u0 ≡ f (q 0 ) when facing the
∗
∗
period 1 price vector p1 = (p11 , p12 ). Thus we have C[u0 , p1 ] = p11 q10 + p12 q20 and the dashed line
through A is the corresponding isocost line p11 q1 + p12 q2 = C[u0 , p1 ]. Note that the hypothetical cost
line through A is parallel to the actual period 1 cost line through D. From (5.3), the Laspeyres-Konüs
true index is C[u0 , p1 ]/[p01 q10 + p02 q20 ] while the ordinary Laspeyres index is [p11 q10 + p12 q20 ]/[p01 q10 + p02 q20 ].
Since the denominators for these two indexes are the same, the diﬀerence between the indexes is due
to the diﬀerences in their numerators. In Figure 5.1, this diﬀerence in the numerators is expressed
by the fact that the cost line through A lies below the parallel cost line through B. Now if the
consumer’s indiﬀerence curve through the observed period 0 consumption vector q 0 were L shaped
with vertex at q 0 , then the consumer would not change his or her consumption pattern in response
to a change in the relative prices of the two commodities while keeping a ﬁxed standard of living.
∗
In this case, the hypothetical vector q 0 would coincide with q 0 , the dashed line through A would
coincide with the dashed line through B and the true Laspeyres-Konüs index would coincide with
the ordinary Laspeyres index. However, L shaped indiﬀerence curves are not generally consistent
with consumer behavior; i.e., when the price of a commodity decreases, consumers generally demand
more of it. Thus in the general case, there will be a gap between the points A and B. The magnitude
of this gap represents the amount of substitution bias between the true index and the corresponding
Laspeyres index; i.e., the Laspeyres index will generally be greater than the corresponding true cost
of living index, PK (p0 , p1 , q 0 ).
Figure 5.1 can also be used to illustrate the inequality (5.4). First note that the dashed lines through
∗
E and F are parallel to the period 0 isocost line through C. The point q 1 solves the hypothetical cost
minimization problem of minimizing the cost of achieving the current period utility level u1 ≡ f (q 1 )
∗
∗
when facing the period 0 price vector p0 = (p01 , p02 ). Thus we have C[u1 , p0 ] = p01 q11 + p02 q21
and the dashed line through E is the corresponding isocost line p11 q1 + p12 q2 = C[u0 , p1 ]. From
(5.4), the Paasche-Konüs true index is [p11 q11 + p12 q21 ]/C[u1 , p0 ] while the ordinary Paasche index is
[p11 q11 + p12 q21 ]/[p01 q11 + p02 q21 ]. Since the numerators for these two indexes are the same, the diﬀerence
between the indexes is due to the diﬀerences in their denominators. In Figure 5.1, this diﬀerence in
the denominators is expressed by the fact that the cost line through E lies below the parallel cost
line through F. The magnitude of this diﬀerence represents the amount of substitution bias between
the true index and the corresponding Paasche index; i.e., the Paasche index will generally be less
than the corresponding true cost of living index, PK (p0 , p1 , q 1 ). Note that this inequality goes in
the opposite direction to the previous inequality between the two Laspeyres indexes. The reason for
this change in direction is due to the fact that one set of diﬀerences between the two indexes takes
place in the numerators of the two indexes (the Laspeyres inequalities) while the other set takes
place in the denominators of the two indexes (the Paasche inequalities).
The bound (5.3) on the Laspeyres-Konüs true cost of living PK (p0 , p1 , q 0 ) using the base period
level of utility as the living standard is one sided as is the bound (5.4) on the Paasche-Konüs true
cost of living PK (p0 , p1 , q 1 ) using the current period level of utility as the living standard. In a
remarkable result, Konüs (1924; 20)[380] showed that there exists an intermediate consumption
vector q ∗ that is on the straight line joining the base period consumption vector q 0 and the current
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period consumption vector q 1 such that the corresponding (unobservable) true cost of living index
PK (p0 , p1 , q ∗ ) is between the observable Laspeyres and Paasche indexes, PL and PP .*6 Thus we
have:
Proposition 1 There exists a number λ∗ between 0 and 1 such that
PL ≤ PK (p0 , p1 , λ∗ q 0 + (1 − λ∗ )q 1 ) ≤ PP or PP ≤ PK (p0 , p1 , λ∗ q 0 + (1 − λ∗ )q 1 ) ≤ PL .

(5.5)

Proof. Deﬁne g(λ) for 0 ≤ λ ≤ 1 by g(λ) ≡ PK (p0 , p1 , (1 − λ)q 0 + λq 1 ). Note that g(0) =
PK (p0 , p1 , q 0 ) and g(1) = PK (p0 , p1 , q 1 ). There are 24 = (4)(3)(2)(1) possible a priori inequality
relations that are possible between the four numbers g(0), g(1), PL and PP . However, the inequalities
(5.3) and (5.4) above imply that g(0) ≤ PL and PP ≤ g(1). This means that there are only six
possible inequalities between the four numbers:
g(0) ≤ PL ≤ PP ≤ g(1);

(5.6)

g(0) ≤ PP ≤ PL ≤ g(1);

(5.7)

g(0) ≤ PP ≤ g(1) ≤ PL ;

(5.8)

PP ≤ g(0) ≤ PL ≤ g(1);

(5.9)

PP ≤ g(1) ≤ g(0) ≤ PL ;

(5.10)

PP ≤ g(0) ≤ g(1) ≤ PL .

(5.11)

Using the assumptions that: (a) the consumer’s utility function f is continuous over its domain
of deﬁnition; (b) the utility function is increasing in the components of q and hence is subject
to local nonsatiation and (c) the price vectors pt have strictly positive components, it is possible
to use Debreu’s (1959; 19)[111] Maximum Theorem (see also Diewert (1993; 112-113)[154] for a
statement of the Theorem) to show that the consumer’s cost function C(f (q), pt ) will be continuous
in the components of q. Thus using deﬁnition (5.2), it can be seen that PK (p0 , p1 , q) will also be
continuous in the components of the vector q. Hence g(λ) is a continuous function of λ and assumes
all intermediate values between g(0) and g(1). By inspecting the inequalities (5.6)-(5.11) above, it
can be seen that we can choose λ between 0 and 1, λ∗ say, such that PL ≤ g(λ∗ ) ≤ PP for case (5.6)
or such that PP ≤ g(λ∗ ) ≤ PL for cases (5.7) to (5.11). Thus at least one of the two inequalities in
(5.5) holds.
The above inequalities are of some practical importance. If the observable (in principle) Paasche
and Laspeyres indexes are not too far apart, then taking a symmetric average of these indexes
should provide a good approximation to a true cost of living index where the reference standard of
living is somewhere between the base and current period living standards. To determine the precise
symmetric average of the Paasche and Laspeyres indexes, we can appeal to the results in Chapter
2 above and take the geometric mean, which is the Fisher price index. Thus the Fisher ideal price
index receives a fairly strong justiﬁcation as a good approximation to an unobservable theoretical
cost of living index.
The bounds (5.3)-(5.5) are the best bounds that we can obtain on true cost of living indexes without
making further assumptions. In a subsequent section, we will make further assumptions on the class
of utility functions that describe the consumer’s tastes for the N commodities under consideration.
With these extra assumptions, we are able to determine the consumer’s true cost of living exactly.

*6

For more recent applications of the Konüs method of proof, see Diewert (1983a;191)[133] for an application to
the consumer context and Diewert (1983b; 1059-1061)[134] for an application to the producer context.
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5.2 The True Cost of Living Index when Preferences are Homothetic
Up to now, the consumer’s preference function f did not have to satisfy any particular homogeneity
assumption. In this section, we assume that f is (positively) linearly homogeneous *7 ; i.e., we assume
that the consumer’s utility function has the following property:
f (λq) = λf (q)

for all λ > 0 and all q ≫ 0N .

(5.12)

Given the continuity of f , it can be seen that property (5.12) implies that f (0N ) = 0 so that our
old u0 is now equal to 0. Furthermore, f also satisﬁes f (q) > 0 if q > 0N .
In the economics literature, assumption (5.12) is known as the assumption of homothetic preferences.*8 This assumption is not strictly justiﬁed from the viewpoint of actual economic behavior,
but it leads to economic price indexes that are independent from the consumer’s standard of living.*9
Under this assumption, the consumer’s expenditure or cost function, C(u, p) deﬁned by (5.1) above,
decomposes as follows. For positive commodity prices p ≫ 0N and a positive utility level u, we have
by the deﬁnition of C as the minimum cost of achieving the given utility level u:
{∑
}
N
C(u, p) ≡ min
pi qi : f (q1 , . . . , qN ) ≥ u
q
i=1
{∑
}
N
= min
pi qi : (1/u)f (q1 , . . . , qN ) ≥ 1
dividing by u > 0
q
i=1
{∑
}
N
= min
pi qi : f (q1 /u, . . . , qN /u) ≥ 1
using the linear homogeneity of f
q
i=1
{∑
}
N
= u min
pi qi /u : f (q1 /u, . . . , qN /u) ≥ 1
q
i=1
}
{∑
N
pi zi : f (z1 , . . . , zN ) ≥ 1
letting zi = qi /u
= u min
z

= uC(1, p)
= uc(p)

i=1

using deﬁnition (5.1) with u = 1
(5.13)

where c(p) ≡ C(1, p) is the unit cost function that is corresponds to f .*10 Using Problem 1, it can
be shown that the unit cost function c(p) satisﬁes the same regularity conditions that f satisﬁed;

*7

*8

*9

*10

This assumption is fairly restrictive in the consumer context. It implies that each indiﬀerence curve is a radial
projection of the unit utility indiﬀerence curve. It also implies that all income elasticities of demand are unity,
which is contradicted by empirical evidence.
More precisely, Shephard (1953)[471] deﬁned a homothetic function to be a monotonic transformation of a
linearly homogeneous function. However, if a consumer’s utility function is homothetic, we can always rescale
it to be linearly homogeneous without changing consumer behavior. Hence, we simply identify the homothetic
preferences assumption with the linear homogeneity assumption.
This particular branch of the economic approach to index number theory is due to Shephard (1953)[471]
(1970)[472] and Samuelson and Swamy (1974)[458]. Shephard in particular realized the importance of the
homotheticity assumption in conjunction with separability assumptions in justifying the existence of subindexes
of the overall cost of living index. It should be noted that if the consumer’s change in real income or utility
between the two periods under consideration is not too large, then assuming that the consumer has homothetic
preferences will lead to a true cost of living index which is very close to Laspeyres-Konüs and Paasche-Konüs
true cost of living indexes deﬁned above by (5.3) and (5.4).
Economists will recognize the producer theory counterpart to the result C(u, p) = uc(p): if a producer’s
production function f is subject to constant returns to scale, then the corresponding total cost function C(u, p)
is equal to the product of the output level u times the unit cost c(p).
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i.e., c(p) is positive, concave and (positively) linearly homogeneous for positive price vectors.*11
Substituting (5.13) into (5.1) and using ut = f (q t ) leads to the following equations:
N
∑

pti qit = c(pt )f (q t )

for t = 0, 1.

(5.14)

i=1

Thus under the linear homogeneity assumption on the utility function f , observed period t expenditure on the n commodities (the left hand side of (5.14) above) is equal to the period t unit cost
c(pt ) of achieving one unit of utility times the period t utility level, f (q t ), (the right hand side of
(5.14) above). Obviously, we can identify the period t unit cost, c(pt ), as the period t price level P t
and the period t level of utility, f (q t ), as the period t quantity level Qt .*12
The linear homogeneity assumption on the consumer’s preference function f leads to a simpliﬁcation
for the family of Konüs true cost of living indices, PK (p0 , p1 , q), deﬁned by (5.2) above. Using this
deﬁnition for an arbitrary reference quantity vector q, we have:
PK (p0 , p1 , q) ≡

C[f (q), p1 ]
C[f (q), p0 ]

=

c(p1 )f (q)
c(p0 )f (q)

=

c(p1 )
.
c(p0 )

using (5.14) twice
(5.15)

Thus under the homothetic preferences assumption, the entire family of Konüs true cost of living
indexes collapses to a single index, c(p1 )/c(p0 ), the ratio of the minimum costs of achieving unit
utility level when the consumer faces period 1 and 0 prices respectively. Put another way, under the
homothetic preferences assumption, PK (p0 , p1 , q) is independent of the reference quantity vector q.
If we use the Konüs true cost of living index deﬁned by the right hand side of (5.15) as our price
index concept, then the corresponding implicit quantity index deﬁned using the product test has the
following form:
0

1

0

1

∑N

1 1
i=1 pi qi
0 0
0
1
i=1 pi qi PK (p , p , q)
1
1

Q(p , p , q , q , q) ≡ ∑N
=
=
=

*11

*12

c(p )f (q )
0
1
K (p , p , q)

c(p0 )f (q 0 )P

c(p1 )f (q 1 )
c(p0 )f (q 0 )[c(p1 )/c(p0 )]
f (q 1 )
.
f (q 0 )

using the product test and PK as the price index
using (5.14) twice
using (5.15)
(5.16)

Obviously, the utility function f determines the consumer’s cost function C(u, p) as the solution to the cost
minimization problem in the ﬁrst line of (5.13). Then the unit cost function c(p) is deﬁned as C(1, p). Thus f
determines c. But we can also use c to determine f under appropriate regularity conditions. In the economics
literature, this is known as duality theory. For additional material on duality theory and the properties of f and
c, see Samuelson (1953)[457], Shephard (1953)[471] and Diewert (1974)[123] (1993; 107-123)[154].
There is also a producer theory interpretation of the above theory; i.e., let f be the producer’s (constant returns
to scale) production function, let p be a vector of input prices that the producer faces, let q be an input vector and
∑
let u = f (q) be the maximum output that can be produced using the input vector q. C(u, p) ≡ minq { N
i=1 pi qi :
f (q) ≥ u} is the producer’s cost function in this case and c(pt ) can be identiﬁed as the period t input price
level while f (q t ) is the period t aggregate input level.
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Thus under the homothetic preferences assumption, the implicit quantity index that corresponds
to the true cost of living price index c(p1 )/c(p0 ) is the utility ratio f (q 1 )/f (q 0 ). Since the utility
function is assumed to be homogeneous of degree one, this is the natural deﬁnition for a quantity
index.
Problem 2 Assume that the consumer has homothetic preferences. Show that for any reference
quantity vector q ≫ 0N , we have:
PP (p0 , p1 , q 0 , q 1 ) ≡

p1 · q 1
p1 · q 0
0
1
≤
P
(p
,
p
,
q)
≤
≡ PL (p0 , p1 , q 0 , q 1 )
K
p0 · q 1
p0 · q 0

(i)

where PK is the true cost of living index deﬁned by (5.2) above and PP and PL are the ordinary
Paasche and Laspeyres price indexes. Thus under the assumption of homothetic preferences, all true
cost of living indexes lie between PP and PL and we can also deduce that PP ≤ PL .

5.3 Wold’s Identity and Shephard’s Lemma
In subsequent sections, we will need two additional results from economic theory: Wold’s Identity
and Shephard’s Lemma.
Wold’s (1944; 69-71)[543] (1953; 145)[544] Identity is the following result. Assuming that the consumer satisﬁes the cost minimization assumptions (5.1) for periods 0 and 1 and that the utility
function f is diﬀerentiable at the observed quantity vectors q 0 ≫ 0N and q 1 ≫ 0N it can be
shown*13 that the following equations hold:
∑N

pti

t t
k=1 pk qk

= ∑N

∂f (q t )/∂qi

t
t
k=1 qk ∂f (q )/∂qk

;

t = 0, 1; k = 1, . . . , N

(5.17)

where ∂f (q t )/∂qi denotes the partial derivative of the utility function f with respect to the ith
quantity qi evaluated at the period t quantity vector q t .
If we make the homothetic preferences assumption and assume that the utility function is linearly
homogeneous, then Wold’s Identity (5.17) simpliﬁes into the following equations which will prove to
be very useful:*14
pti
∂f (q t )/∂qi
; t = 0, 1; k = 1, . . . , N.
(5.18)
=
∑N
t)
t qt
f
(q
p
k=1 k k
Using vector notation, (5.18) can be rewritten as follows:
pt
∇f (q t )
;
=
t
·q
f (q t )

pt

t = 0, 1.

(5.19)

Shephard’s (1953; 11)[471] Lemma is the following result. Consider the period t cost minimization
problem deﬁned by (5.1) above. If the cost function C(ut , pt ) is diﬀerentiable with respect to the
*13

*14

To prove this, consider the ﬁrst order necessary conditions for the strictly positive vector q t to solve the
period t cost minimization problem. The conditions of Lagrange with respect to the vector of q variables are:
pt = λt ∇f (q t ) where λt is the optimal Lagrange multiplier and ∇f (q t ) is the vector of ﬁrst order partial
derivatives of f evaluated at q t . Note that this system of equations is the price equals a constant times marginal
utility equations that are familiar to economists. Now take the inner product of both sides of this equation with
respect to the period t quantity vector q t and solve the resulting equation for λt . Substitute this solution back
into the vector equation pt = λt ∇f (q t ) and we obtain (5.17).
Diﬀerentiate both sides of the equation f (λq) = λf (q) with respect to λ and then evaluate the resulting equation
∑
at λ = 1. We obtain the equation N
i=1 fi (q)qi = f (q) where fi (q) ≡ ∂f (q)/∂qi .
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components of the price vector p, then the period t quantity vector q t is equal to the vector of ﬁrst
order partial derivatives of the cost function with respect to the components of p; i.e., we have
qit =

∂C(ut , pt )
;
∂pi

i = 1, . . . , N ; t = 0, 1.

(5.20)

To explain why (5.20) holds, consider the following argument. Because we are assuming that the
observed period t quantity vector q t solves the cost minimization problem deﬁned by C(ut , pt ), then
q t must be feasible for this problem so we must have f (q t ) = ut . Thus q t is a feasible solution for
the following cost minimization problem where the general price vector p has replaced the speciﬁc
period t price vector pt :
{∑
}
N
t
t
C(u , p) ≡ min
pi qi : f (q1 , . . . , qN ) ≥ u
q

≤

∑N
i=1

i=1

pi qit

(5.21)

t
where the inequality follows from the fact that q t ≡ (q1t , . . . , qN
) is a feasible (but usually not
optimal) solution for the cost minimization problem in (5.21). Now deﬁne for each strictly positive
price vector p the function g(p) as follows:
∑N
g(p) ≡
pi qit − C(ut , p)
(5.22)
i=1

where as usual, p ≡ (p1 , . . . , pN ). Using (5.1) and (5.21), it can be seen that g(p) is minimized
(over all strictly positive price vectors p) at p = pt . Thus the ﬁrst order necessary conditions for
minimizing a diﬀerentiable function of N variables hold, which simplify to equations (5.20).
If we make the homothetic preferences assumption and assume that the utility function is linearly
homogeneous, then using (5.13), Shephard’s Lemma (5.20) becomes:
qit = ut

∂c(pt )
;
∂pi

i = 1, . . . , N ; t = 0, 1.

Equations (5.14) can be rewritten as follows:
∑N
pti qit = c(pt )f (q t ) = c(pt )ut
i=1

for t = 0, 1.

(5.23)

(5.24)

Combining equations (5.23) and (5.24), we obtain the following system of equations:
∑N

qit

k=1

ptk qkt

=

∂c(pt )/∂pi
;
c(pt )

i = 1, . . . , N ; t = 0, 1.

(5.25)

Using vector notation, we can rewrite (5.25) as follows:
qt
∇c(pt )
;
=
pt · q t
c(pt )

t = 0, 1.

(5.26)

Note the symmetry of equations (5.19) with equations (5.26). It is these two sets of equations that
we shall use in subsequent material.
Problem 3 Suppose that the consumer’s cost function C(u, p) is diﬀerentiable with respect to
the components of the commodity price vector p. Then the consumer’s system of Hicksian (1946;
331)[321] demand functions is deﬁned as:
di (u, p) ≡

∂C(u, p)
;
∂pi

i = 1, . . . , N.

(i)
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These functions trace out the consumer’s demand for goods and services as prices p vary but the
standard of living u is held ﬁxed. Now suppose that the consumer has homothetic preferences so
that:
C(u, p) = uC(1, p).
(ii)
Show that under this assumption of homothetic preferences that all N real income elasticities of
demand are one; i.e., prove that
[
][
]
∂di (u, p)
u
= 1; i = 1, . . . , N.
(iii)
∂u
di (u, p)

5.4 Superlative Indexes: The Fisher Ideal Index
Suppose the consumer has the following utility function:
f (q1 , . . . , qN ) ≡

[∑
N ∑N
i=1

k=1

]1/2
aik qi qk

;

aik = aki for all i and k.

(5.27)

Diﬀerentiating f (q) deﬁned by (5.27) with respect to qi yields the following equations:
]−1/2 ∑
[
N
1 ∑ N ∑N
fi (q) =
2
aik qk ;
ajk qj qk
j=1
k=1
k=1
2
∑N
aik qk
= k=1
using (5.27)
f (q)

i = 1, . . . , N
(5.28)

where fi (q) ≡ ∂f (q t )/∂qi . In order to obtain the ﬁrst equation in (5.28), we need to use the
symmetry conditions, aik = aki . Now evaluate the second equation in (5.28) at the observed period
t
) and divide both sides of the resulting equation by f (q t ). We
t quantity vector q t ≡ (q1t , . . . , qN
obtain the following equations:
fi (q t )
=
f (q t )

∑N

aik qkt
[f (q t )]2
k=1

t = 0, 1; i = 1, . . . , N.

(5.29)

Assume cost minimizing behavior for the consumer in periods 0 and 1. Since the utility function f
deﬁned by (5.27) is linearly homogeneous and diﬀerentiable, equations (5.18) (Wold’s Identity) will
hold. Now recall the deﬁnition of the Fisher ideal quantity index, QF deﬁned by the ﬁrst line of
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(5.30) below:
[∑

N
0 1
i=1 pi qi
∑N
0 0
k=1 pk qk

QF (p0 , p1 , q 0 , q 1 ) ≡

[∑

N
i=1

=
[∑

fi (q 0 )qi1
f (q 0 )

N
i=1

=

fi (q 0 )qi1
f (q 0 )

[∑

N
i=1

=

fi (q 0 )qi1
f (q 0 )

[∑

N
i=1

=
[

∑N

N
1 1
i=1 pi qi
∑N
1 0
k=1 pk qk

]1/2

]1/2 [ ∑

N
1 1
i=1 pi qi
∑N
1 0
k=1 pk qk

]1/2
using (5.18) for t = 0

]1/2 /[ ∑

N
1 0
k=1 pk qk
∑N 1 1
i=1 pi qi

]1/2

]1/2 /[ ∑

N
i=1

0 1
k=1 aik qk qi
[f (q 0 )]2
]1/2 /[

1
=
[f (q 0 )]2
=

]1/2 [ ∑

fi (q 1 )qi0
f (q 1 )
]1/2 /[ ∑
∑

1
[f (q 1 )]2

N
i=1

]1/2
using (5.18) for t = 1

N
1 0
k=1 aik qk qi
[f (q 1 )]2

]1/2
using (5.29)

]1/2
using aik = aki and canceling terms

f (q 1 )
.
f (q 0 )

(5.30)

Thus under the assumption that the consumer engages in cost minimizing behavior during periods 0
and 1 and has preferences over the N commodities that correspond to the utility function deﬁned by
(5.27), the Fisher ideal quantity index QF is exactly equal to the true quantity index, f (q 1 )/f (q 0 ).*15
As was noted in Chapter 4 above, the price index that corresponds to the Fisher quantity index
QF using the product test is the Fisher price index PF . Let c(p) be the unit cost function that
corresponds to the homogeneous quadratic utility function f deﬁned by (5.27). Then using (5.24),
the product test and (5.30), it can be seen that
PF (p0 , p1 , q 0 , q 1 ) =

c(p1 )
.
c(p0 )

(5.31)

Thus under the assumption that the consumer engages in cost minimizing behavior during periods
0 and 1 and has preferences over the N commodities that correspond to the utility function deﬁned
by (5.27), the Fisher ideal price index PF is exactly equal to the true price index, c(p1 )/c(p0 ).
A twice continuously diﬀerentiable function f (q) of N variables q ≡ (q1 , . . . , qN ) can provide a second
order approximation to another such function f ∗ (q) around the point q ∗ if the level and all of the
ﬁrst and second order partial derivatives of the two functions coincide at q ∗ . It can be shown*16 that
the homogeneous quadratic function f deﬁned by (5.27) can provide a second order approximation to
an arbitrary f ∗ around any (strictly positive) point q ∗ in the class of linearly homogeneous functions.
Thus the homogeneous quadratic functional form deﬁned by (5.27) is a ﬂexible functional form.*17
Diewert (1976; 117)[127] termed an index number formula QF (p0 , p1 , q 0 , q 1 ) that was exactly equal
to the true quantity index f (q 1 )/f (q 0 ) (where f is a ﬂexible functional form) a superlative index

*15
*16
*17

For the early history of this result, see Diewert (1976; 184)[127].
See Diewert (1976; 130)[127] and let the parameter r equal 2.
Diewert (1974; 133)[123] introduced this term to the economics literature.
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number formula.*18 Equation (5.30) and the fact that the homogeneous quadratic function f deﬁned
by (5.27) is a ﬂexible functional form shows that the Fisher ideal quantity index QF deﬁned by the
ﬁrst line of (5.30) is a superlative index number formula. Since the Fisher ideal price index PF also
satisﬁes (5.31) where c(p) is the unit cost function that is generated by the homogeneous quadratic
utility function, we also call PF a superlative index number formula.
It is possible to show that the Fisher ideal price index is a superlative index number formula by
a diﬀerent route. Instead of starting with the assumption that the consumer’s utility function is
the homogeneous quadratic function deﬁned by (5.27), we can start with the assumption that the
consumer’s unit cost function is a homogeneous quadratic. Thus we suppose that the consumer has
the following unit cost function:
c(p1 , . . . , pN ) ≡

[∑
N ∑N
i=1

k=1

]1/2
bik pi pk

(5.32)

where the parameters bik satisfy the following symmetry conditions:
bik = bki

for all i and k.

(5.33)

Diﬀerentiating c(p) deﬁned by (5.32) with respect to pi yields the following equations:
[
]−1/2 ∑
N
1 ∑N ∑N
ci (p) =
bjk pj pk
2
bik pk ;
j=1
k=1
k=1
2
∑N
bik pk
using (5.32)
= k=1
c(p)

i = 1, . . . , N
(5.34)

where ci (p) ≡ ∂c(pt )/∂pi . In order to obtain the ﬁrst equation in (5.34), we need to use the symmetry
conditions, (5.33). Now evaluate the second equation in (5.34) at the observed period t price vector
pt ≡ (pt1 , . . . , ptN ) and divide both sides of the resulting equation by c(pt ). We obtain the following
equations:
∑N
t
ci (pt )
k=1 bik pk
=
t = 0, 1; i = 1, . . . , N.
(5.35)
c(pt )
[c(pt )]2
As we are assuming cost minimizing behavior for the consumer in periods 0 and 1 and since the unit
cost function c deﬁned by (5.32) is diﬀerentiable, equations (5.25) (Shephard’s Lemma) will hold.

*18

Fisher (1922; 247)[274] used the term superlative to describe the Fisher ideal price index. Thus Diewert adopted
Fisher’s terminology but attempted to give some precision to Fisher’s deﬁnition of superlativeness. Fisher deﬁned
an index number formula to be superlative if it approximated the corresponding Fisher ideal results using his
data set.
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Now recall the deﬁnition of the Fisher ideal price index, PF given by the ﬁrst line of (5.36) below:
[∑

N
1 0
i=1 pi qi
∑N
0 0
k=1 pk qk

PF (p0 , p1 , q 0 , q 1 ) ≡

[∑

N
i=1

=

[∑

p1i ci (p0 )
c(p0 )

N
i=1

=

[∑

p1i ci (p0 )
c(p0 )

N
i=1

=

p1i ci (p0 )
c(p0 )

[∑

N
i=1

=
[

N
1 1
i=1 pi qi
∑N
0 1
k=1 pk qk

]1/2

]1/2 [ ∑

N
1 1
i=1 pi qi
∑N
0 1
k=1 pk qk

]1/2
using (5.25) for t = 0

]1/2 /[ ∑

N
0 1
k=1 pk qk
∑N 1 1
i=1 pi qi

]1/2

]1/2 /[ ∑

N
i=1

∑N

0 1
k=1 bik pk pi
[c(p0 )]2
]1/2 /[

1
=
[c(p0 )]2
=

]1/2 [ ∑

p0i ci (p1 )
c(p1 )
]1/2 /[ ∑
∑
N
i=1

1
[c(p1 )]2

]1/2
using (5.25) for t = 1

N
1 0
k=1 bik pk pi
[c(p1 )]2

]1/2
using (5.35)

]1/2
using (5.33) and canceling terms

c(p1 )
.
c(p0 )

(5.36)

Thus under the assumption that the consumer engages in cost minimizing behavior during periods 0
and 1 and has preferences over the N commodities that correspond to the unit cost function deﬁned
by (5.32), the Fisher ideal price index PF is exactly equal to the true price index, c(p1 )/c(p0 ).*19
Problem 4 Suppose the consumer’s utility function is deﬁned as f (q) ≡ [q T Aq]1/2 where A = AT
and A−1 exists. Let p be a strictly positive vector of commodity prices and use calculus to solve the
following constrained minimization problem:
min{pT q : [q T Aq]1/2 = 1} ≡ c(p).
q

(i)

Show that c(p) = [pT A−1 p]1/2 .
Since the homogeneous quadratic unit cost function c(p) deﬁned by (5.32) is also a ﬂexible functional
form, the fact that the Fisher ideal price index PF exactly equals the true price index c(p1 )/c(p0 )
means that PF is a superlative index number formula.*20
Suppose that the bik coeﬃcients in (5.32) satisfy the following restrictions:
bik = bi bk

for i, k = i, . . . , N

(5.37)

where the N numbers bi are nonnegative. In this special case of (5.32), it can be seen that the unit

*19
*20

This result was obtained by Diewert (1976; 133-134)[127].
Note that we have shown that the Fisher index PF is exact for the preferences deﬁned by (5.27) as well as the
preferences that are dual to the unit cost function deﬁned by (5.32). These two classes of preferences do not
coincide in general. However, if the N × N symmetric matrix A of the aik has an inverse, then it can readily
be shown that the N × N matrix B of the bik will equal A−1 . See Problem 4 above.
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cost function simpliﬁes as follows:
c(p1 , . . . , pN ) ≡
=
=

[∑
N ∑N
i=1

[∑
N

i=1

∑N

i=1

]1/2

k=1

bi pi

bi bk pi pk
]1/2

∑N
k=1

bk pk

bi pi .

(5.38)

Substituting (5.38) into Shephard’s Lemma (5.20) yields the following expressions for the period t
quantity vectors, q t :
∂c(pt )
qit = ut
= bi ut i = 1, . . . , N ; t = 0, 1.
(5.39)
∂pi
Thus if the consumer has the preferences that correspond to the unit cost function deﬁned by
(5.32) where the bik satisfy the restrictions (5.37), then the period 0 and 1 quantity vectors are
equal to a multiple of the vector b ≡ (b1 , . . . , bN ); i.e., q 0 = bu0 and q 1 = bu1 . Under these
assumptions, the Fisher, Paasche and Laspeyres indices, PF , PP and PL , all coincide. However,
the preferences which correspond to the unit cost function deﬁned by (5.38) are not consistent with
normal consumer behavior since they imply that the consumer will not substitute away from more
expensive commodities to cheaper commodities if relative prices change going from period 0 to 1.
Problem 5 (a) Show that the linear utility function f ∗ deﬁned as
f ∗ (q) ≡ aT q =

∑N
n=1

an qn

where an > 0 for each n

(i)

is a special case of the homogeneous quadratic function f (q) deﬁned by (5.27).
(b) Consider the unit cost minimization problem that corresponds to the utility function deﬁned by
(i) above: i.e., for p∗ ≫ 0N , deﬁne
c(p∗ ) ≡ min{p∗T q : f ∗ (q) = 1}.

(ii)

q

Show that if q ∗ ≫ 0N is a solution to (ii), then p∗ is proportional to the vector a which occurs in
(i).

5.5 Quadratic Mean of Order r Superlative Indexes
It turns out that there are many other superlative index number formulae; i.e., there exist many
quantity indexes Q(p0 , p1 , q 0 , q 1 ) that are exactly equal to f (q 1 )/f (q 0 ) and many price indexes
P (p0 , p1 , q 0 , q 1 ) that are exactly equal to c(p1 )/c(p0 ) where the aggregator function f or the unit
cost function c is a ﬂexible functional form. We will deﬁne two families of superlative indexes below.
Suppose the consumer has the following quadratic mean of order r utility function:*21
f r (q1 , . . . , qN ) ≡

[∑
N ∑N
i=1

k=1

r/2 r/2
qk

aik qi

]1/r
(5.40)

where the parameters aik satisfy the symmetry conditions aik = aki for all i and k and the parameter
r satisﬁes the restriction r ̸= 0. Diewert (1976; 130)[127] showed that the utility function f r deﬁned
*21

This terminology is due to Diewert (1976; 129)[127].
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by (5.40) is a ﬂexible functional form; i.e., it can approximate an arbitrary twice continuously
diﬀerentiable linearly homogeneous functional form to the second order. Note that when r = 2, f r
equals the homogeneous quadratic function deﬁned by (5.27) above.
Deﬁne the quadratic mean of order r quantity index Qr by:
r

0

1

0

1

Q (p , p , q , q ) ≡

{∑
N
i=1

s0i

( 1 0 )r/2
qi /qi

}1/r {∑

N
i=1

s1i

( 1 0 )−r/2
qi /qi

}−1/r
(5.41)

∑N
where sti ≡ pti qit / k=1 ptk qkt is the period t expenditure share for commodity i as usual. It can be
veriﬁed that when r = 2, Qr simpliﬁes into QF , the Fisher ideal quantity index.
Using exactly the same techniques as were used in section 5.4 above, it can be shown that Qr is
exact for the aggregator function f r deﬁned by (5.40); i.e., we have
Qr (p0 , p1 , q 0 , q 1 ) = f r (q 1 )/f r (q 0 ).

(5.42)

Problem 6 Show that (5.42) is true.
Thus under the assumption that the consumer engages in cost minimizing behavior during periods
0 and 1 and has preferences over the n commodities that correspond to the utility function deﬁned
by (5.40), the quadratic mean of order r quantity index QF is exactly equal to the true quantity
index, f r (q 1 )/f r (q 0 ).*22 Since Qr is exact for f r and f r is a ﬂexible functional form, we see that
the quadratic mean of order r quantity index Qr is a superlative index for each r ̸= 0. Thus there
are an inﬁnite number of superlative quantity indexes.
For each quantity index Qr , we can use the product test in order to deﬁne the corresponding implicit
quadratic mean of order r price index P r∗ :
r∗

0

1

0

1

1 1
i=1 pi qi
0 0 r
0
1
0
1
i=1 pi qi Q (p , p , q , q )
r∗ 1

P (p , p , q , q ) ≡ ∑N
=

∑N

c (p )
cr∗ (p0 )

(5.43)

where cr∗ is the unit cost function that corresponds to the aggregator function f r deﬁned by (5.40)
above. For each r ̸= 0, the implicit quadratic mean of order r price index P r∗ is also a superlative
index.
When r = 2, Qr deﬁned by (5.41) simpliﬁes to QF , the Fisher ideal quantity index and P r∗ deﬁned
by (5.43) simpliﬁes to PF , the Fisher ideal price index. When r = 1, Qr deﬁned by (5.41) simpliﬁes

*22

See Diewert (1976; 130)[127].
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to:
1

0

1

0

( 1 0 )1/2
0
i=1 si qi /qi
∑N 1 1 0 −1/2
i=1 si (qi /qi )
∑N

1

Q (p , p , q , q ) ≡

](
/∑
)1/2
N
0 0
p
q
qi1 /qi0
p0i qi0
i=1 i i
/∑
]
= [∑
N
N
1
1
1
1
1 0 −1/2
i=1 pi qi
i=1 pi qi (qi /qi )
∑N 0 ( 0 1 )1/2 /∑N 0 0
i=1 pi qi qi
i=1 pi qi
/∑
= ∑
N
N
1 1
0 1 1/2
1
i=1 pi qi
i=1 pi (qi qi )
∑N 1 1 /∑N 0 0
i=1 pi qi
i=1 pi qi
=
PW (p0 , p1 , q 0 , q 1 )
[∑

N
i=1

(5.44)

where PW is the Walsh (1901)[530] (1921)[531] price index deﬁned in previous chapters. Thus P 1∗
is equal to PW , the Walsh price index, and hence it is also a superlative price index.
Suppose the consumer has the following quadratic mean of order r unit cost function:*23
r

c (p1 , . . . , pN ) ≡

[∑
N ∑N
i=1

r/2 r/2
bik pi pk
k=1

]1/r
(5.45)

where the parameters bik satisfy the symmetry conditions bik = bki for all i and k and the parameter
r satisﬁes the restriction r ̸= 0. Diewert (1976; 130)[127] showed that the unit cost function cr
deﬁned by (5.45) is a ﬂexible functional form; i.e., it can approximate an arbitrary twice continuously
diﬀerentiable linearly homogeneous functional form to the second order. Note that when r = 2, cr
equals the homogeneous quadratic unit cost function deﬁned by (5.32) above.
Deﬁne the quadratic mean of order r price index P r by:
r

0

1

0

1

P (p , p , q , q ) ≡

{∑
N
i=1

s0i

(

)r/2
p1i /p0i

}1/r {∑

N
i=1

s1i

(

)−r/2
p1i /p0i

}−1/r
(5.46)

∑N
where sti ≡ pti qit / k=1 ptk qkt is the period t expenditure share for commodity i as usual. It can be
veriﬁed that when r = 2, P r simpliﬁes into PF , the Fisher ideal quantity index.
Using exactly the same techniques as were used in section 5.4 above, it can be shown that P r is
exact for the unit cost function cr deﬁned by (5.45); i.e., we have
P r (p0 , p1 , q 0 , q 1 ) =

cr (p1 )
.
cr (p0 )

(5.47)

Problem 7 Show that (5.47) is true.
Thus under the assumption that the consumer engages in cost minimizing behavior during periods 0
and 1 and has preferences over the n commodities that correspond to the unit cost function deﬁned
by (5.45), the quadratic mean of order r price index PF is exactly equal to the true price index,
cr (p1 )/cr (p0 ).*24 Since P r is exact for cr and cr is a ﬂexible functional form, we see that the
*23
*24

This terminology is due to Diewert (1976; 130)[127].
(1974)[121].
See Diewert (1976; 133-134)[127].

This unit cost function was ﬁrst deﬁned by Denny
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quadratic mean of order r price index P r is a superlative index for each r ̸= 0. Thus there are an
inﬁnite number of superlative price indexes.
For each price index P r , we can use the product test in order to deﬁne the corresponding implicit
quadratic mean of order r quantity index Qr∗ :
∑N 1 1
r∗ 0
1
0
1
i=1 pi qi
Q (p , p , q , q ) ≡ ∑N
0 0 r
0
1
0
1
i=1 pi qi P (p , p , q , q )
=

f r∗ (q 1 )
f r∗ (q 0 )

(5.48)

where f r∗ is the aggregator function that corresponds to the unit cost function cr deﬁned by (5.45)
above.*25 For each r ̸= 0, the implicit quadratic mean of order r quantity index Qr∗ is also a
superlative index.
When r = 2, P r deﬁned by (5.46) simpliﬁes to PF , the Fisher ideal price index and Qr∗ deﬁned by
(5.48) simpliﬁes to QF , the Fisher ideal quantity index. When r = 1, P r deﬁned by (5.46) simpliﬁes
to:
∑N 0 ( 1 0 )1/2
s p /p
P 1 (p0 , p1 , q 0 , q 1 ) ≡ ∑Ni=1 i i i −1/2
1
1
0
i=1 si (pi /pi )
](
/∑
[∑
)
N
N
0 1/2
1
0 0
0 0
/p
q
p
q
p
p
i
i
i
i
i
i
i=1
i=1
/∑
]
= [∑
N
N
1
1
1 q 1 (p1 /p0 )−1/2
p
q
p
i
i
i=1 i i
i=1 i i
/
∑N 0 ( 0 1 )1/2 ∑N 0 0
i=1 pi qi
i=1 qi pi pi
/∑
= ∑
N
N
1 1
0 1 1/2
1
i=1 pi qi
i=1 qi (pi pi )
∑N 1 1 /∑N 0 0
i=1 pi qi
i=1 pi qi
=
(5.49)
QW (p0 , p1 , q 0 , q 1 )
where QW is the Walsh quantity index deﬁned in previous chapters. Thus Q1∗ is equal to QW , the
Walsh quantity index, and hence it is also a superlative quantity index.

5.6 Superlative Indexes: The Törnqvist index
In this section, we will revert to the assumptions made on the consumer in section 5.1 above. In particular, we do not assume that the consumer’s utility function f is necessarily linearly homogeneous
as in sections 5.2-5.5 above.
Before we derive our main result, we require a preliminary result. Suppose the function of N
variables, f (z1 , . . . , zN ) ≡ f (z), is quadratic; i.e.,
f (z1 , . . . , zN ) ≡ a0 +

N
∑
i=1

N

ai zi +

N

1 ∑∑
aik zi zk ;
2 i=1

aik = aki for all i and k,

(5.50)

k=1

where the ai and the aik are constants. Let fi (z) denote the ﬁrst order partial derivative of f
evaluated at z with respect to the ith component of z, zi . Let fik (z) denote the second order partial
derivative of f with respect to zi and zk . Then it is well known that the second order Taylor series
*25

The function f r∗ can be deﬁned by using cr as follows: f r∗ (q) ≡ 1/ maxp {

∑N

i=1

pi qi : cr (p) = 1}.
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approximation to a quadratic function is exact; i.e., if f is deﬁned by (5.50) above, then for any two
points, z 0 and z 1 , we have
1

0

f (z ) − f (z ) =

N
∑

fi (z

0

)[zi1

−

zi0 ]

i=1

N

N

1 ∑∑
+
fik (z 0 )[zi1 − zi0 ][zk1 − zk0 ].
2 i=1

(5.51)

k=1

It is less well known that an average of two ﬁrst order Taylor series approximations to a quadratic
function is also exact; i.e., if f is deﬁned by (5.50) above, then for any two points, z 0 and z 1 , we
have*26
N
1∑
f (z 1 ) − f (z 0 ) =
[fi (z 0 ) + fi (z 1 )][zi1 − zi0 ].
(5.52)
2 i=1
Diewert (1976; 118)[127] and Lau (1979)[386] showed that equation (5.52) characterized a quadratic
function and called the equation the quadratic approximation lemma. We will be more brief and
refer to (5.52) as the quadratic identity.
We now suppose that the consumer’s cost function,*27 C(u, p), has the following translog functional
form:*28
N

N
∑

N

1 ∑∑
aik ln pi ln pk
ln C(u, p) ≡ a0 +
ai ln pi +
2 i=1
i=1
k=1

+ b0 ln u +

N
∑

1
bi ln pi ln u + b00 [ln u]2
2
i=1

(5.53)

where ln is the natural logarithm function and the parameters ai , aik and bi satisfy the following
restrictions:
∑N

aik = aki ;

i=1
∑N

∑N

i=1

k=1

i, k = 1, . . . , N ;

(5.54)

ai = 1;

(5.55)

bi = 0;

(5.56)

aik = 0;

i = 1, . . . , N.

(5.57)

The parameter restrictions (5.55)-(5.57) ensure that C(u, p) deﬁned by (5.53) is linearly homogeneous
in p, a property that a cost function must have. It can be shown that the translog cost function
deﬁned by (5.53)-(5.57) can provide a second order Taylor series approximation to an arbitrary cost
function.*29
We assume that the consumer has preferences that correspond to the translog cost function and that
the consumer engages in cost minimizing behavior during periods 0 and 1. Let p0 and p1 be the
period 0 and 1 observed price vectors and let q 0 and q 1 be the period 0 and 1 observed quantity
vectors. Thus we have:
∑N
∑N
C(u0 , p0 ) =
p0i qi0 and C(u1 , p1 ) =
p1i qi1
(5.58)
i=1

*26

*27
*28
*29

i=1

To prove that (5.51) and (5.52) are true, use (5.50) and substitute into the left hand sides of (5.51) and (5.52).
Then calculate the partial derivatives of the quadratic function deﬁned by (5.50) and substitute these derivatives
into the right hand side of (5.51) and (5.52).
The consumer’s cost function was deﬁned by (5.1) above.
Christensen, Jorgenson and Lau (1971)[92] introduced this function into the economics literature.
It can also be shown that if b0 = 1 and all of the bi = 0 for i = 1, ..., N and b00 = 0, then C(u, p) = uC(1, p) ≡
uc(p); i.e., with these additional restrictions on the parameters of the general translog cost function, we have
homothetic preferences. Note that we also assume that utility u is scaled so that u is always positive.
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where C is the translog cost function deﬁned above. We can also apply Shephard’s lemma, (5.20)
above:
∂C(ut , pt )
; i = 1, . . . , N ; t = 0, 1
∂pi
]
[
C(ut , pt ) ∂ ln C(ut , pt )
.
=
pti
∂ ln pi

qit =

(5.59)

Now use (5.58) to replace C(ut , pt ) in (5.59). After some cross multiplication, equations (5.59)
become the following system of equations:
∂ ln C(ut , pt )
pti qit
≡ sti =
; i = 1, . . . , N ; t = 0, 1 or
∑N
1 1
∂ ln pi
k=1 pk qk
∑N
sti = ai +
aik ln ptk + bi ln ut ; i = 1, . . . , N ; t = 0, 1
k=1

(5.60)
(5.61)

where sti is the period t expenditure share on commodity i and (5.61) follows from (5.60) by diﬀerentiating (5.53) with respect to ln pi .
Deﬁne the geometric average of the period 0 and 1 utility levels as u∗ ; i.e., deﬁne
u∗ ≡ [u0 u1 ]1/2 .

(5.62)

Now observe that the right hand side of the equation that deﬁnes the natural logarithm of the
translog cost function, equation (5.53), is a quadratic function of the variables zi ≡ ln pi if we hold
utility constant at the level u∗ . Hence we can apply the quadratic identity, (5.52), and get the
following equation:
ln C(u∗ , p1 ) − ln C(u∗ , p0 )
]
N [
1 ∑ ∂ ln C(u∗ , p0 ) ∂ ln C(u∗ , p1 )
=
+
[ln p1i − ln p0i ]
2 i=1
∂ ln pi
∂ ln pi
]
[
N
N
N
∑
∑
1∑
aik ln p1k + bi ln u∗ [ln p1i − ln p0i ]
aik ln p0k + bi ln u∗ + ai +
ai +
=
2 i=1
k=1

k=1

diﬀerentiating (5.53) at the points (u∗ , p0 ) and (u∗ , p1 )
[
]
N
N
N
∑
∑
1∑
=
ai +
aik ln p0k + bi ln[u0 u1 ]1/2 + ai +
aik ln p1k + bi ln[u0 u1 ]1/2 [ln p1i − ln p0i ]
2 i=1
k=1

k=1

using deﬁnition (5.62) for u∗
]
[
N
N
N
∑
∑
1∑
1
1
0
0
aik ln pk + bi ln u [ln p1i − ln p0i ]
=
aik ln pk + bi ln u + ai +
ai +
2 i=1
k=1

k=1

rearranging terms
]
N [
1 ∑ ∂ ln C(u0 , p0 ) ∂ ln C(u1 , p1 )
=
+
[ln p1i − ln p0i ]
2 i=1
∂ ln pi
∂ ln pi
diﬀerentiating (5.53) at the points (u0 , p0 ) and (u1 , p1 )
N

1∑ 0
=
[s + s1i ][ln p1i − ln p0i ]
2 i=1 i

using (5.60).

(5.63)
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The last equation in (5.63) can be recognized as the logarithm of the Törnqvist-Theil index number
formula PT deﬁned in earlier chapters. Hence exponentiating both sides of (5.63) yields the following
equality between the true cost of living between periods 0 and 1, evaluated at the intermediate utility
level u∗ and the observable Törnqvist (1936)[509] (1937)[510] Theil (1967)[500] index PT :*30
C(u∗ , p1 )
= PT (p0 , p1 , q 0 , q 1 ).
C(u∗ , p0 )

(5.64)

Since the translog cost function which appears on the left hand side of (5.64) is a ﬂexible functional
form, the Törnqvist-Theil price index PT is also a superlative index.
It is somewhat mysterious how a ratio of unobservable cost functions of the form appearing on the
left hand side of the above equation can be exactly estimated by an observable index number formula
but the key to this mystery is the assumption of cost minimizing behavior and the quadratic identity
(5.52) along with the fact that derivatives of cost functions are equal to quantities, as speciﬁed by
Shephard’s lemma, (5.20). In fact, all of the exact index number results derived in sections 5.4 and
5.5 can be derived using transformations of the quadratic identity along with Shephard’s lemma (or
Wold’s identity, (5.18) above).*31 Fortunately, for most empirical applications, assuming that the
consumer has (transformed) quadratic preferences will be an adequate assumption so the results
presented in sections 5.3 to 5.6 are quite useful to index number practitioners who are willing to
adopt the economic approach to index number theory.*32 Essentially, the economic approach to
index number theory provides a strong justiﬁcation for the use of the Fisher price index PF , the
Törnqvist-Theil price index PT , the implicit quadratic mean of order r price indexes P r∗ deﬁned by
(5.43) (when r = 1, this index is the Walsh price index PW ) and the quadratic mean of order r price
indexes P r deﬁned by (5.46).

5.7 The Lloyd Moulton Index Number Formula
The index number formula that will be discussed in this section on the single household economic
approach to index number theory is a potentially very useful one for statistical agencies that are
faced with the problem of producing a CPI in a timely manner. The Lloyd Moulton formula that will
be discussed in this section makes use of the same information that is required in order to implement
a Laspeyres index except that one additional piece of information is required.
In this section, the same assumptions on the consumer are made that were made in section 5.2 above.
In particular, it is assumed that the consumer’s utility function f (q) is linearly homogeneous*33 and
the corresponding unit cost function is c(p). It is supposed that the unit cost function has the
following functional form:
c(p) ≡ α0
≡ α0
*30
*31
*32

*33

[∑
N
∏N

n=1

n=1

αn p1−σ
n

n
pα
n

]1/(1−σ)
if σ ̸= 1;
if σ = 1

(5.65)

This result is due to Diewert (1976; 122)[127].
See Diewert (2000)[170]. Wold’s identity says that derivatives of the utility function are proportional to prices.
However, if consumer preferences are nonhomothetic and the change in utility is substantial between the two
situations being compared, then we may want to compute separately the Laspeyres-Konüs and Paasche-Konüs
true cost of living indexes deﬁned above by (5.3) and (5.4), C(u0 , p1 )/C(u0 , p0 ) and C(u1 , p1 )/C(u1 , p0 )
respectively. In order to do this, we would have to use econometrics and estimate empirically the consumer’s
cost or expenditure function. However, if we are willing to make the assumption that the consumer’s cost
function can be adequately represented by a general translog cost function, then we can use (5.64) to calculate
the true index C(u∗ , p1 )/C(u∗ , p0 ) where u∗ ≡ [u0 u1 ]1/2 .
Thus homothetic preferences are assumed in this section.
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∑N
where the αi and σ are nonnegative parameters with i=1 αi = 1. The unit cost function deﬁned
by (5.65) corresponds to a Constant Elasticity of Substitution (CES) aggregator function which was
introduced into the economics literature by Arrow, Chenery, Minhas and Solow (1961)[15]*34 . The
parameter σ is the elasticity of substitution; when σ = 0, the unit cost function deﬁned by (5.65)
becomes linear in prices and hence corresponds to a ﬁxed coeﬃcients aggregator function which
exhibits 0 substitutability between all commodities. When σ = 1, the corresponding aggregator or
utility function is a Cobb-Douglas function. When σ approaches +∞, the corresponding aggregator
function f approaches a linear aggregator function which exhibits inﬁnite substitutability between
each pair of inputs. The CES unit cost function deﬁned by (5.65) is not a fully ﬂexible functional
form (unless the number of commodities N being aggregated is 2) but it is considerably more ﬂexible
than the zero substitutability aggregator function (this is the special case of (5.65) where σ is set
equal to zero) that is exact for the Laspeyres and Paasche price indexes.
Under the assumption of cost minimizing behavior in period 0, Shephard’s Lemma, (5.20) above,
tells us that the observed ﬁrst period consumption of commodity i, qi0 , will be equal to u0 ∂c(p0 )/∂pi
where ∂c(p0 )/∂pi is the ﬁrst order partial derivative of the unit cost function with respect to the ith
commodity price evaluated at the period 0 prices and u0 = f (q 0 ) is the aggregate (unobservable)
level of period 0 utility. Using the CES functional form deﬁned by (5.65) and assuming that σ ̸= 1,
the following equations are obtained:
qi0 = u0 α0
=

[∑
N
n=1

αn (p0n )r

](1/r)−1

αi (p0i )r−1 ;

r ≡ 1 − σ ̸= 0; i = 1, . . . , N

u0 c(p0 )αi (p0i )r−1
.
∑N
0 r
n=1 αn (pn )

(5.66)

These equations can be rewritten as
αi (p0i )r
p0i qi0
=
;
∑N
0 r
u0 c(p0 )
n=1 αn (pn )

i = 1, . . . , N.

(5.67)

Now consider the following Lloyd (1975)[393] Moulton (1996)[408] index number formula:
[
PLM (p0 , p1 , q 0 , q 1 ) ≡

N
∑

s0i

(

i=1

p1i
p0i

)1−σ ]1/(1−σ)
;

σ ̸= 1

(5.68)

where s0i is the period 0 expenditure share of commodity i as usual:
p0 q 0
s0i ≡ ∑N i i
;
0 q0
p
k=1 k k
=

p0i qi0
u0 c(p0 )

using the assumption of cost minimizing behavior

αi (p0i )r
= ∑N
0 r
n=1 αn (pn )

*34

i = 1, . . . , N

using (5.67).

(5.69)

In the mathematics literature, this aggregator function or utility function is known as a mean of order r; see
Hardy, Littlewood and Polyá (1934; 12-13)[308].
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If (5.69) is substituted into (5.68), it is found that:
[
0

1

0

1

PLM (p , p , q , q ) ≡

N
∑

[
=

i=1
N
∑

[
=

s0i

p1i
p0i

{

)r ]1/r
using r ≡ 1 − σ
}(

αi (p0i )r

∑N

αn (p0n )r
]1/r
αi (p1i )r
n=1

i=1
N
∑

(

p1i
p0i

)r ]1/r
using (5.69)

∑N

αn (p0n )r
]1/r
[∑
N
1 r
α
(p
)
i
i
i=1
= [
]1/r
∑N
0 )r
α
(p
i=1 n n
i=1

=

α0
α0

=

n=1

[∑

αi (p1i )r

N
i=1

αn (p0n )r

[∑

c(p1 )
c(p0 )

]1/r

N
i=1

]1/r

using r ≡ 1 − σ and (5.65).

(5.70)

Equation (5.70) shows that the Lloyd Moulton index number formula PLM is exact for CES preferences. Lloyd (1975)[393] and Moulton (1996)[408] independently derived this result but it was
Moulton who appreciated the signiﬁcance of the formula (5.70) for statistical agency purposes. Note
that in order to evaluate (5.68) numerically, it is necessary to have information on:
• base period expenditure shares s0i ;
• the price relatives p1i /p0i between the base period and the current period and
• an estimate of the elasticity of substitution between the commodities in the aggregate, σ.
The ﬁrst two pieces of information are the standard information sets that statistical agencies use to
evaluate the Laspeyres price index PL (note that PLM reduces to PL if σ = 0). Hence, if the statistical
agency is able to estimate the elasticity of substitution σ based on past experience*35 , then the Lloyd
Moulton price index can be evaluated using essentially the same information set that is used in order
to evaluate the traditional Laspeyres index. Moreover, the resulting consumer price index will be free
of substitution bias to a reasonable degree of approximation.*36 Of course, the practical problem
with implementing this methodology is that estimates of the elasticity of substitution parameter σ
are bound to be somewhat uncertain and hence the resulting Lloyd Moulton index may be subject
to charges that it is not objective or reproducible. The statistical agency will have to balance the
beneﬁts of reducing substitution bias with these possible costs.
*35

*36

For the ﬁrst application of this methodology (in the context of the consumer price index), see Shapiro and
Wilcox (1997; 121-123)[470]. They calculated superlative Törnqvist indexes for the U.S. for the years 1986-1995
and then calculated the Lloyd Moulton CES index for the same period using various values of σ. They then
chose the value of σ (which was .7) which caused the CES index to most closely approximate the Törnqvist
index. Essentially the same methodology was used by Alterman, Diewert and Feenstra (1999)[10] in their study
of U.S. import and export price indexes. For alternative methods for estimating σ, see Balk (2000)[41] and the
following section.
What is a “reasonable” degree of approximation depends on the context. Assuming that consumers have CES
preferences is not a reasonable assumption in the context of estimating elasticities of demand: at least a second
order approximation to the consumer’s preferences is required in this context. However, in the context of
approximating changes in a consumer’s expenditures on the N commodities under consideration, it is usually
adequate to assume a CES approximation.
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The ﬁnal section in this chapter looks at some econometric approaches to the estimation of the
elasticity of substitution parameter σ.

5.8 Econometric Approaches to the Estimation of the Elasticity of
Substitution
Recall equations (5.67) above. The utility level u0 on the left hand side of equations (5.67) can be
eliminated if we set period 0 expenditures, u0 c(p0 ), equal to the observed expenditure, say Y 0 , on
the N commodities during period 0; i.e.,
u0 c(p0 ) = Y 0 ≡

N
∑

p0n qn0 .

(5.71)

n=1

Substituting (5.71) into (5.67) leads to the following equation for the consumer’s ith expenditure
share in period 0, s0i :
p0 q 0
αi (p0i )r
s0i ≡ i 0i = ∑N
; i = 1, 2, . . . , N.
(5.72)
0 r
Y
k=1 αk (pk )
Letting stn be the expenditure share on commodity n in period t, we can derive the counterpart to
equations (5.72) for period t as well:
stn ≡

αn (ptn )r
ptn qnt
;
=
∑
N
t r
Yt
k=1 αk (pk )

n = 1, 2, . . . , N ; t = 0, 1, . . . , T.

(5.73)

Note that the right hand side expressions in equations (5.73) are homogeneous of degree 0 in the
positive parameters, α1 , α2 , . . . , αN , so that we will require a normalization on these parameters in
order to identify them (such as α1 + α2 + · · · + αN = 1). Other than this normalization problem,
equations (5.73) could have error terms appended to them and we could estimate the unknown αn
and r parameters using nonlinear regression techniques. However, in the standard CES estimation
literature, this is not what is done. Usually, each equation in (5.73) is divided by say the 1st equation
in period t in order to obtain the following system of equations:
stn
αn (ptn )r
=
;
st1
α1 (pt1 )r

n = 2, . . . , N ; t = 0, 1, . . . , T.

(5.74)

Now take logarithms on both sides of (5.74) and we obtain the following system of estimating
equations after adding the error terms etn :
ln[stn /st1 ] = βn + r ln[ptn /pt1 ] + etn ;

n = 2, . . . , N ; t = 0, 1, . . . , T

(5.75)

where βn ≡ ln αn − ln α1 for n = 2, . . . , N . The system of estimating equations (5.75) is linear in the
unknown r and βn parameters and thus linear regression techniques can be used in the estimation
procedure.
Now a problem with (5.75) is that the ﬁrst commodity plays a asymmetric role in the estimation.
In what follows, we attempt to ﬁnd symmetric estimating equations.*37 Deﬁne the geometric mean
of the αn which occur in (5.73) by:
α• ≡
*37

[∏
N
n=1

]1/N
αn

.

Our analysis is based on an approach that was originally suggested by James Cuthbert.

(5.76)
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Deﬁne the geometric mean of the period t expenditure shares stn by:
]1/N
[∏
N
; t = 0, 1, . . . , T.
st• ≡
stn

(5.77)

Finally, deﬁne the geometric mean of the period t prices ptn by:
[∏
]1/N
N
t
t
p• ≡
pn
; t = 0, 1, . . . , T.

(5.78)

n=1

n=1

Using equations (5.73) and the above deﬁnitions, it can be seen that
α• (pt• )r
st• = ∑N
;
t )r
α
(p
k
k=1
k

t = 0, 1, . . . , T.

(5.79)

Now take each of the N period t equations in (5.73) and divide by equation t in (5.79) in order to
obtain the following system of equations:
αn (ptn )r
stn
=
;
st•
α• (pt• )r

n = 1, . . . , N ; t = 0, 1, . . . , T.

(5.80)

Finally, take logarithms of both sides of (5.80) and add the error terms etn in order to obtain the
following system of estimating equations:
ln[stn /st• ] = γn + r ln[ptn /pt• ] + etn ;
where

γn ≡ ln αn − ln α• ;

n = 1, . . . , N ; t = 0, 1, . . . , T

(5.81)

n = 1, . . . , N.

(5.82)

The system of estimating equations (5.81) is linear in the unknown r and γn parameters and thus
linear regression techniques can be used in the estimation procedure.
Using deﬁnitions (5.76) and (5.82), it can be shown that:
∑N
γn = 0.
(5.83)
n=1

Using (5.79) and (5.80), we have:
∑N
0=
ln[stn /st• ]
n=1
∑N
∑N
∑N
=
γn + r
ln[ptn /pt• ] +
etn ; using (5.81)
n=1
n=1
n=1
∑N
= 0 + r[0] +
etn using (5.83) and (5.78)
n=1
∑N
=
etn ; t = 0, 1, . . . , T.
n=1

(5.84)

Thus for any period t, the errors sum to zero and hence cannot be independently distributed. Hence
for each period t, we must drop one of the estimating equations in (5.81). Hence there will be
(N − 1)(T + 1) degrees of freedom to estimate the unknown r = σ − 1 and the N − 1 independent
γn parameters.*38 Suppose the ﬁrst equation is dropped in the estimation procedure. Then we have
∗
and we deﬁne γ1∗ using (5.83); i.e.,
estimates for γ2∗ , γ3∗ , . . . , γN
∑N
γ1∗ ≡ −
γn∗ .
(5.85)
n=2

*38

If we use a seemingly unrelated regression package to do the estimation, the estimates will be invariant to the
equation that is dropped.
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The corresponding estimated αn∗ parameters are now deﬁned as follows:
αn∗ ≡ exp[γn∗ ] > 0;

n = 1, . . . , N.

(5.86)

It turns out that the estimated αn∗ satisfy the following normalization:
∗ 1/N
1 = α•∗ ≡ [α1∗ α2∗ · · · αN
]
.

(5.87)

Of course, the important parameter is r and standard errors for it can readily be obtained.
Let us return to the regression model (5.81) and discuss the distributional assumptions on the error
terms, etn . As mentioned above, we cannot simply assume that the etn are independently distributed
over time due to the constraints (5.84) on these errors. Deﬁne (the transpose of) the period t vector
of errors, et , as
(et )T ≡ [et1 , . . . , etN ]; t = 0, 1, . . . , T.
(5.88)
The simplest stochastic speciﬁcation for the et is the following one:
Eet = 0N ; *39

(5.89)

Eet (et )T ≡ Σ

(5.90)

where Σ is a positive semideﬁnite symmetric matrix of rank N − 1 that satisﬁes the restriction
Σ1N = 0N .

(5.91)

The resulting model can be estimated by maximum likelihood or the method of seemingly unrelated
regressions after dropping any one of the N equations.*40
A useful generalization of (5.81) is to add a time trend to the r parameter, leading to the following
model:
ln[stn /st• ] = γn + (r + st) ln[ptn /pt• ] + etn ; n = 1, . . . , N ; t = 0, 1, . . . , T
(5.92)
where s is a new time trending parameter. This model allows the elasticity of substitution to trend
over time.*41 Again, the restrictions (5.84) on the error terms etn will hold for this new model. We
continue to make the stochastic speciﬁcation (5.89)-(5.91). Again, one of the N equations can be
dropped and the resulting model can be estimated by the seemingly unrelated regression model.*42
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Chapter 6

The Theory of the Cost of Living Index:
The Many Consumer Case
6.1 Introduction
In previous chapters, we have considered the theory of the cost of living index for only a single
consumer or household. In this chapter*1 , we consider some of the problems involved in the construction of a superlative index when there are many households or regions in the economy and our
goal is the production of a national index. In our algebra below, we allow for an arbitrary number
of households, H say, so in principle, each household in the economy under consideration could have
its own consumer price index. However, in practice, it will be necessary to group households into
various classes and within each class, it will be necessary to assume that the group of households in
the class behaves as if it were a single household in order to apply the economic approach to index
number theory. Our partition of the economy into H household classes can also be given a regional
interpretation: each household class can be interpreted as a group of households within a region of
the country under consideration.

6.2 Plutocratic Cost of Living Indexes and Observable Bounds
In this section, we will consider an economic approach to the CPI that is based on the plutocratic cost
of living index that was originally deﬁned by Prais (1959)[438]. This concept was further reﬁned by
Pollak (1980; 276)[431] (1981; 328)[432] who deﬁned his Scitovsky-Laspeyres cost of living index as
the ratio of total expenditure required to enable each household in the economy under consideration
to attain its base period indiﬀerence surface at period 1 prices to that required at period 0 prices.
In the following paragraph, we will make various assumptions and explain this concept more fully.
Suppose that there are H households (or regions) in the economy and suppose further that there
are N commodities in the economy in periods 0 and 1 that households consume and that we wish
to include in our deﬁnition of the cost of living. Denote an N dimensional vector of commodity
consumption in a given period by q ≡ (q1 , q2 , . . . , qN ) as usual. Denote the vector of period t
market prices faced by household h by pth ≡ (pth1 , pth2 , . . . , pthN ) for t = 0, 1. Note that we are not
assuming that each household faces the same vector of commodity prices. In addition to the market
commodities that are in the vector q, we assume that each household is aﬀected by an M dimensional
vector of environmental *2 or demographic *3 variables or public goods, e ≡ (e1 , e2 , . . . , eM ). We
*1
*2
*3

Much of the material in this section is based on Diewert (1983)[136] (2000)[169] (2001)[171].
This is the terminology used by Pollak (1989; 181)[435] in his model of the conditional cost of living concept.
Caves, Christensen and Diewert (1982; 1409)[86] used the terms demographic variables or public goods to describe
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suppose that there are H households (or regions) in the economy during periods 0 and 1 and the
preferences of household h over diﬀerent combinations of market commodities q and environmental
variables e can be represented by the continuous utility function f h (q, e) for h = 1, 2, . . . , H.*4
For periods t = 0, 1 and for households h = 1, 2, . . . , H, it is assumed that the observed household
t
t
h consumption vector q th ≡ (qh1
, . . . , qhN
) is a solution to the following household h expenditure
minimization problem:
min{pth · q : f h (q, eth ) ≥ uth } ≡ C h (uth , eth , pth );
q

t = 0, 1; h = 1, 2, . . . H

(6.1)

where eth is the environmental vector facing household h in period t, uth ≡ f h (q th , eth ) is the utility
level achieved by household h during period t and C h is the cost or expenditure function that is
dual to the utility function f h .*5 Basically, these assumptions mean that each household has stable
preferences over the same list of commodities during the two periods under consideration, the same
households appear in each period and each household chooses its consumption bundle in the most cost
eﬃcient way during each period, conditional on the environmental vector that it faces during each
period. Note again that the household (or regional) prices are in general diﬀerent across households
(or regions).
With the above assumptions in mind, we generalize Pollak (1980)[431] (1981)[432] and Diewert (1983; 190)[136]*6 and deﬁne the class of conditional plutocratic cost of living indexes,
P ∗ (p0 , p1 , u, e1 , e2 , . . . , eH ), pertaining to periods 0 and 1 for the arbitrary utility vector of
household utilities u ≡ (u1 , u2 , . . . , uH ) and for the arbitrary vectors of household environmental
variables eh for h = 1, 2, . . . , H as follows:
P

∗

(p01 , . . . , p0H , p11 , . . . , p1H , u, e1 , e2 , . . . , eH )

∑H

≡ ∑h=1
H

h=1

C h (uh , eh , p1h )
C h (uh , eh , p0h )

.

(6.2)

The numerator on the right hand side of (6.2) is the sum over households of the minimum cost,
C h (uh , eh , p1h ), for household h to achieve the arbitrary utility level uh , given that the household
h faces the arbitrary vector of household h environmental variables eh and also faces the period 1
vector of prices p1h . The denominator on the right hand side of (6.2) is the sum over households of
the minimum cost, C h (uh , eh , p0h ), for household h to achieve the same arbitrary utility level uh ,
given that the household faces the same arbitrary vector of household h environmental variables eh
and also faces the period 0 vector of prices p0h . Thus in the numerator and denominator of (6.2),
only the price variables are diﬀerent, which is precisely what we want in a theoretical deﬁnition of a
consumer price index.
We now specialize the general deﬁnition (6.2) by replacing the general utility vector u by either
the period 0 vector of household utilities u0 ≡ (u01 , u02 , . . . , u0H ) or the period 1 vector of household utilities u1 ≡ (u11 , u12 , . . . , u1H ). We also specialize the general deﬁnition (6.2) by replacing
the general household environmental vectors (e1 , e2 , . . . , eH ) ≡ e by either the period 0 vector of
household environmental variables e0 ≡ (e01 , e02 , . . . , e0H ) or the period 1 vector of household environmental variables e1 ≡ (e11 , e12 , . . . , e1H ). The choice of the base period vector of utility levels
and base period environmental variables leads to the Laspeyres conditional plutocratic cost of living

*4
*5
*6

the vector of conditioning variables e in their generalized model of the Konüs price index or cost of living index.
We assume that each f h (q, e) is continuous and increasing in the components of q and e and is concave in the
components of q.
∑
In order to minimize notational clutter, in this section we use the notation p · q ≡ N
n=1 pn qn as the inner
product between the vectors p and q, rather than write out the summations.
These authors provided generalizations of the plutocratic cost of living index due to Prais (1959)[438]. Pollak
and Diewert did not include the environmental variables in their deﬁnitions of a group cost of living index.
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index, P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u0 , e0 )*7 , while the choice of the period 1 vector of utility levels and
period 1 environmental variables leads to the Paasche conditional plutocratic cost of living index,
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ). It turns out that these last two indexes satisfy some interesting
inequalities, which we derive below.
Using deﬁnition (6.2), the Laspeyres plutocratic conditional cost of living index,
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u0 , e0 ), may be written as follows:
P ∗ (p01 , . . . , p0H ,p11 , . . . , p1H , u0 , e01 , e02 , . . . , e0H )
∑H
C h (u0h , e0h , p1h )
≡ ∑h=1
H
0
0
h 0
h=1 C (uh , eh , ph )
∑H
h 0
0
1
h=1 C (uh , eh , ph )
=
using (6.1) for t = 0
∑H
0 · q0
p
h=1 h
h
∑H
1
0
ph · q h
≤ ∑h=1
H
0
0
h=1 ph · q h
since C h (u0h , e0h , p1h ) ≡ minq {p1h · q : f h (q, e0h ) ≥ u0h } ≤ p1 · q 0h and q 0h
is feasible for the cost minimization problem for h = 1, 2, . . . , H
≡ PP L

(6.3)

∑H
where PP L is deﬁned to be the observable (in principle) plutocratic Laspeyres price index, h=1 p1h ·
∑H
q 0h / h=1 p0h · q 0h , which uses the individual vectors of household or regional quantities for period 0,
0
(q10 , . . . , qH
), as quantity weights.*8 If prices are equal across households (or regions), so that
pth = pt

for t = 0, 1 and h = 1, 2, . . . , H,

(6.4)

then the plutocratic (or disaggregated) Laspeyres price index PP L collapses down to the usual
aggregate Laspeyres index, PL ; i.e., if (6.4) holds, then PP L in (6.3) becomes
∑H

PP L ≡ ∑h=1
H

p1h · q 0h

p0h · q 0h
∑H
p1 · h=1 q 0h
=
∑H
p0 · h=1 q 0h
h=1

p1 · q 0
p0 · q 0
≡ PL

=

(6.5)

where the total quantity vector in period t is deﬁned as
qt ≡
*7

*8

∑H
h=1

q th

for t = 0, 1.

(6.6)

This is the concept of a cost of living index that Triplett (2000; 27)[505] found most useful for measuring inﬂation:
“One might want to produce a COL conditional on the base period’s weather experience. . . . In this case, the
unusually cold winter does not aﬀect the conditional COL subindex that holds the environment constant. . . .
the COL subindex that holds the environment constant is probably the COL concept that is most useful for an
anti-inﬂation policy.” Hill (1999; 4)[336] endorsed this point of view.
Thus the plutocratic Laspeyres index can be regarded as an ordinary Laspeyres index except that each commodity in each region is regarded as a separate commodity.
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The inequality (6.3) says that the theoretical Laspeyres plutocratic conditional cost of living index,
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u0 , e0 ), is bounded from above by the observable (in principle) plutocratic
or disaggregated Laspeyres price index PP L . The special case of inequality (6.3) when the equal prices
assumption (6.4) holds was ﬁrst obtained by Pollak (1989; 182)[435] for the case of one household
with environmental variables and by Pollak (1980; 276)[431] for the many household case but where
the environmental variables are absent from the household utility and cost functions.
In a similar manner, specializing deﬁnition (6.2), the Paasche conditional plutocratic cost of living
index, P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ), may be written as follows:
P ∗ (p01 , . . . , p0H ,p11 , . . . , p1H , u1 , e11 , e12 , . . . , e1H )
∑H
C h (u1h , e1h , p1h )
≡ ∑h=1
H
1
0
h 1
h=1 C (uh , eh , ph )
∑H
p1 · q 1
using (6.1) for t = 1
= ∑H h=1 h h
0
1
h 1
h=1 C (uh , eh , ph )
∑H
p1h · q 1h
≥ ∑h=1
using a feasibility argument
H
0
1
h=1 ph · q h
≡ PP P

(6.7)

where PP P is deﬁned to be the plutocratic or disaggregated (over households) Paasche price index,
∑H
∑H
1
1
0
1
h=1 ph · q h /
h=1 ph · q h , which uses the individual vectors of household quantities for period 1,
1
1
(q1 , . . . , qH ), as quantity weights.
If prices are equal across households (or regions), so that assumptions (6.6) hold, then the disaggregated Paasche price index PP P collapses down to the usual aggregate Paasche index, PP ; i.e., if
(6.6) holds, then PP P in (6.7) becomes
∑H
p1h · q 1h
PP P ≡ ∑h=1
H
1
0
h=1 ph · q h
∑H
p1 · h=1 q 1h
=
∑H
p0 · h=1 q 1h
p1 · q 1
p0 · q 1
≡ PP .

=

(6.8)

Returning to the inequality (6.7), we see that the theoretical Paasche conditional plutocratic cost of
living index, P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ), is bounded from below by the observable plutocratic
or disaggregated Paasche price index PP P . Diewert (1983; 191)[136] ﬁrst obtained the inequality
(6.7) for the case where the environmental variables were absent from the household utility and cost
functions and prices were equal across households.
In the following section, we shall show how to obtain a theoretical plutocratic cost of living index
that is bounded from above and below rather than the theoretical indices that just have the one
sided bounds in (6.3) and (6.7).

6.3 The Fisher Plutocratic Price Index
Using the inequalities (6.3) and (6.7) and the continuity properties of the conditional plutocratic
cost of living P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u, e) deﬁned by (6.2), it is possible to modify the method of
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proof used by Konüs (1924)[380] and Diewert (1983; 191)[136] and establish the following result:*9
Proposition 1 Under our assumptions, there exists a reference utility vector u∗ ≡ (u∗1 , u∗2 , . . . , u∗H )
such that the household h reference utility level u∗h lies between the household h period 0 and 1
utility levels, u0h and u1h respectively for h = 1, . . . , H, and there exist household environmental
vectors e∗h ≡ (e∗h1 , e∗h2 , . . . , e∗hM ) such that the household h reference mth environmental variable
e∗hm lies between the household h period 0 and 1 levels for the mth environmental variable, e0hm
and e1hm respectively for m = 1, 2, . . . , M and h = 1, . . . , H, and the conditional plutocratic cost of
living index P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u∗ , e∗ ) evaluated at this intermediate reference utility vector
u∗ and the intermediate reference vector of household environmental variables e∗ ≡ (e∗1 , e∗2 , . . . , e∗H )
lies between the observable (in principle) plutocratic Laspeyres and Paasche price indexes, PP L and
PP P , deﬁned above by the last equalities in (6.3) and (6.7).
Proof. Utilize the method of proof used in Proposition 1 in Chapter 5 by deﬁning g(λ) for
0 ≤ λ ≤ 1 by g(λ) ≡ P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , (1 − λ)u0 + λu1 , (1 − λ)e01 + λe11 , . . . , (1 −
λ)e0H + λe1H ) . Note that g(0) = P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u0 , e01 , e02 , . . . , e0H ) and g(1) =
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u1 , e11 , e12 , . . . , e1H ). There are 24 = (4)(3)(2)(1) possible a priori inequality relations that are possible between the four numbers g(0), g(1), PP L and PP P . However, the
inequalities (6.3) and (6.7) above imply that g(0) ≤ PL and PP ≤ g(1). This means that there are
only six possible inequalities between the four numbers:
g(0) ≤ PP L ≤ PP P ≤ g(1);
g(0) ≤ PP P ≤ PP L ≤ g(1);
g(0) ≤ PP P ≤ g(1) ≤ PP L ;
PP P ≤ g(0) ≤ PP L ≤ g(1);
PP P ≤ g(1) ≤ g(0) ≤ PP L ;

(6.9)

PP P ≤ g(0) ≤ g(1) ≤ PP L .
Using the assumptions that: (a) the consumer’s utility function f is continuous over its domain
of deﬁnition; (b) the utility function is increasing in the components of q and hence is subject
to local nonsatiation and (c) the price vectors pt have strictly positive components, it is possible to use Debreu’s (1959; 19)[111] Maximum Theorem (see also Diewert (1993; 112-113)[154]
for a statement of the Theorem) to show that the household cost functions C h (uh , eh , ph ) will
be continuous in the components of uh and eh . Thus using deﬁnition (6.2), it can be seen that
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u, e1 , e2 , . . . , eH ) will also be continuous in the components of the vectors
u, e1 , e2 , . . . , eH . Hence g(λ) is a continuous function of λ and assumes all intermediate values between g(0) and g(1). By inspecting the inequalities (6.9) above, it can be seen that we can choose λ
between 0 and 1, λ∗ say, such that PP L ≤ g(λ∗ ) ≤ PP P or such that PP P ≤ g(λ∗ ) ≤ PP L .
The above result tells us that the theoretical national plutocratic conditional consumer price index
P ∗ (p01 , . . . , p0H , p11 , . . . , p1H , u∗ , e∗ ) lies between the plutocratic or disaggregated Laspeyres index PP L
and the plutocratic or disaggregated Paasche index PP P . Hence if PP L and PP P are not too diﬀerent,
a good point approximation*10 to the theoretical national plutocratic consumer price index will be
the plutocratic or disaggregated Fisher index PP F deﬁned as PP F ≡ [PP L PP P ]1/2 .
The plutocratic Fisher price index PP F is computed just like the usual Fisher price index, except
that each commodity in each region (or for each household) is regarded as a separate commodity.
*9

*10

Note that the household cost functions must be continuous in the environmental variables which is a real
restriction on the types of environmental variables which can be accommodated by the result. Thus if household
preferences change discontinuously as the season of the year changes, then Proposition 1 would not be valid.
Recall Proposition 2 in Chapter 2 for a more formal justiﬁcation for the use of the Fisher index as an appropriate
average of the Paasche and Laspeyres indexes.
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Of course, this index will satisfy the time reversal test.
Since statistical agencies do not calculate Laspeyres, Paasche and Fisher price indexes by taking
inner products of price and quantity vectors, it will be useful to obtain formulae for the Laspeyres
and Paasche indices that depend only on price relatives and expenditure shares. In order to do this,
we need to introduce some notation. Deﬁne the expenditure share of household h on commodity i in
period t as
pt q t
sthi ≡ ∑N hi hi
; t = 0, 1; h = 1, 2, . . . , H; i = 1, 2, . . . , N.
(6.10)
t
t
k=1 phk qhk
Deﬁne the expenditure share of household h in total period t consumption as:
Sht

∑N

t
pthi qhi
∑N t t
k=1
i=1 pki qki

≡ ∑H

i=1

pt · q t
= ∑H h h
t
t
k=1 pk · q k

t = 0, 1; h = 1, 2, . . . , H.

(6.11)

Finally, deﬁne the national expenditure share of commodity i in period t as:
σit

∑H

h=1
≡ ∑H

t
pthi qhi

t = 0, 1; i = 1, 2, . . . , N
ptk · q tk
[
]
H [ t t ]
∑
pth · q th
phi qhi
=
∑H
t
t
pth · q th
k=1 pk · q k
h=1
]
[
∑H
pth · q th
t
using deﬁnitions (6.10)
=
shi ∑H
t
t
h=1
k=1 pk · q k
∑H
=
sthi Sht using deﬁnitions (6.11).
k=1

h=1

(6.12)

The Laspeyres price index for household h (or region h) is deﬁned as:
p1h · q 0h
h = 1, 2, . . . , H
p0h · q 0h
∑N
(p1 /p0 )p0 q 0
= i=1 hi0 hi0 hi hi
ph · q h
∑N
=
s0hi (p1hi /p0hi ) using deﬁnitions (6.10).

PLh ≡

i=1

(6.13)
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Referring back to (6.3), the plutocratic national Laspeyres price index PP L can be rewritten as
follows:
∑H
p1h · q 0h
(6.14)
PP L ≡ ∑h=1
H
0
0
h=1 ph · q h
]
][
H [ 1
∑
ph · q 0h
p0h · q 0h
=
∑H
0
0
p0h · q 0h
h=1 ph · q h
h=1

]
H [ 1
∑
ph · q 0h
S 0 using deﬁnitions (6.11) with t = 0
=
p0h · q 0h h
h=1
∑H
=
Sh0 PLh using deﬁnitions (6.13)
h=1
∑H
∑N
=
Sh0
s0hi (p1hi /p0hi ) using the last line of (6.13)
h=1
i=1
∑H ∑N
=
Sh0 s0hi (p1hi /p0hi ) rearranging terms.
h=1

i=1

(6.15)

(6.16)

Equation (6.15) shows that the plutocratic national Laspeyres price index is equal to a (period 0)
regional expenditure share weighted average of the regional Laspeyres price indices. Equation (6.16)
shows that the national Laspeyres price index is equal to a period 0 expenditure share weighted
average of the regional price relatives, (p1hi /p0hi ), where the corresponding weight, Sh0 s0hi , is the
period 0 national expenditure share of commodity i for household h.
The Paasche price index for region h (or household h) is deﬁned as:
p1h · q 1h
h = 1, 2, . . . , H
p0h · q 1h
/[ ∑
]
N
0
1
1 1
i=1 (phi /phi )phi qhi
=1
p1h · q 1h
/∑
N
=1
s1hi (p1hi /p0hi )−1 using deﬁnitions (6.10)

PP h ≡

=

[∑
N

i=1

i=1

s1hi (p1hi /p0hi )−1

]−1
.

(6.17)
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Referring back to (6.7), the plutocratic national Paasche price index PP P can be rewritten as follows:
∑H
1
1
k=1 pk · q k
(6.18)
PP P ≡ ∑H
0 · q1
p
h
h=1 h
]}
[
/{ H [
1
1
∑ p0 · q 1 ]
p
·
q
h
h
h
h
=1
∑H
1
1
p1h · q 1h
k=1 pk · q k
h=1
/H [
∑ p1 · q 0 ]−1
h
h
=1
Sh1 using deﬁnitions (6.11) with t = 1
p0h · q 0h
h=1
[∑
]−1
H
1 −1
=
Sh PP h
using deﬁnitions (6.17)
(6.19)
h=1

=
=

[∑
H

h=1

[∑
H

∑N

Sh1

i=1

∑N

h=1

i=1

s1hi (p1hi /p0hi )−1

Sh1 s1hi (p1hi /p0hi )−1

]−1
using the last line of (6.17)

]−1
rearranging terms.

(6.20)

Equation (6.19) shows that the national plutocratic Paasche price index is equal to a (period 1)
regional expenditure share weighted harmonic mean of the regional Paasche price indices. Equation
(6.20) shows that the national Paasche price index is equal to a period 1 expenditure share weighted
harmonic average of the regional price relatives, (p1hi /p0hi ), where the weight for this price relative,
Sh1 s1hi , is the period 1 national expenditure share of commodity i in region h.
Of course, the share formulae for the plutocratic Paasche and Laspeyres indices, PP P and PP L , given
by (6.16) and (6.20) can now be used to calculate the plutocratic Fisher index, PP F ≡ [PP P PP L ]1/2 .
If prices are equal across regions, the formulae (6.16) and (6.20) simplify. The formula for the
plutocratic Laspeyres index (6.16) becomes:
PP L =
=
=

∑H

∑N

h=1
∑H

i=1
∑N

h=1
∑N

i=1

= PL

i=1

Sh0 s0hi (p1hi /p0hi )
Sh0 s0hi (p1i /p0i ) using assumptions (6.4)

σi0 (p1i /p0i ) using (6.12) for t = 0
(6.21)

where PL is the usual aggregate Laspeyres price index based on the assumption that each household
faces the same vector of commodity prices; see (6.5) for the deﬁnition of PL . Under the equal prices
across households assumption (6.4), the formula for the plutocratic Paasche index (6.20) becomes:
[∑
]−1
H ∑N
PP P =
Sh1 s1hi (p1hi /p0hi )−1
h=1

=
=

[∑
H

h=1

[∑
N

= PP

i=1

i=1

∑N
i=1

Sh1 s1hi (p1i /p0i )−1

σi1 (p1i /p0i )−1

]−1
using assumptions (6.4)

]−1
using (6.12) for t = 1
(6.22)

where PP is the usual aggregate Paasche price index based on the assumption that each household
faces the same vector of commodity prices; see (6.8) for the deﬁnition of PP .

6.4 Democratic versus Plutocratic Cost of Living Indexes

149

Thus with the assumption that commodity prices are the same across regions, in order to calculate
national Laspeyres and Paasche indexes, we require only “national” price relatives and national
commodity expenditure shares for the two periods under consideration. However, if there is regional
variation in prices, then the simpliﬁed formulae (6.21) and (6.22) are not valid and we must use our
earlier formulae, (6.16) and (6.20).

6.4 Democratic versus Plutocratic Cost of Living Indexes
The plutocratic indexes considered above weight each household in the economy according to the
size of their expenditures in the two periods under consideration. Instead of weighting in this way,
it is possible to deﬁne theoretical indices (and “practical” approximations to them) that give each
household or household group in the economy an equal weight. Following Prais (1959)[438], we will
call such an index a democratic index. In this section, we will rework the plutocratic index number
theory developed in sections 6.2 and 6.3 above into a democratic framework.
Making the same assumptions as in section 6.2 above, we deﬁne the class of conditional democratic
∗
(p0 , p1 , u, e1 , e2 , . . . , eH ), pertaining to periods 0 and 1 for the arbitrary
cost of living indices, PD
utility vector of household utilities u ≡ (u1 , u2 , . . . , uH ) and for the arbitrary vectors of household
environmental variables eh for h = 1, 2, . . . , H as follows:
∗
PD
(p01 , . . . , p0H , p11 , . . . , p1H , u, e1 , e2 , . . . , eH ) ≡

]
H [
∑
1 C h (uh , eh , p1h )
.
H C h (uh , eh , p0h )

(6.23)

h=1

∗
Thus PD
is a simple unweighted arithmetic average of the individual household conditional cost of
living indexes, C h (uh , eh , p1h )/C h (uh , eh , p0h ). In the numerator and denominator of these conditional
indexes, only the price variables are diﬀerent, which is precisely what we want in a theoretical
deﬁnition of a consumer price index. If the vector of environmental variables, eh , is not present in
the cost function of household h, then the conditional index C h (uh , eh , p1h )/C h (uh , eh , p0h ) becomes
an ordinary Konüs true cost of living index of the type deﬁned earlier in Chapter 4.

We now specialize the general deﬁnition (6.23) by replacing the general utility vector u by either
the period 0 vector of household utilities u0 ≡ (u01 , u02 , . . . , u0H ) or the period 1 vector of household utilities u1 ≡ (u11 , u12 , . . . , u1H ). We also specialize the general deﬁnition (6.23) by replacing
the general household environmental vectors (e1 , e2 , . . . , eH ) ≡ e by either the period 0 vector of
household environmental variables e0 ≡ (e01 , e02 , . . . , e0H ) or the period 1 vector of household environmental variables e1 ≡ (e11 , e12 , . . . , e1H ). The choice of the base period vector of utility levels
and base period environmental variables leads to the Laspeyres conditional democratic cost of liv∗
ing index, PD
(p01 , . . . , p0H , p11 , . . . , p1H , u0 , e0 ), while the choice of the period 1 vector of utility levels
and period 1 environmental variables leads to the Paasche conditional democratic cost of living in∗
dex, PD
(p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ). It turns out that these two democratic indexes satisfy some
interesting inequalities, which we derive below.
Specializing deﬁnition (6.23), the Laspeyres democratic conditional cost of living index,
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∗
PD
(p01 , . . . , p0H , p11 , . . . , p1H , u0 , e0 ), may be written as follows:
∗
PD
(p01 , . . . , p0H ,p11 , . . . , p1H , u0 , e01 , e02 , . . . , e0H )
]
H [
∑
1 C h (u0h , e0h , p1h )
≡
H C h (u0h , e0h , p0h )
h=1

]
H [
∑
1 C h (u0h , e0h , p1h )
H
p0h · q 0h

=

using (6.1) for t = 0

h=1

≤

]
H [
∑
1 p1h · q 0h
H p0h · q 0h

h=1

since C h (u0h , e0h , p1h ) ≡ minq {p1h · q : f h (q, e0h ) ≥ u0h } ≤ p1 · q 0h and q 0h
is feasible for the cost minimization problem for h = 1, 2, . . . , H
≡ PDL

(6.24)

where PDL is deﬁned to be the observable (in principle) democratic Laspeyres price index,
∑H
1
0
0
0
h=1 [1/H]ph · q h /ph · q h , which uses the individual vectors of household or regional quantities for
0
period 0, (q10 , . . . , qH
), as quantity weights.
In a similar manner, specializing deﬁnition (6.23), the Paasche conditional democratic cost of living
∗
index, PD
(p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ), may be written as follows:
∗
(p01 , . . . , p0H ,p11 , . . . , p1H , u1 , e11 , e12 , . . . , e1H )
PD
]
H [
∑
1 C h (u1h , e1h , p1h )
≡
H C h (u1h , e1h , p0h )
h=1

]
H [
∑
1
p1h · q 1h
=
H C h (u1h , e1h , p0h )

using (6.1) for t = 1

h=1

]
H [
∑
1 p1h · q 1h
≥
H p0h · q 1h

using a feasibility argument

h=1

≡ PDP

(6.25)

∑H
where PDP is deﬁned to be the democratic Paasche price index, h=1 [1/H]p1h · q 1h /p0h · q 1h , which
uses the individual vector of household h quantities for period 1, q 1h , as quantity weights for term h
in the summation of individual household Paasche indices. Thus, we see that the theoretical Paasche
∗
conditional democratic cost of living index, PD
(p01 , . . . , p0H , p11 , . . . , p1H , u1 , e1 ), is bounded from below
by the observable (in principle) democratic Paasche price index PDP . Diewert (1983a; 191)[133] ﬁrst
obtained the inequality (6.25) for the case where the environmental variables are absent from the
household utility and cost functions and prices are equal across households.
We now show how to obtain a theoretical democratic cost of living index that is bounded from
above and below by observable indexes. Using the inequalities (6.24) and (6.25) and the continuity
∗
properties of the conditional democratic cost of living PD
(p01 , . . . , p0H , p11 , . . . , p1H , u, e) deﬁned by
(6.23), it is possible to modify the method of proof used by Konüs (1924)[380] and Diewert (1983;
191)[136] and establish the following result:
Proposition 2 Under our assumptions, there exists a reference utility vector u∗ ≡ (u∗1 , u∗2 , . . . , u∗H )
such that the household h reference utility level u∗h lies between the household h period 0 and 1
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utility levels, u0h and u1h respectively for h = 1, . . . , H, and there exist household environmental
vectors e∗h ≡ (e∗h1 , e∗h2 , . . . , e∗hM ) such that the household h reference mth environmental variable
e∗hm lies between the household h period 0 and 1 levels for the mth environmental variable, e0hm
and e1hm respectively for m = 1, 2, . . . , M and h = 1, . . . , H, and the conditional democratic cost of
∗
living index PD
(p01 , . . . , p0H , p11 , . . . , p1H , u∗ , e∗ ) evaluated at this intermediate reference utility vector
∗
u and the intermediate reference vector of household environmental variables e∗ ≡ (e∗1 , e∗2 , . . . , e∗H )
lies between the observable (in principle) democratic Laspeyres and Paasche price indexes, PDL and
PDP , deﬁned above by the last equalities in (6.24) and (6.25).
The above result tells us that the theoretical national democratic conditional consumer price index
∗
PD
(p01 , . . . , p0H , p11 , . . . , p1H , u∗ , e∗ ) lies between the democratic Laspeyres index PDL and the democratic Paasche index PDP . Hence if PDL and PDP are not too diﬀerent, a good point approximation
to the theoretical national democratic consumer price index will be the democratic Fisher index PDF
deﬁned as:
PDF ≡ [PDL PDP ]1/2 .
(6.26)
The democratic Fisher price index PDF will satisfy the time reversal test.
Again, it will be useful to obtain formulae for the democratic Laspeyres and Paasche indexes that
depend only on price relatives and expenditure shares. Recall (6.13) and (6.17), which deﬁned the
Laspeyres and Paasche price indexes for household h, PLh and PP h . Substituting (6.13) into the
deﬁnition of the democratic Laspeyres index, PDL , leads to the following share type formula:*11
PDL =

∑H
h=1

[1/H]

∑N
i=1

s0hi (p1hi /p0hi ).

(6.27)

Similarly, substituting (6.17) into the deﬁnition of the democratic Paasche index, PDP , leads to the
following share type formula:
PDP =

∑H
h=1

[1/H]

[∑
N
i=1

s1hi (p1hi /p0hi )−1

]−1
.

(6.28)

The formula for the democratic Laspeyres index in the previous paragraph simpliﬁes if we can assume
that each household faces the same vector of prices in each of the two periods under consideration.
Under this condition, we may rewrite (6.27) as
PDL =

∑N
i=1

s0di (p1i /p0i )

(6.29)

where the period 0 democratic expenditure share for commodity i, s0di , is deﬁned as follows:
s0di ≡

∑H
h=1

[1/H]s0hi ;

i = 1, . . . , N.

(6.30)

Thus s0di is simply the arithmetic average (over all households) of the individual household expenditure shares on commodity i during period 0. The formula for the democratic Paasche index does
not simplify in the same way, under the assumption that households face the same prices in each
period, due to the harmonic form of averaging in (6.28).

*11

Comparing the formula for the democratic Laspeyres index, PDL , with the previous formula (6.16) for the
plutocratic Laspeyres index, PP L , we see that the plutocratic weight for the ith price relative for household h is
Sh0 s0hi whereas the corresponding democratic weight is (1/H)s0hi . Thus households that have larger base period
expenditures and hence bigger expenditure shares Sh0 get a larger weight in the plutocratic index as compared
to the democratic index.
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Our conclusion at this point is that democratic and plutocratic Laspeyres, Paasche and Fisher indexes
can be constructed by a statistical agency provided that information on household speciﬁc price
relatives p1hi /p0hi and expenditures is available for both periods under consideration. If expenditure
information is available only for the base period, then only the Laspeyres democratic and plutocratic
indices can be constructed.
It is now necessary to discuss a practical problem that faces statistical agencies: namely, that existing household consumer expenditure surveys, which are used in order to form estimates of household
expenditure shares, are not very accurate. Thus the detailed commodity by region expenditure
shares, Sh0 s0hn and Sh1 s1hn , which appear in the formulae for the plutocratic Laspeyres and Paasche
indexes are generally measured with very large errors. Similarly, the individual household expenditure shares for the two periods under consideration, s0hn and s1hn , which are required in order to
calculate the democratic Laspeyres and Paasche indices deﬁned by (6.27) and (6.28) respectively,
are also generally measured with substantial errors. Hence, it may lead to less overall error if the
regional commodity expenditure shares sthn are replaced by the national commodity expenditure
shares σnt deﬁned by (6.12). Whether this approximation is justiﬁed would depend on a detailed
analysis of the situation facing the statistical agency. In general, complete and accurate information
on household expenditure shares will not be available to the statistical agency and hence statistical
estimation and smoothing techniques may have to be used in order to obtain expenditure weights
that will be used to weight the price relatives collected by the agency.
Problem 1 Deﬁne the conditional cost of living for household h between periods 0 and 1, conditioning on the household h utility level uh and the household h environmental vector eh , as follows:
P h (p0h , p1h , uh , eh ) ≡

C h (uh , eh , p1h )
C h (uh , eh , p0h )

for h = 1, 2, ..., H.

(a)

Show that the national conditional plutocratic cost of living index, P ∗ (p0 , p1 , u, e1 , e2 , . . . , eH ) deﬁned by (6.2) above can be written as a share weighted average of the individual household (or
regional) conditional cost of living indexes P h (p0h , p1h , uh , eh ) deﬁned by (a) above.
Problem 2 Deﬁnition (6.23) deﬁnes the class of arithmetic conditional democratic cost of living
indexes:
∗
(p0 , p1 , u, e1 , e2 , . . . , eH )
PD

]
H [
∑
1 C h (uh , eh , p1h )
≡
H C h (uh , eh , p0h )
h=1
∑H
=
[1/H]P h (p0h , p1h , uh , eh )

(a)

h=1

where P h (p0h , p1h , uh , eh ) is the conditional cost of living for household h deﬁned in problem 1 above.
However, instead of taking an arithmetic average of the individual household cost of living indexes,
we could take an equally weighted harmonic mean. Thus we deﬁne the class of harmonic conditional
democratic cost of living indexes as follows:
∗
PDH
(p0 , p1 , u, e1 , e2 , . . . , eH )

≡

{∑
H
h=1

[1/H][P

h

(p0h , p1h , uh , eh )]−1

}−1
.

(b)

Work out an observable bound for the Paasche type harmonic conditional democratic cost of living
∗
index PDH
(p0 , p1 , u1 , e11 , e12 , . . . , e1H ), which uses period 1 data for u, e1 , e2 , . . . , eH . Express this
bound in expenditure share form and compare your answer to formula (6.28).
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Chapter 7

Problems with the Theory of the Cost of
Living Index
7.1 Introduction
In this chapter,*1 we discuss some of the criticisms that have been directed toward the economic
approach to the consumer price index.
In section 7.2 below, we discuss how to modify the theory when the consumer faces prices that are
dependent on the amount of the commodity that is purchased.
Section 7.3 deals with the complications that occur when the number of households changes over
time or the composition of households changes over time so that we are not comparing like with like
in the economic approach.
Section 7.4 discusses how the theory can be modiﬁed if household preferences and environmental
variables are not constant over time.
Section 7.5 discusses whether it is realistic to assume that the household has well deﬁned preferences
over all possible commodities. For economists, this assumption is made routinely but many price
statisticians ﬁnd this assumption to be rather far fetched.
Section 7.6 addresses some of the problems that are posed by household production.
Section 7.7 asks how valid is the theory if commodities can only be purchased in integer amounts
rather than in continuous units.
Finally, section 7.8 asks whether economic approaches to the CPI can deal adequately with the
problem of seasonal commodities.

7.2 Do Households Face Prices that are Independent of the Quantity
Purchased?
The economic approach to the cost of living index assumes that households face prices that are
independent of the quantity purchased by the individual household. This assumption is often satisﬁed
but there are some situations where this assumption is not warranted:
• Price discounts for bulk purchases or frequent buyer discounts;
• The after tax price of leisure (the after tax wage rate) changes as more hours are worked due
to a progressive income tax;
*1

This chapter is largely based on Diewert (2001)[172].
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• Frequent buyer discounts that are contingent on paying a membership fee;
• Discounts for “tied” purchases of other commodities.

In all of the above situations, the price that the household faces for a commodity is not completely
independent of the quantities supplied or demanded by the household. Frisch (1936; 14-15)[281]
showed how, in theory, the economic approach can be adapted to deal with prices that are dependent
on quantities purchased or supplied. What is required to implement his approach is a knowledge
of the nonlinear budget set that a household actually faces, taking into account the dependence
of prices on quantities. If these nonlinear budget sets are known and diﬀerentiable at the point
where the household ends up in each period*2 , then the nonlinear budget set can be linearized and
the coeﬃcient associated with each quantity can be used in place of its price and the analysis can
proceed along the same lines as in the subsection above, where households faced diﬀerent prices for
the same commodity. However, in addition to this “general” solution to the monopsony problem,
some speciﬁc solution techniques can be tried for each of the above four problems.
The ﬁrst problem can be solved by treating purchases of the same commodity of diﬀerent sizes as
separate goods.*3
The second and third problems can be solved by using a rough and ready unit value approach: simply
calculate an estimate of total after tax earnings from working in the period under consideration and
divide by the total number of hours worked (or calculate the total period cost of purchases after
applicable discounts, add the period ﬁxed cost to these variable costs and divide by the total number
of homogeneous units purchased during the period) to get unit value prices.
The fourth problem can be solved by treating the tied purchase as a separate commodity.*4

7.3 Household Composition is not Constant over Time
Our theory of the plutocratic cost of living presented in chapter 6 assumed that exactly the same
households are present in the two periods being compared. In reality, marriages take place, children
become adults, there are deaths and there is in and out migration. Thus the households that are
present in period 0 will not be exactly identical to the households that are present in period 1.
This is indeed a problem with the cost of living index theory that we have presented in chapter 6.
We can only suggest two solutions to this problem:
• Ignore the problem. Typically, when making comparisons over periods that are reasonably
close in time, household composition will not change very much.
• Try to make adjustments to the aggregate data to exclude households that were present in
one period but not in the other. Obviously, if complete micro data on each household were
available, this would not be a problem and we could restrict our comparison to households
that were more or less unchanged and present in both periods.
We pass on to the next set of criticisms of the economic approach to the consumer price index.

*2

*3
*4

See Diewert (1993; 171)[154]. The technique can be adapted to the nondiﬀerentiable case as well; see Wales
and Woodland (1976)[527] (1979)[528]. The same linearization techniques can be applied to the theory of the
producer price index when the ﬁrm has market power; see Diewert (1993; 172)[154] and Paul (1999; 149-160)[424].
Alternatively, a hedonic regression approach can be taken that will “quality adjust” purchases of diﬀering sizes
into constant quality comparable units. We will study the hedonic regression approach in a later chapter.
Unfortunately, often the product ties are not stable from period to period so that like cannot always be compared
with like. In this case, it may be useful to try a hedonic regression approach.

7.4 Household Preferences and Environmental Variables are not Constant over Time
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7.4 Household Preferences and Environmental Variables are not
Constant over Time
There are many speciﬁc criticisms that fall under this general heading, including:
• Tastes are not constant. In particular, education and general life experience systematically
changes ones tastes and preferences from period to period.
• Biological aging also systematically changes one tastes. In particular, as one becomes very
old, choice sets become more restricted due to deterioration in physical skills and in mental
acuity.
• Accidents and illness also impact upon choice sets that are feasible for consumers going from
period to period; i.e., a severe accident eﬀectively changes ones feasible preferences going from
one period to the next.
• Exogenous environmental variables (such as the weather or temperature) could be diﬀerent in
the two periods and these diﬀerences could change consumer preferences.
However, in response to criticisms of this type, we presented a theory of the cost of living index in
chapter 6 that could accommodates changing environmental variables. One of the environmental
variables could be time t, which could be used as a variable to map the preferences of period 0
into the preferences of period 1 in a continuous manner; i.e., household h’s utility function could be
deﬁned as f h (q, t), a continuous function, with f h (q, 0) representing the preferences of period 0 and
f h (q, 1) representing the preferences of period 1. Thus taste changes and gradual aging could be
accommodated using the model of consumer behavior presented in chapter 6. However, the model
cannot readily accommodate discontinuous or discrete changes in tastes or environmental variables.
This is an area that requires further thought and research.

7.5 Is it Realistic to Assume that Households have Preferences over all
Possible Commodities?
“As the Boskin Report expressed it, such an index ‘is a comparison of the minimum expenditure required to achieve the same level of well-being (also known as welfare, utility,
standard-of-living) across two diﬀerent sets of prices.’ This concept has been expounded by a
number of authors, notably Robert A. Pollak and Erwin Diewert in papers notable for their
intellectual rigour, formality of expression and minimal reference to the actual behaviour of
individual consumers. . . . Two questions about this theory lack an answer: Whose preferences
are concerned, what is a consumer? Is it a household? How can this static, timeless, theory
be applied to a period of time? What is its appropriate length? Presumably it must be short
enough for prices to remain constant throughout, but long enough for a consumer to buy the
set of items.” Ralph Turvey (1999; 1-2)[513].
There is some considerable merit in Turvey’s criticisms. Think ﬁrst of a multiple adult household.
How are consistent household preferences to be formed from individual preferences? This is not a
trivial problem. Even in the case of a single person household, how is the individual to even know
about all of the millions of possible consumer goods and services that are out there somewhere, let
alone form consistent preferences over these commodities? However, if commodity n is not consumed
by household h in both periods under consideration, then it can be dropped from household h’s
utility function and the preference map can be restricted to the much smaller set of commodities
that are actually consumed in at least one of the two periods. For commodities that are consumed
repeatedly over many periods, it is at least plausible that consistent household preferences over these

158

Chapter 7 Problems with the Theory of the Cost of Living Index

commodities might emerge.*5 However, consistency problems are likely to arise when we consider
how an individual forms preferences over “new” commodities that were not tried in previous periods.
Advertising, marketing of new products, the experience of friends, reading magazines that rate new
products—all of these factors will inﬂuence preference formation over new goods and problems of
inconsistency could arise. At least economists are willing to explore these problems of preference
determination and how to measure the beneﬁts of new products whereas in the past, the approach
taken by many statistical agencies has been to simply ignore new commodities in their price indexes.*6

7.6 Traditional Consumer Theory Ignores the Problems Posed by
Household Production
Peter Hill (1999)[336], in discussing the classic study by Nordhaus (1997)[414] on the price of light,
has raised the issue as to how should a cost of living index treat household production where consumers combine purchased market goods or “inputs” to produce ﬁnally demanded “commodities”
that yield utility:
“There is another area in which the deﬁnition of a COL requires further clariﬁcation and
precision. From what is utility derived? Households do not consume many of the goods and
services they purchase directly but use them to produce other goods or services from which
they derive utility. In a recent stimulating and important paper, Nordhaus has used light as a
case study. Households purchase items such as lamps, electric ﬁxtures and ﬁttings, light bulbs
and electricity to produce light, which is the product they consume directly. . . . The light
example is striking because Nordhaus provides a plausible case for arguing that the price of
light, measured in lumens, has fallen absolutely (at least in US dollars) and dramatically over
the last two centuries as a result of major inventions, discoveries and ‘tectonic’ improvements
in the technology of producing light.
The question that arises is whether goods and services that are essentially inputs into the
production of other goods and services should be treated in a COL as if they provided utility
directly. In principle, a COL should include the shadow, or imputed, prices, of the outputs
from these processes of production and not the prices of the inputs. . . . There is a need to
clarify exactly how this issue is to be dealt with in a COL index.” Peter Hill (1999; 5)[336].
We attempt to clarify the issues raised by Hill by using the model of household production of ﬁnally
demanded commodities that was postulated by Becker (1965)[55] many years ago. Becker’s model
illustrates not only how household production of the type mentioned by Hill can be integrated into
a cost of living framework, but it also indicates the important role that the allocation of household
time plays in a realistic model of household behavior. In Becker’s model of consumer behavior, a
household (consisting of a single individual for simplicity) purchases qn units of market commodity
n and combines it with a household input of time, tn , to produce zn = fn (qn , tn ) units of a ﬁnally
demanded commodity for n = 1, 2, . . . , N say, where fn is the household production function for the
nth ﬁnally demanded commodity*7 . Some examples of such ﬁnally demanded commodities are:
*5

*6

*7

For an economist, the assumption of consistent preferences for an individual who is repeatedly buying the same
commodities is just an elaborate way of formalizing the empirical “fact” that when the price of a commodity
goes up, the amount purchased goes down.
Of course, the price statistician may be restricted by a lack of resources in trying to account for new goods
and services. Also, due to the importance of the consumer price index, the price statistician must search
for reproducible methods for dealing with the new goods problem whereas the armchair economist is not so
constrained.
More complicated household production functions could be introduced but the present assumptions will suﬃce
to show how household production can be modeled in a COLI framework. For additional work on Becker’s
theory of the allocation of time and household production, see Pollak and Wachter (1975)[436] (1977)[437],
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• Making a meal; the inputs are the ingredients used, the use of utensils and possibly a stove
and time required to make the meal and the output is the prepared meal.
• Eating a meal; the inputs are the prepared meal and time spent eating and the output is a
consumed meal.
• Cleaning a house; the inputs are cleaning utensils, soapy water, polish and time and the output
is a clean house.
• Gardening services; the inputs are tools used in the yard, fuel (if power tools are used) and
time and the output is a beautiful yard.
• Reading a book; the inputs are computer services or a physical book and time and the output
is a book which has been read.
During the period of time under consideration, the household also oﬀers tL hours of time on the
labor market, earning an after tax wage of w per hour. The consumer-worker has preferences over
diﬀerent combinations of the ﬁnally demanded commodities, z1 , . . . , zN , and hours of work, tL , that
are summarized by the utility function, U (z1 , . . . , zN , tL ).*8 In addition to the budget constraint,
∑N
the household has to satisfy the time constraint, n=1 tn + tL = T , where T is the number of hours
available in the period under consideration. Rather than study the consumer’s utility maximization problem subject to the budget and time constraints, we will study the equivalent consumer’s
cost or expenditure minimization problem subject to a utility constraint plus the time constraint.
0
) ≡ q 0 , time allocation vector
Thus we assume that the observable consumption vector (q10 , . . . , qN
0
0
0
0
(t1 , . . . , tN ) ≡ t and labor supply tL solve the following period 0 expenditure minimization problem:
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0 0
tN ), t0L ] is the utility level actually attained by the household in
where u0 ≡ U [f1 (q10 t01 ), . . . , fN (qN
0
0
0
period 0, (p1 , . . . , pN ) ≡ p is the vector of commodity prices that the household faces in period 0
and w0 is the after tax wage rate faced by the consumer-worker in period 0.
If we use the time constraint in (7.1) to eliminate the hours worked variable tL in both the objective
function and the ﬁrst constraint function in (7.1), we obtain an equivalent period 0 expenditure
minimization problem and we ﬁnd that under the above assumptions, q 0 and t0 solve:
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Now we introduce a simpler notation for the utility function, treating the vector of time allocation
variables t = (t1 , . . . , tN ) as a vector of environmental variables:*9
∑N
f (q, t) = f (q1 , . . . , qN , t1 , . . . , tN ) ≡ U [f1 (q1 , t1 ), . . . , fN (qN , tN ), T − n=1 tn ].
(7.3)
Thus q 0 and t0 also solve:
min

q ′ s and t′ s
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0
0
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(7.4)

Now if we condition on the optimal time allocation variables, t0 ≡ (t01 , . . . , t0N ), it can be seen that
0
) solves:
q 0 ≡ (q10 , . . . , qN
}
{∑
N
0
0
0
min
≡ C(u0 , p0 , t0 )
(7.5)
n=1 pn qn : f (q, t ) = u
q

*8
*9

Diewert (2001)[172], Hill (2009)[339] and Diewert and Schreyer (2009)[223]. The analysis in this section is based
on these references.
The utility function is assumed to be quasiconcave and nondecreasing in the z1 , ..., zN and nonincreasing in tL .
Diewert (2001; 236)[172] called the new utility function f the “home production utility function” since it absorbed
the home production functions fn into the preference function. A shorter name for the new utility function is
the “blended utility function” since it is a blend of the original U and the fn .
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where C(u, p, t) is the conditional cost function that corresponds to the utility function f (q, t). In
a similar fashion, letting t1 ≡ (t11 , . . . , t1N ) be the optimal vector of time allocation variables for the
consumer-worker’s period 1 expenditure minimization problem that is analogous to (7.1), we can
1
) solves:
show that the consumer’s observed period 1 consumption vector q 1 ≡ (q11 , . . . , qN
}
{∑
N
1
1
1
p
q
:
f
(q,
t
)
=
u
≡ C(u1 , p1 , t1 )
(7.6)
min
n=1 n n
q

where u1 ≡ f (q 1 , t1 ). Now we can more or less repeat the analysis presented in chapter 6, with the
time variables in the vector t replacing the environmental variables in the vector e. Thus we can
deﬁne a theoretical family of cost of living indexes,
P (p0 , p1 , u, t) ≡

C(u, p1 , t)
C(u, p0 , t)

(7.7)

that is indexed by the utility level u and the vector of time variables t ≡ (t1 , . . . , tN ). As usual,
we can specialize u and t to equal the period 0 utility level u0 and the vector of period 0 time
allocations, t0 , and we can derive the Laspeyres upper bound:
P (p0 , p1 , u0 , t0 ) ≤

p1 · q 0
≡ PL .
p0 · q 0

(7.8)

We can also specialize u to equal the period 1 utility level u1 and t to equal the period vector of
period 1 time allocations, t1 , and we can derive the usual Paasche lower bound:
P (p0 , p1 , u1 , t1 ) ≥

p1 · q 1
≡ PP .
p0 · q 1

(7.9)

Finally, we can adapt the proof of Proposition 1 in chapter 6 and show that there exists a reference
utility level u∗ that lies between the period 0 and 1 utility levels, u0 and u1 , and a reference time
allocation vector t∗ whose components lie between the period 0 and 1 time allocation vectors, t0
and t1 , such that P (p0 , p1 , u∗ , t∗ ) lies between the observable Laspeyres and Paasche indexes for
our consumer-worker, PL and PP .
Thus a theory of the cost of living index that is based on a model where consumers buy market goods
and combine them, along with time inputs, to yield (unobservable) ﬁnally demanded commodities
is completely isomorphic to the theory of the conditional cost of living index, where time variables
take the place of the environmental variables. There is no need to estimate shadow prices for these
ﬁnally demanded commodities.
Some points of interest emerge from the above analysis:
(i) If we want to base our theory for the consumer price index on an unconditional cost function,
say C ∗ (u, p, w) where C ∗ (u0 , p0 , w0 ) is the optimized objective function for (7.1), then it will
be necessary to collect information on the household’s allocation of time.
(ii) The utility function f (q, t) deﬁned by (7.3) above is a blend of the consumer’s utility function
U deﬁned over ﬁnally demanded commodities zn and labor supply tL , U (z1 , . . . , zN , tL ), and
the household production functions, fn (qn , tn ), n = 1, . . . , N . Thus the blended utility function
f (q, t) will not remain constant over time due to technological progress in the production of
ﬁnally demanded commodities, as in the Nordhaus price of light analysis. Hence shifts in the
blended utility function f over time could be due to taste changes or to production innovations.
(iii) All of the time inputs into the various household production activities are valued at the
consumer’s after tax market wage rate, wt in period t. But suppose that the consumer is
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retired or chooses to be unemployed or cannot vary his or her hours of work? In these cases,
the above Beckerian model breaks down.*10
We now suppose that information on the consumer’s allocation of time is available and we will now
spell out how a cost of living index for the consumer can be worked out that does not condition on
the consumer’s time allocation in each period.
The period t utility maximization problem that corresponds to the period 0 expenditure minimization
problem deﬁned by (7.1) above is:
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(7.10)
where Y is nonlabour income that is spent in period t on market goods and
We can
use the time constraint to eliminate tL from the objective function and from the budget constraint
in (7.10). After eliminating the time constraint, (7.10) becomes the following constrained utility
maximization problem with a single constraint:
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q s,t s

where the second line above follows using deﬁnition (7.3) for the blended utility function f and
Becker’s full income in period t, F t , is deﬁned as the sum of nonlabour income expenditures Y t and
the value of time in period t, wt T ; i.e., we have
F t ≡ Y t + wt T ;

t = 0, 1.

(7.12)

Now deﬁne the unconditional cost function, C ∗ , that is dual to f for u > 0, pn > 0 and wn > 0 for
n = 1, ..., N as follows:
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(7.13)
We can use the unconditional cost function C in order to deﬁne the usual family of (unconditional)
Konüs true cost of living indexes as follows:
∗

P ∗ (p0 , w0 , p1 , w1 , u) ≡

C ∗ (u, p1 , w1 1N )
.
C ∗ (u, p0 , w0 1N )

(7.14)

As usual, we can specialize u to equal the period 0 utility level u0 and we can derive the following
Laspeyres upper bound:
P ∗ (p0 , w0 , p1 , w1 , u0 ) ≤

p1 · q 0 + w1 1TN t0
≡ PL∗ .
p0 · q 0 + w0 1TN t0

(7.15)

We can also specialize u to equal the period 1 utility level u1 and we can derive the following Paasche
lower bound:
p1 · q 1 + w1 1TN t1
P ∗ (p0 , w0 , p1 , w1 , u1 ) ≥ 0 1
≡ PP∗ .
(7.16)
p · q + w0 1TN t1
*10
*11

See Diewert and Schreyer (2011) for an approach that deals with this problem.
If the consumer supplies a suﬃcient amount of labour services during period t, then Y t could be negative but
the sum of labour services and nonlabour income that is spent must be positive.
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Finally, we can adapt the proof of Proposition 1 in chapter 6 and show that there exists a reference utility level u∗ that lies between the period 0 and 1 utility levels, u0 and u1 such that
P ∗ (p0 , w0 , p1 , w1 , u∗ ) lies between the observable Laspeyres and Paasche indexes for our consumerworker, PL∗ and PP∗ .
However, this last unconditional approach to true consumer cost of living indexes when there is
household production is not completely satisfactory because it ignores the special structure of the
∑N
consumer’s blended utility function, U [f1 (q1 , t1 ), . . . , fN (qN , tN ), T − n=1 tn ]. It is possible to take
this special structure into account and we will show how this can be done for a special case where the
consumer’s utility function, U (z1 , . . . , zN , tL ), does not depend on tL and the household production
functions fn (qn , tn ) are linearly homogeneous in qn , tn so that there are constant returns to scale in
household production. With the constant returns to scale assumption on fn , it can be seen that the
problem of minimizing the cost of producing zn has the following structure:
min{pn qn + wtn : fn (qn , tn ) ≥ zn } = cn (pn , w)zn ;

n = 1, ..., N

q,t

(7.17)

where the unit cost function cn dual to the household production function fn is deﬁned as follows:
cn (pn , w) ≡ min{pn qn + wtn : fn (qn , tn ) ≥ 1};
q,t

n = 1, ..., N.

(7.18)

If U (z1 , . . . , zN , tL ) does not depend on tL , then the consumer’s utility function becomes
U (z1 , . . . , zN ). Now suppose that the consumer faces the prices Pn for purchasing one unit of zn for
n = 1, ..., N . The consumer’s unconditional cost function C ∗∗ can be deﬁned as follows:
}
{∑
N
P
z
:
U
(z
,
.
.
.
,
z
)
≥
u
.
(7.19)
C ∗∗ (u, P1 , . . . , PN ) ≡ min
1
N
n=1 n n
′
z s

The consumer’s actual period t cost minimization problem is the following one:
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∑N
N
t
t
min
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+
p
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,
t
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.
.
.
,
f
(q
,
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)]
≥
u
t = 0, 1
n
n
1
1
1
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N
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n=1 n
n=1
q ′ s,t′ s
}
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t
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:
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,
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,
z
)
≥
u;
f
(q
,
t
)
≥
z
,
n
=
1,
...,
N
= ′ min
n
n
1
N
n
n
n
n
n
n=1
n=1
q s,t′ s,z ′ s
}
{∑
N
t
t
,
w
)z
:
U
(z
,
.
.
.
,
z
)
≥
u
using (7.17) and (7.18)
= min
c
(p
n
1
N
n=1 n n
′
z s
∗∗

= C [u, c1 (pt1 , wt ), . . . , cN (ptN , wt )]

using deﬁnition (7.19).

(7.20)

Thus the unit cost of production for the nth household production function, cn (ptn , wt ), acts as the
price for the nth ﬁnally demanded commodity zn for n = 1, ..., N .
We can use the unconditional cost function C ∗∗ in order to deﬁne the usual family of (unconditional)
Konüs true cost of living indexes as follows:
P ∗∗ (P 0 , P 1 , u) ≡

C ∗∗ (u, P 1 )
C ∗∗ (u, P 0 )

(7.21)

where the Pnt are deﬁned as cn (ptn , wt ) for t = 0, 1 and n = 1, ..., N . When we specialize (7.21) to
the usual Laspeyres and Paasche cases, we obtain the same bounds as were derived in (7.15) and
(7.16).*12 This approach to the household’s time allocation problem is essentially due to Becker
*12

The advantage of the P ∗∗ (P 0 , P 1 , u) cost of living framework is that we can see the role of the consumer’s time
allocation more clearly in deﬁning the “full price” (which includes the time cost) of consuming the zn in each
t can be approximated fairly closely using superlative index number
period. The prices Pnt and quantities zn
techniques.
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(1965)[55], except that he used Leontief (no substitution) production functions for his household
production functions.
Becker’s theory of the allocation of time and the generalization of it given by (7.17)-(7.21) rest on
the assumption that tL does not enter the consumer’s utility function. This is not very realistic but
to relax this assumption will require more advanced techniques.
We turn to the next criticism of the economic approach to consumer price indexes.

7.7 The Problem of Integer Purchases rather than Continuous Unit
Purchases
The economic approach to the cost of living index assumes that commodities can be purchased
in fractional units instead of integral amounts. Thus gasoline can be purchased can be purchased
in fractional units of liters but television sets can only be purchased in discrete units. However,
the economic model that the cost of living index is based on assumes that all commodities can be
purchased in fractional units.*13 Diewert noted this problem and proposed a solution:
“Most goods can only be purchased in integral numbers, and for most goods, this does not
cause major problems. However, some durable goods such as cars and houses may be purchased
only in integer units, and such purchases would form a large share of the consumer’s total
expenditure. Hence we cannot neglect the lumpiness problem for such classes of durables.
How may we apply traditional ‘continuous’ utility and index number theory to this situation?
. . . For all practical purposes, we can replace the original preferences deﬁned over integer
combinations of TV sets by continuous preferences with ‘kinks’. The resulting preference
function F (x) may be treated in the normal manner as far as index number theory is concerned.
Note that the economic eﬀect of the ‘kinks’ will be to make the consumer change his durable
holdings only after relatively large changes in the rental prices of the durables relative to
nondurable goods; i.e., responses will be ‘sticky’. This point should be taken into account in
econometric work, but it need not concern us from the viewpoint of index number theory.”
W.E. Diewert (1983; 212-213)[136].
Figure 7.1 illustrates how this problem can be treated assuming that a continuous utility function,
f (q1 , q2 ), exists that represents the consumer’s preferences over all nonnegative combinations of the
two commodities. Three indiﬀerence curves using the original preferences are drawn in Figure 7.1.
These are the dashed curves and represent indiﬀerence curves of the form {(q1 , q2 ) : f (q1 , q2 ) = u}
for three diﬀerent levels of utility u. We assume that commodity 2 can be purchased in arbitrary
nonnegative amounts, q2 ≥ 0, but commodity 1 can only be purchased in positive integer amounts,
0, 1, 2, . . . . In order to obtain preferences that are consistent with this setup, we intersect each
indiﬀerence curve with the line segments, q1 = 0, q1 = 1, q1 = 2, and so on. Then we simply draw
straight lines connecting up these points of intersection to obtain a derived indiﬀerence curve. We
can do this operation with each original indiﬀerence curve, obtaining a derived indiﬀerence curve
for each utility level. These derived indiﬀerence curves are the solid line kinked curves in Figure
7.1. Now simply assume that the consumer’s preferences are representable by this family of derived
indiﬀerence curves. It can be seen that these derived preferences will be very close to the original
preferences but the new derived preferences have the property that solutions to the consumer’s cost
minimization problem will always be consistent with the integer constraints on q1 .*14 Thus normal
*13
*14

In fact, the economic model assumes that any real number can be purchased, not only integer or fractional
amounts.
In order to construct the derived preferences mathematically, deﬁne for each feasible utility level u, the upper
level set of the original preferences by L(u) ≡ {(q1 , q2 ) : f (q1 , q2 ) ≥ u}. We assume that these sets are closed.
Deﬁne the feasible set of q1 ’s as F ≡ {(q1 , q2 ) : q2 ≥ 0; q1 = 0, 1, 2, 3, . . .}. Now deﬁne the family of sets M (u)
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consumer theory can be applied to this integer model and hence the theory of the cost of living index
will still be valid.

q2

Original indifference
curves are the dashed
lines
The derived indifference
curves are the solid
kinked curves

q1

(0,0)
Fig. 7.1 The Problem of Integer Purchases and Consumer Preferences

Thus the problem of integer purchases does not present a major challenge to the economic approach
to index number theory and so we pass on to our last criticism of the economic approach.

7.8 Economic Approaches to the CPI do not Deal Adequately with the
Problem of Seasonal Commodities
The above criticism is actually a criticism that applies equally well to all approaches to index number
theory. The problem is this: a seasonal commodity can be present in one month or quarter and then
be absent from the marketplace in the following month or quarter. How then are we to calculate the
price change pertaining to the commodity over the two periods when the commodity is simply not
present in one of the periods? It is simply a mission impossible to do this!
Turvey (1979)[512] conducted an ingenious experiment to see if the presence of seasonal commodities
in a CPI could be a problem empirically. He constructed an artiﬁcial data set giving ﬁctitious monthly
price and quantity data for 5 types of fruit for 4 years. He sent this data set to every statistical agency
for each u by intersecting L(u) with F ; i.e., M (u) ≡ L(u) ∩ F . Finally, deﬁne the family of sets K(u) by taking
the convex hull of each M (u); i.e., K(u) ≡ {q : q = λq 1 + (1 − λ)q 2 ; 0 ≤ λ ≤ 1; q 1 ∈ M (u) and q 2 ∈ M (u)}. The
upper level set for the derived preferences for the utility level u is the set K(u) and the corresponding (kinked)
indiﬀerence curve is the lower boundary of this set.
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in the world with the instructions to construct a monthly price index using this data and using their
normal seasonal adjustment procedures. Needless to say, the answers varied tremendously.
The problems raised by Turvey remain with us today. Diewert (1998)[163] (1999)[167] has recently
taken a new look at this very old problem from the perspective of the economic approach to index
number theory. Diewert concluded that in the presence of seasonal commodities, there is a need for
at least three separate consumer price indexes. The ﬁrst index should be a short term month to
month index deﬁned over nonseasonal commodities.*15 This index should be useful for the purpose
of monitoring short run inﬂationary trends in the economy. The second index should be a year over
year index, where the prices in January are compared to the January prices of a base year, the prices
in February are compared to the February prices of a base year, etc. This index should give an
accurate measure of year over year inﬂation, which is free from seasonal inﬂuences. The third index
should be an annual one*16 , which compares a moving total of 12 months with 12 base year months.
This type of annual index can serve as a substitute for the present classes of seasonally adjusted
price indexes that rely on “black box” time series methods for seasonal adjustment.
In any case, the topic of seasonal adjustment deserves a lot more attention in the CPI literature
than it has received in recent years by price statisticians. We will pursue this topic in more depth
in a later chapter.
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Chapter 8

The Use of Annual Weights in a Monthly
Index
8.1 The Lowe Index with Monthly Prices and Annual Base Year
Quantities
It is now necessary to discuss a major practical problem with the theory of bilateral indexes that
we have been discussing in earlier chapters. Recall that the Lowe (1823)[395] index was deﬁned by
equation (2.19) in chapter 2 as follows:
PLo (p0 , p1 , q) ≡

p1 · q
.
p0 · q

(8.1)

The Lowe index can be written in expenditure share form as follows:
0

∑N

1

PLo (p , p , q) ≡ ∑n=1
N
=

p1n qn

0
n=1 pn qn
∑N
(p1n /p0n )sn
n=1

(8.2)

where the (hypothetical) hybrid expenditure shares sn corresponding to the quantity weights vector
q are deﬁned by:*1
p0 qn
for n = 1, . . . , N .
(8.3)
sn ≡ ∑N n
0
n=1 pn qn
Up to now, it has been assumed that the quantity vector q ≡ (q1 , q2 , . . . , qN ) that appeared in the
deﬁnition of the Lowe index, PLo (p0 , p1 , q), is either the base period quantity vector q 0 or the current
period quantity vector q 1 or an average of these two quantity vectors. In fact, in terms of actual
statistical agency practice, the quantity vector q is usually taken to be an annual quantity vector
that refers to a base year, b say, that is prior to the base period for the prices, period 0. Typically, a
statistical agency will produce a Consumer Price Index at a monthly or quarterly frequency but for
the sake of deﬁniteness, a monthly frequency will be assumed in what follows. Thus a typical price
index will have the form PLo (p0 , pt , q b ), where p0 is the price vector pertaining to the base period
month for prices, month 0, pt is the price vector pertaining to the current period month for prices,
*1

Fisher (1922; 53)[274] used the terminology “weighted by a hybrid value” while Walsh (1932; 657)[535] used the
term “hybrid weights”.
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month t say, and q b is a reference basket quantity vector that refers to the base year b, which is equal
to or prior to month 0.*2 Note that this Lowe index PLo (p0 , pt , q b ) is not a true Laspeyres index
(because the annual quantity vector q b is not equal to the monthly quantity vector q 0 in general).*3
The question is: why do statistical agencies not pick the reference quantity vector q in the Lowe
formula to be the monthly quantity vector q 0 that pertains to transactions in month 0 (so that the
index would reduce to an ordinary Laspeyres price index)? There are two main reasons why this is
not done:
• Most economies are subject to seasonal ﬂuctuations and so picking the quantity vector of
month 0 as the reference quantity vector for all months of the year would not be representative
of transactions made throughout the year.
• Monthly household quantity or expenditure weights are usually collected by the statistical
agency using a household expenditure survey with a relatively small sample. Hence the resulting weights are usually subject to very large sampling errors and so standard practice is to
average these monthly expenditure or quantity weights over an entire year (or in some cases,
over several years), in an attempt to reduce these sampling errors.
The index number problems that are caused by seasonal monthly weights will be studied in more
detail in a later chapter. For now, it can be argued that the use of annual weights in a monthly
index number formula is simply a method for dealing with the seasonality problem.*4
One problem with using annual weights corresponding to a perhaps distant year in the context of a
monthly Consumer Price Index must be noted at this point: if there are systematic (but divergent)
trends in commodity prices and households increase their purchases of commodities that decline
(relatively) in price and decrease their purchases of commodities that increase (relatively) in price,
then the use of distant quantity weights will tend to lead to an upward bias in this Lowe index
compared to one that used more current weights, as will be shown below. This observation suggests
that statistical agencies should strive to get up to date weights on an ongoing basis.
It is useful to explain how the annual quantity vector q b could be obtained from monthly expenditures
on each commodity during the chosen base year b. Let the month m expenditure of the reference
population in the base year b for commodity i be vib,m and let the corresponding price and quantity
be pb,m
and qib,m respectively. Of course, value, price and quantity for each commodity are related
i
by the following equations:
b,m
vnb,m = pb,m
n qn ;

n = 1, . . . , N ; m = 1, . . . , 12.

(8.4)

For each commodity n, the annual total, qnb can be obtained by price deﬂating monthly values and
summing over months in the base year b as follows:
qnb

=

12
∑
vnb,m
m=1

pb,m
n

=

12
∑

qnb,m ;

n = 1, . . . , N

(8.5)

m=1

where (8.4) was used to derive the second equation in (8.5). In practice, the above equations will
be evaluated using aggregate expenditures over closely related commodities and the price pb,m
will
n
*2
*3

*4

Month 0 is called the price reference period and year b is called the weight reference period.
Triplett (1981; 12)[502] deﬁned the Lowe index, calling it a Laspeyres index, and calling the index that has the
weight reference period equal to the price reference period, a pure Laspeyres index. However, Balk (1980; 69)[26]
asserted that although the Lowe index is of the ﬁxed base type, it is not a Laspeyres price index. Triplett also
noted the hybrid share representation for the Lowe index deﬁned by (8.2) and (8.3) above. Triplett noted that
the ratio of two Lowe indices using the same quantity weights was also a Lowe index. Baldwin (1990; 255)[21]
called the Lowe index an annual basket index.
In fact, the use of the Lowe index PLo (p0 , pt , q b ) in the context of seasonal commodities corresponds to Bean
and Stine’s (1924; 31)[54] Type A index number formula. Bean and Stine made 3 additional suggestions for
price indexes in the context of seasonal commodities. Their contributions will be evaluated in a later chapter.
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be the month m price index for this elementary commodity group n in year b relative to the ﬁrst
month of year b.
For some purposes, it is also useful to have annual prices by commodity to match up with the annual
quantities deﬁned by (8.5). Following national income accounting conventions, a reasonable*5 price
pbn to match up with the annual quantity qnb is the value of total consumption of commodity n in
year b divided by qnb . Thus we have:
pbn

≡
=
=

∑12

b,m
m=1 vn
n=
qnb
∑12
vnb,m
∑12 m=1b,m b,m
m=1 vn /pn

[∑
12

m=1

1, . . . , N
using (8.5)

b,m −1
sb,m
n (pn )

]−1
(8.6)

where the share of annual expenditure on commodity n in month m of the base year is
vnb,m
;
sb,m
≡
∑
n
12
b,k
k=1 vn

n = 1, . . . , N ; m = 1, . . . , 12.

(8.7)

Thus the annual base year price for commodity n, pbn , turns out to be a monthly expenditure weighted
b,2
b,12
harmonic mean of the monthly prices for commodity n in the base year, pb,1
n , pn , . . . , pn .
Using the annual commodity prices for the base year deﬁned by (8.6), a vector of these prices can be
deﬁned as pb ≡ [pb1 , . . . , pbN ]. Using this deﬁnition, the Lowe index PLo (p0 , pt , q b ) can be expressed
as a ratio of two Laspeyres indexes where the price vector pb plays the role of base period prices in
each of the two Laspeyres indexes:
PLo (p0 , pt , q b ) ≡
=

pt · q b
p0 · q b
[pt · q b /pb · q b ]
[p0 · q b /pb · q b ]

PL (pb , pt , q b )
PL (pb , p0 , q b )
∑N
(ptn /pbn )sbn
= ∑n=1
N
b b
0
n=1 (pn /pn )sn
=

(8.8)

where the Laspeyres formula PL was deﬁned in Chapter 2. Thus the above equation shows that the
Lowe monthly price index comparing the prices of month 0 to those of month t using the quantities
of base year b as weights, PLo (p0 , pt , q b ), is equal to the Laspeyres index that compares the prices of
month t to those of year b, PL (pb , pt , q b ), divided by the Laspeyres index that compares the prices
of month 0 to those of year b, PL (pb , p0 , q b ). Note that the Laspeyres index in the numerator can be
calculated if the base year commodity expenditure shares, sbn , are known along with the price ratios
that compare the prices of commodity n in month t, ptn , with the corresponding annual average
*5

Hence these annual commodity prices are essentially unit value prices. Under conditions of high inﬂation, the
annual prices deﬁned by (8.6) may no longer be “reasonable” or representative of prices during the entire base
year because the expenditures in the ﬁnal months of the high inﬂation year will be somewhat artiﬁcially blown
up by general inﬂation. Under these conditions, the annual prices and annual commodity expenditure shares
should be interpreted with caution. For more on dealing with situations where there is high inﬂation within a
year, see Hill (1996)[334].
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prices in the base year b, pbn . The Laspeyres index in the denominator can be calculated if the base
year commodity expenditure shares, sbn , are known along with the price ratios that compare the
prices of commodity n in month 0, p0n , with the corresponding annual average prices in the base year
b, pbn .
There is another convenient formula for evaluating the Lowe index, PLo (p0 , pt , q b ), and that is to
use the hybrid weights formula, (8.2). In the present context, the formula becomes:
∑N t b
pn qn
0
t
b
PLo (p , p , q ) ≡ ∑n=1
N
0 b
n=1 pn qn
∑N
=
(ptn /p0n )s0b
(8.9)
n
n=1

where the (hypothetical) hybrid expenditure shares
q are deﬁned by:*6
p0n qnb
s0b
≡
∑N 0 b
n
n=1 pn qn

s0b
n

corresponding to the quantity weights vector

for n = 1, . . . , N

pb q b (p0 /pb )
.
= ∑Nn n n n
b
b b 0
j=1 pj qj (pj /pj )

(8.10)

The second equation in (8.10) shows how the base year expenditures on commodity n, pbn qnb , can be
multiplied by the commodity price indexes, p0n /pbn , in order to calculate the hybrid shares.
There is one additional formula for the Lowe index, PLo (p0 , pt , q b ), that will be exhibited. Note
that the Laspeyres decomposition of the Lowe index deﬁned by the fourth line in (8.8) involves the
very long term price relatives, ptn /pbn , which compare the prices in month t, ptn , with the possibly
distant base year prices, pbn , and that the hybrid share decomposition of the Lowe index deﬁned by
the second line in (8.9) involves the long term monthly price relatives, pti /p0i , which compare the
prices in month t, pti , with the base month prices, p0i . Both of these formulae are not satisfactory in
practice due to the problem of sample attrition: each month, a substantial fraction of commodities
disappears from the marketplace and thus it is useful to have a formula for updating the previous
month’s price index using just month over month price relatives. In other words, long term price
relatives disappear at a rate that is too large in practice to base an index number formula on their
use. The Lowe index for month t + 1, PLo (p0 , pt+1 , q b ), can be written in terms of the Lowe index
for month t, PLo (p0 , pt , q b ), and an updating factor as follows:
PLo (p0 , pt+1 , q b ) ≡
=

pt+1 · q b
p0 · q b
pt · q b pt+1 · q b
· t b
p0 · q b
p ·q

= PLo (p0 , pt , q b )
0

t

b

= PLo (p , p , q )

pt+1 · q b
pt · q b
[∑
N
n=1

]

t+1
t
stb
n (pn /pn )

(8.11)

where the hybrid weights stb
n are deﬁned by
ptn qnb
;
stb
≡
∑
n
N
t b
k=1 pk qk
*6

n = 1, . . . , N.

(8.12)

Fisher (1922; 53)[274] used the terminology “weighted by a hybrid value” while Walsh (1932; 657)[535] used the
term “hybrid weights”.
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Thus the required updating factor, going from month t to month t + 1, is the chain link index
∑N
tb t+1
t
tb
n=1 sn (pn /pn ), which uses the hybrid share weights sn corresponding to month t and base year
b.
It should be noted that the month t hybrid shares, can be constructed from the previous month’s
∑N t−1 b
b
hybrid shares, snt−1,b ≡ pt−1
n qn /
k=1 pk qk , by using the following updating formula:
ptn qnb
stb
≡
;
∑
n
N
t b
k=1 pk qk

n = 1, . . . , N

=

pnt−1 qnb (ptn /pnt−1 )
∑N t b
j=1 pj qj

=

pnt−1 qnb (ptn /pnt−1 )/pt−1 · q b
∑N t b t−1 b
·q
j=1 pj qj /p

st−1,b (ptn /pnt−1 )
= ∑Nn
t b
t−1 · q b
j=1 pj qj /p
= ∑N

st−1,b
(ptn /pnt−1 )
n

t−1 t−1 b
t
t−1
j=1 (pj /pj )pj qj /p

· qb

st−1,b (ptn /pnt−1 )
= ∑Nn
t−1 t−1,b
t
j=1 (pj /pj )sj
(pt /pt−1 )st−1,b
= ∑N n n t−1n t−1,b .
t
j=1 (pj /pj )sj

(8.13)

Formula (8.13) can be used recursively until we get to t = 1, when (8.13) becomes:
p1n qnb
≡
s1,b
∑N 1 b ;
n
k=1 pk qk

n = 1, . . . , N

(p1 /p0 )s0,b
= ∑N n n n 0,b .
1
0
j=1 (pj /pj )sj

(8.14)

b
The hybrid shares, s0,b
n , that use the components of the base year quantity vector q and the base
0
b b
month price vector p , can be constructed from base year expenditures, pn qn , and the “mixed” month
to year price relatives, (p0n /pbn ), using formula (8.10) above. Thus we have developed a complete set
of “practical” updating formulae.

The Lowe index PLo (p0 , pt , q b ) can be regarded as an approximation to the ordinary Laspeyres index,
PL (p0 , pt , q 0 ), that compares the prices of the base month 0, p0 , to those of month t, pt , using the
quantity vector of month 0, q 0 , as weights. It turns out that there is a relatively simple formula
that relates these two indexes. However, before we present this formula, we digress momentarily and
develop a relationship between the Paasche and Laspeyres price indexes. It turns out that we can
adapt this methodology to the problem of relating the Lowe index to the Laspeyres index.
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8.2 The Bortkiewicz Decomposition between the Paasche and Laspeyres
Indexes
In this section, we will develop a relationship between the ordinary Paasche and Laspeyres price
indexes.*7 In order to explain this formula, it is ﬁrst necessary to make a few deﬁnitions. Deﬁne the
nth price relative between month 0 and month t as
rn ≡

ptn
;
p0n

n = 1, . . . , N.

(8.15)

The ordinary Laspeyres price index, relating the prices of month 0 to those of month t, can be deﬁned
as a weighted average of these price relatives as follows:
PL (p0 , pt , q 0 ) ≡
=

∑N
n=1
∑N

≡ r∗

n=1

s0n (ptn /p0n )
s0n rn

using (8.15)
(8.16)

where the month 0 expenditure shares s0n are deﬁned as follows:
p0 q 0
s0n ≡ ∑Nn n ;
0 0
k=1 pk qk

n = 1, . . . , N.

(8.17)

Deﬁne the nth quantity relative tn as the ratio of the quantity of commodity n used in the month t,
qnt , to the quantity used in month 0, qn0 , as follows:
tn ≡

qnt
;
qn0

n = 1, . . . , N.

(8.18)

The Laspeyres quantity index, QL (q 0 , q t , p0 ), that compares quantities in month t, q t , to the corresponding quantities in month 0, q 0 , using the prices of month 0, p0 , as weights can be deﬁned as a
weighted average of the quantity ratios tn as follows:
QL (q 0 , q t , p0 ) ≡
=

p0 · q t
p0 · q 0
∑N

≡ t∗ .

n=1

s0n tn

using (8.17) and (8.18)
(8.19)

Before we compare the Paasche and Laspeyres price indexes, we need to undertake a preliminary

*7

This relationship was originally discovered by Bortkiewicz (1923; 374-375)[63].
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computation using the above deﬁnitions of rn and tn :
Cov(r, t, s0 ) ≡

∑N

(rn − r∗ )(tn − t∗ )s0n
∑N
∑N
∑N
=
rn tn s0n −
rn t∗ s0n −
r∗ tn s0n +
r∗ t∗ s0n
n=1
n=1
n=1
n=1
∑N
∑N
∑N
∑N
rn tn s0n − t∗
rn s0n − r∗
tn s0n + r∗ t∗
s0n
=
n=1
n=1
n=1
n=1
∑N
∑N
∑N
∑N
=
rn tn s0n − t∗
rn s0n − r∗
tn s0n + r∗ t∗ using
s0n = 1
n=1
n=1
n=1
n=1
∑N
=
rn tn s0n − t∗ r∗ − r∗ t∗ + r∗ t∗ using (8.16) and (8.19)
n=1
∑N
=
rn tn s0n − t∗ r∗ .
(8.20)
n=1
∑N

n=1

Note that Cov(r, t, s0 ) can be interpreted as a weighted covariance between the vector of price
relatives, r ≡ [r1 , . . . , rN ], and the vector of quantity relatives, t ≡ [t1 , . . . , tN ], using the base period
vector of expenditure shares, s0 ≡ [s01 , . . . , s0N ], as weights. More explicitly, let r and t be discrete
random variables that take on the N values rn and tn respectively. Let s0n be the joint probability
that r = rn and t = tn for n = 1, . . . , N and let the joint probability be 0 if r = ri and t = tj where
i ̸= j. It can be veriﬁed that Cov(r, t, s0 ) deﬁned in the ﬁrst line of (8.20) is the covariance between
the price relatives rn and the corresponding quantity relatives tn . This covariance can be converted
into a correlation coeﬃcient.*8
Now we are ready to exhibit von Bortkiewicz’s formula relating the Paasche and Laspeyres indexes.
The Paasche index, PP (p0 , pt , q t ), that compares the prices of the base month 0, p0 , to those of
month t, pt , using the quantity vector of month t, q t , as a weighting vector is deﬁned as follows:
0

t

∑N

t

PP (p , p , q ) ≡ ∑n=1
N
=

ptn qnt

0 t
n=1 pn qn
∑N
0 0
n=1 rn tn pn qn
∑N
0 0
n=1 tn pn qn

∑N

n=1
= ∑
N

=
=
=
=
=

*8

using deﬁnitions (8.15) and (8.18)

rn tn p0n qn0 /p0 · q 0

0 0
0
0
n=1 tn pn qn /p · q
∑N
0
n=1 rn tn sn
using deﬁnition
∑N
0
n=1 tn sn

(8.17)

∑N

0
n=1 rn tn sn
t∗

using deﬁnition (8.19)
{∑
}
N
∗
∗ 0
(r
−
r
)(t
−
t
)s
+ r ∗ t∗
n
n
n
n=1
t∗

∑N

n=1 (rn

∑N

using (8.20)

− r∗ )(tn − t∗ )s0n
+ r∗
t∗

− r∗ )(tn − t∗ )s0n
+ PL (p0 , pt , q 0 ) using (8.16) and (8.19).
QL (q 0 , q t , p0 )

n=1 (rn

(8.21)

See Bortkiewicz (1923; 374-375)[63] for the ﬁrst application of this correlation coeﬃcient decomposition technique.
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Subtracting PL (p0 , pt , q 0 ) from both sides of (8.21) leads to the following relationship between the
Paasche and Laspeyres price indexes:
0

t

t

0

t

0

PP (p , p , q ) − PL (p , p , q ) =
=

∑N

− r∗ )(tn − t∗ )s0n
QL (q 0 , q t , p0 )

n=1 (rn

Cov(r, t, s0 )
.
QL (q 0 , q t , p0 )

(8.22)

Thus the diﬀerence between the Paasche and Laspeyres price indexes relating the prices of period 0
to those of period t is equal to the covariance between the relative price and relative quantity vectors,
Cov(r, t, s0 ), divided by the Laspeyres quantity index, QL (q 0 , q t , p0 ). Usually, this covariance will
be negative for most value aggregates*9 so that usually the Paasche index will be less than the
corresponding Laspeyres index.
In the following section, we will develop a similar relationship between the Lowe and Laspeyres
indexes using the same technique as was used by Bortkiewicz.

8.3 The Relationship between the Lowe, Laspeyres and Paasche Indexes
We shall use the same notation for the long term monthly price relatives rn ≡ ptn /p0n that was
used in the previous section so that (8.15)-(8.17) are still used in the present section. However, we
shall change the deﬁnition of the tn in the previous section in order to relate the base year annual
quantities qnb to the base month quantities qn0 :
tn ≡

qnb
;
qn0

n = 1, . . . , N.

(8.23)

We also deﬁne a new Laspeyres quantity index QL (q 0 , q b , p0 ), which compares the base year quantity
vector q b to the base month quantity vector q 0 , using the price weights of the base month p0 , as
follows:
p0 · q b
p0 · q 0
∑N 0 b
pn qn
= ∑n=1
N
0 0
n=1 pn qn
∑N 0 0 b 0
pn qn (qn /qn )
= n=1
∑N 0 0
n=1 pn qn
∑N
=
s0n (qnb /qn0 ) using deﬁnitions (8.17)
n=1
∑N
=
s0n (tn ) using deﬁnitions (8.23)

QL (q 0 , q b , p0 ) ≡

∗

≡t .

n=1

(8.24)

Using deﬁnition (8.9), the Lowe index comparing the prices in month t to those of month 0, using

*9

As we shall see later, this corresponds to the situation where demander substitution eﬀects outweigh supplier
substitution eﬀects.
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the quantity weights of the base year b, is equal to:
∑N t b
pn qn
0
t
b
PLo (p , p , q ) ≡ ∑n=1
N
0 b
n=1 pn qn
∑N t
pn tn qn0
using deﬁnitions (8.23)
= ∑n=1
N
0
0
n=1 pn tn qn
∑N
0
0
n=1 rn pn tn qn
= ∑
using deﬁnitions (8.15)
N
0
0
n=1 pn tn qn
∑N
0 0
0
0
n=1 rn tn pn qn /p · q
= ∑
N
0 0
0
0
n=1 tn pn qn /p · q
∑N
0
n=1 rn tn sn
using deﬁnitions (8.17)
= ∑
N
0
t
s
n
n
n=1
∑N
rn tn s0n
= n=1 ∗
using (8.24)
t
{∑
}
N
∗
∗ 0
∗ ∗
(r
−
r
)(t
−
t
)s
n
n
n +t r
n=1
using the identity (8.20)
=
t∗
∑N
(rn − r∗ )(tn − t∗ )s0n
= n=1
+ r∗
t∗
∑N
(rn − r∗ )(tn − t∗ )s0n
+ PL (p0 , pt , q 0 ) using deﬁnition (8.16)
= n=1
t∗
Cov(r, t, s0 )
=
+ PL (p0 , pt , q 0 )
(8.25)
QL (q 0 , q b , p0 )
where the last equality follows using deﬁnitions (8.20) and (8.24). Subtracting the Laspeyres price
index relating the prices of month t to those of month 0, PL (p0 , pt , q 0 ), from both sides of (8.25)
leads to the following relationship of this monthly Laspeyres price index to its Lowe counterpart:
∑N
(rn − r∗ )(tn − t∗ )s0n
0
t
b
0
t
0
PLo (p , p , q ) − PL (p , p , q ) = n=1
QL (q 0 , q b , p0 )
=

Cov(r, t, s0 )
.
QL (q 0 , q b , p0 )

(8.26)

Thus the diﬀerence between the Lowe and Laspeyres price indexes relating the prices of period 0 to
those of period t is equal to the covariance between the relative price and relative quantity vectors,
Cov(r, t, s0 ), divided by the Laspeyres quantity index, QL (q 0 , q b , p0 ). Thus (8.26) tells us that the
Lowe price index using the quantities of year b as weights, PLo (p0 , pt , q b ), is equal to the usual
Laspeyres index using the quantities of month 0 as weights, PL (p0 , pt , q 0 ), plus a covariance term
∑N
∗
∗ 0
t
0
n=1 (rn −r )(tn −t )sn between the long term monthly price relatives rn ≡ pn /pn and the quantity
b
0
b
relatives tn ≡ qn /qn (which are equal to the base year quantities qn divided by the base month
quantities qn0 ), divided by the Laspeyres quantity index QL (q 0 , q b , p0 ) between month 0 and base
year b.
Formula (8.26) shows that the Lowe price index will coincide with the Laspeyres price index if the
covariance or correlation between the month 0 to t price relatives rn ≡ ptn /p0n and the month 0
to year b quantity relatives tn ≡ qnb /qn0 is zero. Note that this covariance will be zero under three
diﬀerent sets of conditions:
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• If the month t prices are proportional to the month 0 prices so that all rn equal r∗ ;
• If the base year b quantities are proportional to the month 0 quantities so that all tn equal t∗ ;
• If the distribution of the relative prices rn is independent of the distribution of the relative
quantities tn .

The ﬁrst two conditions are unlikely to hold empirically but the third is possible, at least approximately, if consumers do not systematically change their purchasing habits in response to changes in
relative prices.
If the covariance in (8.26) is negative, then the Lowe index will be less than the Laspeyres and ﬁnally,
if the covariance is positive, then the Lowe index will be greater than the Laspeyres index. Although
∑N
the sign and magnitude of the covariance term, n=1 (rn − r∗ )(tn − t∗ )s0n , is ultimately an empirical
matter, it is possible to make some reasonable conjectures about its likely sign. If the base year b
precedes the price reference month 0 and there are long term trends in prices, then it is likely that
this covariance is positive and hence the Lowe index will exceed the corresponding Laspeyres price
index *10 ; i.e.,
PLo (p0 , pt , q b ) > PL (p0 , pt , q 0 ).
(8.27)
To see why this covariance is likely to be positive, suppose that there is a long term upward trend
in the price of commodity n so that rn − r∗ ≡ (ptn /p0n ) − r∗ is positive. With normal consumer
substitution responses*11 , qnt /qn0 less an average quantity change of this type is likely to be negative,
or, upon taking reciprocals, qn0 /qnt less an average quantity change of this (reciprocal) type is likely
to be positive. But if the long term upward trend in prices has persisted back to the base year b,
then tn − t∗ ≡ (qnb /qn0 ) − t∗ is also likely to be positive. Hence, the covariance will be positive under
these circumstances. Moreover, the more distant is the base year b from the base month 0, the
bigger the residuals tn − t∗ will likely be and the bigger will be the positive covariance. Similarly, the
more distant is the current period month t from the base period month 0, the bigger the residuals
rn − r∗ will likely be and the bigger will be the positive covariance. Thus under the assumptions that
there are long term trends in prices and normal consumer substitution responses, the Lowe index will
usually be greater than the corresponding Laspeyres index.
Recall relationship (8.22) in the previous section, which related the diﬀerence between the Paasche
∑N
and Laspeyres price indexes, PP (p0 , pt , q t ) and PL (p0 , pt , q 0 ), to the covariance term, n=1 (rn −
r∗ )(tn − t∗ )s0n , where the quantity relatives tn ≡ qnt /qn0 were deﬁned by (8.18). Although the sign
∑N
and magnitude of the covariance term in (8.22), n=1 (rn − r∗ )(tn − t∗ )s0n , is again an empirical
matter, it is possible to make a reasonable conjecture about its likely sign. If there are long term
trends in prices and consumers respond normally to price changes in their purchases, then it is likely
that that this covariance is negative and hence the Paasche index will be less than the corresponding
Laspeyres price index; i.e.,
PP (p0 , pt , q t ) < PL (p0 , pt , q 0 ).
(8.28)
To see why this covariance is likely to be negative, suppose that there is a long term upward trend
in the price of commodity n*12 so that rn − r∗ ≡ (ptn /p0n ) − r∗ is positive. With normal consumer
*10

*11

*12

It is also necessary to assume that households have normal substitution eﬀects in response to these long term
trends in prices; i.e., if a commodity increases (relatively) in price, its consumption will decline (relatively) and
if a commodity decreases relatively in price, its consumption will increase relatively.
Walsh (1901; 281-282)[530] was well aware of consumer substitution eﬀects as can be seen in the following
comment which noted the basic problem with a ﬁxed basket index that uses the quantity weights of a single
period: “The argument made by the arithmetic averagist supposes that we buy the same quantities of every
class at both periods in spite of the variation in their prices, which we rarely, if ever, do. As a rough proposition,
we –a community –generally spend more on articles that have risen in price and get less of them, and spend less
on articles that have fallen in price and get more of them.”
The reader can carry through the argument if there is a long term relative decline in the price of the ith
commodity. The argument required to obtain a negative covariance requires that there be some diﬀerences in
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substitution responses, qnt /qn0 less an average quantity change of this type is likely to be negative.
Hence tn − t∗ ≡ (qnt /qn0 ) − t∗ is likely to be negative. Thus, the covariance will be negative under
these circumstances. Moreover, the more distant is the base month 0 from the current month t,
the bigger in magnitude the residuals tn − t∗ will likely be and the bigger in magnitude will be
the negative covariance.*13 Similarly, the more distant is the current period month t from the base
period month 0, the bigger the residuals rn − r∗ will likely be and the bigger in magnitude will be
the covariance. Thus under the assumptions that there are long term trends in prices and normal
consumer substitution responses, the Laspeyres index will be greater than the corresponding Paasche
index, with the divergence likely growing as month t becomes more distant from month 0.
Putting the arguments in the three previous paragraphs together, it can be seen that under the
assumptions that there are long term trends in prices and normal consumer substitution responses,
the Lowe price index between months 0 and t will exceed the corresponding Laspeyres price index
which in turn will exceed the corresponding Paasche price index; i.e., under these hypotheses,
PLo (p0 , pt , q b ) > PL (p0 , pt , q 0 ) > PP (p0 , pt , q t ).

(8.29)

Thus if the long run target price index is an average of the Laspeyres and Paasche indexes, it can be
seen that the Laspeyres index will have an upward bias relative to this target index and the Paasche
index will have a downward bias. In addition, if the base year b is prior to the price reference month,
month 0, then the Lowe index will also have an upward bias relative to the Laspeyres index and hence
also to the target index. The previous sentence is not good news for statistical agencies that base
their consumer price index on the Lowe index that uses base year quantities for a distant year as
weights.

8.4 The Lowe Index and Midyear Indexes
The discussion in the previous sections assumed that the base year b for quantities preceded the base
month for prices, month 0. However, if the current period month t is quite distant from the base
month 0, then it is possible to collect expenditure information for a base year b that lies between
months 0 and t. If the year b does fall between months 0 and t, then the Lowe index becomes a
midyear index.*14 It turns out that if the base year is between monthly periods 0 and t, then the
Lowe midyear index no longer has the upward biases indicated by the inequalities in (8.29) under
the assumption of long term trends in prices and normal substitution responses by quantities.

*13
*14

the long term trends in prices; i.e., if all prices grow (or fall) at the same rate, we have price proportionality
and the covariance will be zero.
However, QL = t∗ may also be growing in magnitude so the net eﬀect on the divergence between PL and PP is
ambiguous.
This concept can be traced to Peter Hill (1998; 46)[335]: “When inﬂation has to be measured over a speciﬁed
sequence of years, such as a decade, a pragmatic solution to the problems raised above would be to take the
middle year as the base year. This can be justiﬁed on the grounds that the basket of goods and services purchased
in the middle year is likely to be much more representative of the pattern of consumption over the decade as
a whole than baskets purchased in either the ﬁrst or the last years. Moreover, choosing a more representative
basket will also tend to reduce, or even eliminate, any bias in the rate of inﬂation over the decade as a whole as
compared with the increase in the CoL index.” Thus in addition to introducing the concept of a midyear index,
Hill also introduced the terminology representativity bias. Baldwin (1990; 255-256)[21] also introduced the term
representativeness: “Here representativeness [in an index number formula] requires that the weights used in
any comparison of price levels are related to the volume of purchases in the periods of comparison.” However,
this basic idea dates back to Walsh (1901; 104)[530] (1921a; 90)[532]. Baldwin (1990; 255)[21] also noted that
his concept of representativeness was the same as Drechsler’s (1973; 19)[241] concept of characteristicity. For
additional material on midyear indexes, see Schultz (1999)[464] and Okamoto (2001)[420]. Note that the midyear
index concept could be viewed as a close competitor to Walsh’s (1901; 431)[530] multiyear ﬁxed basket index
where the quantity vector was chosen to be an arithmetic or geometric average of the quantity vectors in the
span of periods under consideration.
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We now assume that the base year quantity vector q b corresponds to a year that lies between
months 0 and t. Under the assumption of long term trends in prices and normal substitution eﬀects
so that there are also long term trends in quantities (in the opposite direction to the trends in
prices so that if the nth commodity price is trending up, then the corresponding nth quantity is
trending down), it is likely that the intermediate year quantity vector will lie between the monthly
quantity vectors q 0 and q t . The midyear Lowe index, PLo (p0 , pt , q b ), and the Laspeyres index going
from month 0 to t, PL (p0 , pt , q 0 ), will still satisfy the exact relationship given by equation (8.26)
∑N
above. Thus PLo (p0 , pt , q b ) will equal PL (p0 , pt , q 0 ) plus the covariance term [ n=1 (rn − r∗ )(tn −
t∗ )s0n ]/QL (q 0 , q b , p0 ), where QL (q 0 , q b , p0 ) is the Laspeyres quantity index going from month 0 to
base year b. This covariance term is likely to be negative so that
PLo (p0 , pt , q b ) < PL (p0 , pt , q 0 ).

(8.30)

To see why this covariance is likely to be negative, suppose that there is a long term upward trend
in the price of commodity n so that rn − r∗ ≡ (ptn /p0n ) − r∗ is positive. With normal consumer
substitution responses, qn will tend to decrease relatively over time and since qnb is assumed to be
between qn0 and qnt , qnb /qn0 less an average quantity change of this type is likely to be negative. Hence
tn − t∗ ≡ (qnb /qn0 ) − t∗ is likely to be negative. Thus, the covariance is likely to be negative under
these circumstances. Thus under the assumptions that the quantity base year falls between months
0 and t and that there are long term trends in prices and normal consumer substitution responses,
the Laspeyres index will normally be larger than the corresponding Lowe midyear index, with the
divergence likely growing as month t becomes more distant from month 0.
It can also be seen that under the above assumptions, the midyear Lowe index is likely to be greater
than the Paasche index between months 0 and t; i.e.,
PLo (p0 , pt , q b ) > PP (p0 , pt , q t ).

(8.31)

To see why the above inequality is likely to hold, think of q b starting at the month 0 quantity
vector q 0 and then trending smoothly to the month t quantity vector q t . When q b = q 0 , the Lowe
index PLo (p0 , pt , q b ) becomes the Laspeyres index PL (p0 , pt , q 0 ). When q b = q t , the Lowe index
PLo (p0 , pt , q b ) becomes the Paasche index PP (p0 , pt , q t ). Under the assumption of trending prices
and normal substitution responses to these trending prices, it was shown earlier that the Paasche
index will be less than the corresponding Laspeyres price index; i.e., that PP (p0 , pt , q t ) was less than
PL (p0 , pt , q 0 ); recall (8.22). Thus under the assumption of smoothly trending prices and quantities
between months 0 and t, and assuming that q b is between q 0 and q t , we will have
PP (p0 , pt , q t ) < PLo (p0 , pt , q b ) < PL (p0 , pt , q 0 ).

(8.32)

Thus if the base year for the Lowe index is chosen to be in between the base month for the prices,
month 0, and the current month for prices, month t, and there are trends in prices with corresponding
trends in quantities that correspond to normal consumer substitution eﬀects, then the resulting Lowe
index is likely to lie between the Paasche and Laspeyres indexes going from months 0 to t. If the
trends in prices and quantities are smooth, then choosing the base year half way between periods 0
and t should give a Lowe index that is approximately half way between the Paasche and Laspeyres
indexes and hence will be very close to an ideal target index between months 0 and t. This basic
idea has been implemented by Okamoto (2001)[420] using Japanese consumer data and he found
that the resulting midyear indexes approximated the corresponding Fisher ideal indexes very closely.
However, the assumption of smooth trends in prices and quantities is necessary to get this close
approximation.
All of the inequalities derived in this chapter rest on the assumption of long term trends in prices
(and corresponding economic responses in quantities). If there are no systematic long run trends in
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prices, but only random ﬂuctuations around a common trend in all prices, then the above inequalities
are not valid and the Lowe index using a prior base year will probably provide a perfectly adequate
approximation to both the Paasche and Laspeyres indices. However, there are some reasons for
believing that there are some long run trends in prices. Some of these reasons are:
• The computer chip revolution of the past 40 years has led to strong downward trends in the
prices of products that use these chips intensively. As new uses for chips have been developed
over the years, the share of products that are chip intensive has grown and this implies that
what used to be a relatively minor problem has become a more major problem.
• Other major scientiﬁc advances have had similar eﬀects. For example, the invention of ﬁber
optic cable (and lasers) has led to a downward trend in telecommunications prices as obsolete
technologies based on copper wire are gradually replaced.
• Since the end of World War II, there have been a series of international trade agreements
that have dramatically reduced tariﬀs around the world. These reductions, combined with
improvements in transportation technologies, have led to a very rapid growth of international
trade and remarkable improvements in international specialization. Manufacturing activities
in the more developed economies have gradually been outsourced to lower wage countries,
leading to deﬂation in goods prices in most countries around the world. However, many services
cannot be readily outsourced*15 and so on average, the price of services trends upwards while
the price of goods trends downwards.
• At the microeconomic level, there are tremendous diﬀerences in growth rates of ﬁrms. Successful ﬁrms expand their scale, lower their costs, and cause less successful competitors to
wither away with their higher prices and lower volumes. This leads to a systematic negative
correlation between changes in item prices and the corresponding changes in item volumes
that can be very large indeed.
Thus there is some a priori basis for assuming long run divergent trends in prices and hence there is
some basis for concern that a Lowe index that uses a distant base year for quantity weights that is
prior to the base month for prices may be upward biased, compared to a more ideal target index.

8.5 The Young Index
Recall the deﬁnitions for the base year quantities, qnb , and the base year prices, pbn , (8.5) and (8.6)
above. The base year expenditure shares sbn can be deﬁned in the usual way as follows:
pb q b
sbn ≡ ∑N n n ;
b b
k=1 pk qk

n = 1, . . . , N .

(8.33)

Deﬁne the vector of base year expenditure shares in the usual way as sb ≡ [sb1 , . . . , sbN ]. These base
year expenditure shares were used to provide an alternative formula for the base year b Lowe price
∑N
∑
0
b b
index going from month 0 to t deﬁned in (8.8) as PLo (p0 , pt , q b ) = n=1 (ptn /pbn )sbn / N
n=1 (pn /pn )sn .
Rather than using this index as their short run target index, many statistical agencies use the
following closely related Young price index :
PY (p0 , pt , sb ) ≡

∑N
n=1

(ptn /p0n )sbn .

(8.34)

This type of index was ﬁrst deﬁned by the English economist, Arthur Young (1812)[549].*16 Note
that there is a change in focus when the Young index is used compared to the other indexes proposed
*15
*16

However some services can be internationally outsourced; e.g., call centers, computer programming, airline
maintenance, etc.
The attribution of this formula to Young is due to Walsh (1901; 536)[530] (1932; 657)[535].
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earlier in this chapter. Up to this point, the indexes proposed have been of the ﬁxed basket type
(or averages of such indexes) where a commodity basket that is somehow representative for the two
periods being compared is chosen and then “purchased” at the prices of the two periods and the
index is taken to be the ratio of these two costs. On the other hand, for the Young index, one instead
chooses representative expenditure shares that pertain to the two periods under consideration and
then uses these shares to calculate the overall index as a share weighted average of the individual
price ratios, ptn /p0n . Note that this share weighted average of price ratios view of index number
theory is a bit diﬀerent from the view taken at the beginning of this chapter, which viewed the index
number problem as the problem of decomposing a value ratio into the product of two terms, one of
which expresses the amount of price change between the two periods and the other which expresses
the amount of quantity change.*17
Statistical agencies sometimes regard the Young index deﬁned above as an approximation to the
Laspeyres price index PL (p0 , pt , q 0 ). Hence, it is of interest to see how the two indexes compare.
Deﬁning the long term monthly price relatives going from month 0 to t as rn ≡ ptn /p0n and using
deﬁnitions (8.34) and (8.16):
PY (p0 , pt , sb ) − PL (p0 , pt , q 0 ) =
=
=
=
=

∑N
n=1
∑N
n=1
∑N
n=1
∑N
n=1

∑N

n=1

(ptn /p0n )sbn −

∑N
n=1

(ptn /p0n )s0n

(ptn /p0n )[sbn − s0n ]
rn [sbn − s0n ] using deﬁnitions (8.15)
∑N
[sbn − s0n ]
[rn − r∗ ][sbn − s0n ] + r∗
n=1

[rn − r

∗

][sbn

−

s0n ]

(8.35)

∑N
∑
∑N
0
∗
0
0
t
0
since n=1 sbn = N
n=1 sn = 1 and deﬁning r ≡
n=1 sn rn = PL (p , p , q ). Thus the Young
index PY (p0 , pt , sb ) is equal to the Laspeyres index PL (p0 , pt , q 0 ) plus the covariance between the
diﬀerence in the annual shares pertaining to year b and the month 0 shares, sbn −s0n , and the deviations
of the relative prices from their mean, rn − r∗ .*18
It is no longer possible to guess at what the likely sign of the covariance term is. The question is no
longer whether the quantity demanded goes down as the price of commodity n goes up (the answer to
this question is usually yes) but the new question is: does the share of expenditure on commodity n
go down as the price of commodity n goes up? The answer to this question depends on the elasticity
of demand for the product. However, let us provisionally assume that there are long run trends in
commodity prices and if the trend in prices for commodity n is above the mean, then the expenditure
*17

*18

Fisher’s 1922 book is famous for developing the value ratio decomposition approach to index number theory
but his introductory chapters took the share weighted average point of view: “An index number of prices,
then shows the average percentage change of prices from one point of time to another.” Irving Fisher (1922;
3)[274]. Fisher went on to note the importance of economic weighting: “The preceding calculation treats all
the commodities as equally important; consequently, the average was called ‘simple’. If one commodity is more
important than another, we may treat the more important as though it were two or three commodities, thus
giving it two or three times as much ‘weight’ as the other commodity.” Irving Fisher (1922; 6)[274]. Walsh
(1901; 430-431)[530] considered both approaches: “We can either (1) draw some average of the total money
values of the classes during an epoch of years, and with weighting so determined employ the geometric average
of the price variations [ratios]; or (2) draw some average of the mass quantities of the classes during the epoch,
and apply to them Scrope’s method.” Scrope’s method is the same as using the Lowe index. Walsh (1901;
88-90)[530] consistently stressed the importance of weighting price ratios by their economic importance (rather
than using equally weighted averages of price relatives). Both the value ratio decomposition approach and
the share weighted average approach to index number theory were studied from the axiomatic perspective in
Chapter 4.
Strictly speaking, the covariance between the vectors r and [sb − s0 ] is (1/N )[r − r ∗ 1N ] · [sb − s0 ]; i.e., the
weighting factor (1/N ) is missing in (8.35).
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share for the commodity trends down (and vice versa). Thus we are assuming high elasticities or
very strong substitution eﬀects. Assuming also that the base year b is prior to month 0, then under
these conditions, suppose that there is a long term upward trend in the price of commodity n so that
rn − r∗ ≡ (ptn /p0n ) − r∗ is positive. With the assumed very elastic consumer substitution responses,
sn will tend to decrease relatively over time and since sbn is assumed to be prior to s0n , s0n is expected
to be less than sbn or sbn − s0n will likely be positive. Thus, the covariance is likely to be positive under
these circumstances. Hence with long run trends in prices and very elastic responses of consumers
to price changes, the Young index is likely to be greater than the corresponding Laspeyres index.
Assume that there are long run trends in commodity prices. Suppose the trend in price for commodity
n is above the mean, and suppose that the expenditure share for the commodity trends up (and vice
versa). Thus we are assuming low elasticities or very weak substitution eﬀects. Assume also that the
base year b is prior to month 0 and since we have supposed that there is a long term upward trend
in the price of commodity n, then rn − r∗ ≡ (ptn /p0n ) − r∗ will be positive. With the assumed very
inelastic consumer substitution responses, sn will tend to increase relatively over time and since sbn
is assumed to be prior to s0n , it will be the case that s0n is greater than sbn or sbn − s0n is negative.
Thus, the covariance is likely to be negative under these circumstances. Hence with long run trends
in prices and very inelastic responses of consumers to price changes, the Young index is likely to be
less than the corresponding Laspeyres index.
The previous two paragraphs indicate that a priori, it is not known what the likely diﬀerence between
the Young index and the corresponding Laspeyres index will be. If elasticities of substitution are
close to one, then the two sets of expenditure shares, sbi and s0i , will be close to each other and the
diﬀerence between the two indices will be close to zero. However, if monthly expenditure shares have
strong seasonal components, then the annual shares sbi could diﬀer substantially from the monthly
shares s0i .
It is useful to have a formula for updating the previous month’s Young price index using just month
over month price relatives. The Young index for month t + 1, PY (p0 , pt+1 , sb ), can be written in
terms of the Young index for month t, PY (p0 , pt , sb ), and an updating factor as follows:
∑N

0 b
(pt+1
n /pn )sn
∑N
0 b
(pt+1
n /pn )sn
0
t b
= PY (p , p , s ) ∑n=1
N
t
0 b
n=1 (pn /pn )sn
∑N
(pt+1 /ptn )(ptn /p0n )sbn
= PY (p0 , pt , sb ) n=1∑Nn
t
0 b
n=1 (pn /pn )sn
∑N
b0t
t
= PY (p0 , pt , sb )
(pt+1
n /pn )sn

PY (p0 , pt+1 , sb ) ≡

n=1

n=1

(8.36)

where the hybrid weights sb0t
n are deﬁned as
(ptn /p0n )sbn
sb0t
≡
;
∑
n
N
t
0 b
n=1 (pn /pn )sn

n = 1, .., N.

(8.37)

b
Thus the hybrid weights sb0t
n can be obtained from the base year expenditure shares sn by updating
them; i.e., by multiplying them by the price relatives, (or indexes at higher levels of aggregation),
ptn /p0n . Thus the required updating factor, going from month t to month t + 1, is the chain link
∑N
t+1
t
b0t
index, n=1 sb0t
n (pn /pn ), which uses the hybrid share weights sn deﬁned by (8.37).
Even if the Young index provides a close approximation to the corresponding Laspeyres index, it is
diﬃcult to recommend the use of the Young index as a ﬁnal estimate of the change in prices going
from period 0 to t, just as it was diﬃcult to recommend the use of the Laspeyres index as the ﬁnal
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estimate of inﬂation going from period 0 to t. Recall that the problem with the Laspeyres index
was its lack of symmetry in the treatment of the two periods under consideration; i.e., using the
justiﬁcation for the Laspeyres index as a good ﬁxed basket index, there was an identical justiﬁcation
for the use of the Paasche index as an equally good ﬁxed basket index to compare periods 0 and
t. The Young index suﬀers from a similar lack of symmetry with respect to the treatment of the
base period. The problem can be explained as follows. The Young index, PY (p0 , pt , sb ) deﬁned by
(8.34) calculates the price change between months 0 and t treating month 0 as the base. But there
is no particular reason to treat month 0 as the base month other than convention. Hence, if we treat
month t as the base and use the same formula to measure the price change from month t back to
∑N
month 0, the index PY (pt , p0 , sb ) = n=1 sbn (p0n /ptn ) would be appropriate. This estimate of price
change can then be made comparable to the original Young index by taking its reciprocal, leading
to the following rebased Young index *19 , PY∗ (p0 , pt , sb ), deﬁned as follows:
1

PY∗ (p0 , pt , sb ) ≡ ∑N

0
t
b
n=1 (pn /pn )sn

=

[∑
N

n=1

sbn (ptn /p0n )−1

]−1
.

(8.38)

Thus the rebased Young index, PY∗ (p0 , pt , sb ), that uses the current month as the initial base period
is a share weighted harmonic mean of the price relatives going from month 0 to month t, whereas the
original Young index, PY (p0 , pt , sb ), is a share weighted arithmetic mean of the same price relatives.
Fisher argued as follows that an index number formula should give the same answer no matter which
period was chosen as the base:
“Either one of the two times may be taken as the ‘base’. Will it make a diﬀerence which is
chosen? Certainly, it ought not and our Test 1 demands that it shall not. More fully expressed,
the test is that the formula for calculating an index number should be such that it will give
the same ratio between one point of comparison and the other point, no matter which of the
two is taken as the base.” Irving Fisher (1922; 64)[274].
Problem 1 Show that the Young index and its rebased counterpart satisfy the following inequality:
PY∗ (p0 , pt , sb ) ≤ PY (p0 , pt , sb )

(8.39)

with a strict inequality provided that the period t price vector pt is not proportional to the period
0 price vector p0 .*20 Thus a statistical agency that uses the direct Young index PY (p0 , pt , sb ) will
generally show a higher inﬂation rate than a statistical agency that uses the same raw data but uses
the rebased Young index, PY∗ (p0 , pt , sb ).
The inequality (8.39) does not tell us by how much the Young index will exceed its rebased time
antithesis. However, it can be shown that to the accuracy of a certain second order Taylor series approximation, the following relationship holds between the direct Young index and its time
*19
*20

Using Fisher’s (1922; 118)[274] terminology, PY∗ (p0 , pt , sb ) ≡ 1/[PY (pt , p0 , sb )] is the time antithesis of the
original Young index, PY (p0 , pt , sb ).
Walsh (1901; 330-332)[530] explicitly noted the inequality (8.39) and also noted that the corresponding geometric
average would fall between the harmonic and arithmetic averages. Walsh (1901; 432)[530] computed some
numerical examples of the Young index and found big diﬀerences between it and his “best” indexes, even using
weights that were representative for the periods being compared. Recall that the Lowe index becomes the
Walsh index when geometric mean quantity weights are chosen and so the Lowe index can perform well when
representative weights are used. This is not necessarily the case for the Young index, even using representative
weights. Walsh (1901; 433)[530] summed up his numerical experiments with the Young index as follows: “In
fact, Young’s method, in every form, has been found to be bad.”
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PY (p0 , pt , sb ) ≈ PY∗ (p0 , pt , sb ) + PY (p0 , pt , sb ) Var e

where Var e is deﬁned as
Var e ≡

∑N
n=1

(8.40)

sbn [en − e∗ ]2 .

(8.41)

n = 1, . . . , N

(8.42)

The deviations en are deﬁned by
rn
;
r∗

1 + en ≡

where the rn and their weighted mean r∗ are deﬁned by (8.43) and (8.44) below:
rn ≡ ptn /p0n ; n = 1, . . . , N ;
∑N
r∗ ≡
sbn rn

(8.43)
(8.44)

n=1

which turns out to equal the direct Young index, PY (p0 , pt , sb ). The weighted mean of the en is
deﬁned as
∑N
e∗ ≡
sbn en .
(8.45)
n=1

Problem 2 Show that e∗ = 0.
Looking at (8.40), we see that the more dispersion there is in the price relatives ptn /p0n , to the accuracy
of a second order approximation, the more the direct Young index will exceed its counterpart that
uses month t as the initial base period rather than month 0.
We indicate how the result (8.40) can be established.
The direct Young index, PY (p0 , pt , sb ), and its time antithesis, PY∗ (p0 , pt , sb ), can be written as
functions of r∗ , the weights sbn and the deviations of the price relatives en as follows:
PY (p0 , pt , sb ) =
PY∗ (p0 , pt , sb ) ≡
=

∑N
n=1

[∑
N

sbn rn = r∗ ;

n=1

[∑
N

=r

n=1

∗

sbn (ptn /p0n )−1
sbn (rn )−1

[∑
N
n=1

sbn (1

(8.46)

]−1

]−1
using (8.43)
−1

+ en )

= r∗ f (e1 , e2 , . . . , eN ).

]−1
using (8.42)
(8.47)

Problem 3 Calculate the second order Taylor series approximation to f (e) deﬁned in (8.47) around
the point e = 0N and show that it simpliﬁes to 1 − Var e. Hence we obtain the approximate equality
PY∗ (p0 , pt , sb ) ≈ r∗ (1 − Var e), which is equivalent to the approximate equality (8.40).*21

*21

This type of second order approximation is due to Dalén (1992; 143)[103] for the case r∗ = 1 and to Diewert
(1995; 29)[157] for the case of a general r ∗ .

184

Chapter 8 The Use of Annual Weights in a Monthly Index

Given two a priori equally plausible index number formula that give diﬀerent answers, such as the
Young index and its time antithesis, Fisher (1922; 136)[274] generally suggested taking the geometric
average of the two indexes*22 and a beneﬁt of this averaging is that the resulting formula will satisfy
the time reversal test. Thus rather than using either the base period 0 Young index, PY (p0 , pt , sb ),
or the current period t Young index, PY∗ (p0 , pt , sb ), which is always below the base period 0 Young
index if there is any dispersion in relative prices, it seems preferable to use the following index, which
is the geometric average of the two alternatively based Young indexes:*23
PY∗∗ (p0 , pt , sb ) ≡ [PY (p0 , pt , sb )PY∗ (p0 , pt , sb )]1/2 .

(8.48)

If the base year shares sbn happen to coincide with both the month 0 and month t shares, s0n and
stn respectively, it can be seen that the time rectiﬁed Young index PY∗∗ (p0 , pt , sb ) deﬁned by (8.48)
will coincide with the Fisher ideal price index between months 0 and t, PF (p0 , pt , q 0 , q t ) (which will
also equal the Laspeyres and Paasche indexes under these conditions). Note also that the index PY∗∗
deﬁned by (8.48) can be produced on a timely basis by a statistical agency.

8.6 An Economic Approach to the Monthly Lowe Index with Annual
Weights
Recall the deﬁnition of the Lowe index, PLo (p0 , p1 , q) deﬁned by (8.1) above.*24 We noted earlier
that this formula is frequently used by statistical agencies as a target index for a CPI. We also
noted that while the price vectors p0 (the base period price vector) and p1 (the current period
price vector) were monthly or quarterly price vectors, the quantity vector q ≡ (q1 , q2 , . . . , qN ) which
appeared in this basket type formula was usually taken to be an annual quantity vector that referred
to a base year, b say, that is prior to the base period for the prices, month 0. Thus, typically, a
statistical agency will produce a Consumer Price Index at a monthly frequency that has the form
PLo (p0 , pt , q b ), where p0 is the price vector pertaining to the base period month for prices, month
0, pt is the price vector pertaining to the current period month for prices, month t say, and q b is a
reference basket quantity vector that refers to the base year b, which is equal to or prior to month
0.*25 The question to be addressed in the present section is: can this index be related to one based
on the economic approach to index number theory?
Assume that the consumer has preferences deﬁned over consumption vectors q ≡ [q1 , q2 , . . . , qN ] that
can be represented by the continuous increasing utility function f (q). Thus if f (q 1 ) > f (q 0 ), then
the consumer prefers the consumption vector q 1 to q 0 . Let q b be the annual consumption vector
for the consumer in the base year b. Deﬁne the base year utility level ub as the utility level that
corresponds to f (q) evaluated at q b :
ub ≡ f (q b ).
(8.49)
*22

*23

*24
*25

“We now come to a third use of these tests, namely, to ‘rectify’ formulae, i.e., to derive from any given formula
which does not satisfy a test another formula which does satisfy it; . . . . This is easily done by ‘crossing’, that is,
by averaging antitheses. If a given formula fails to satisfy Test 1 [the time reversal test], its time antithesis will
also fail to satisfy it; but the two will fail, as it were, in opposite ways, so that a cross between them (obtained by
geometrical averaging) will give the golden mean which does satisfy.” Irving Fisher (1922; 136)[274]. Actually
the basic idea behind Fisher’s rectiﬁcation procedure was suggested by Walsh, who was a discussant for Fisher
(1921)[273], where Fisher gave a preview of his 1922 book: “We merely have to take any index number, ﬁnd
its antithesis in the way prescribed by Professor Fisher, and then draw the geometric mean between the two.”
Correa Moylan Walsh (1921b; 542)[533].
This index is a base year weighted counterpart to an equally weighted index proposed by Carruthers, Sellwood
and Ward (1980; 25)[81] and Dalén (1992; 140)[103] in the context of elementary index number formulae. See
Chapter 11 for further discussion of this unweighted index.
The material in this section is based on joint work with Bert Balk.
As noted earlier, month 0 is called the price reference period and year b is called the weight reference period.
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For any vector of positive commodity prices p ≡ [p1 , p2 , . . . , pN ] and for any feasible utility level u,
the consumer’s cost function, C(u, p), can be deﬁned in the usual way as the minimum expenditure
required to achieve the utility level u when facing the prices p:
{∑
}
N
C(u, p) ≡ min
pn qn : f (q1 , q2 , . . . , qN ) = u .
(8.50)
q

n=1

Let pb ≡ [pb1 , . . . , pbN ] be the vector of annual prices that the consumer faced in the base year b.
b
Assume that the observed base year consumption vector q b ≡ [q1b , . . . , qN
] solves the following base
year cost minimization problem:
{∑
} ∑
N
N
b
b
b
b
pn qn : f (q1 , q2 , . . . , qN ) = u =
(8.51)
C(u , p ) ≡ min
pbn qnb .
n=1

q

n=1

The cost function will be used below in order to deﬁne the consumer’s cost of living price index.
Let p0 and pt be the monthly price vectors that the consumer faces in months 0 and t. Then the
Konüs (1924)[380] true cost of living index, PK (p0 , pt , q b ), between months 0 and t, using the base
year utility level ub = f (q b ) as the reference standard of living, is deﬁned as the following ratio of
minimum monthly costs of achieving the utility level ub :
PK (p0 , pt , q b ) ≡

C[f (q b ), pt ]
.
C[f (q b ), p0 ]

(8.52)

Using the deﬁnition of the monthly cost minimization problem that corresponds to the cost
C[f (q b ), pt ], it can be seen that the following inequality holds:
{∑
}
N
b
t
t
b
b
C[f (q ), p ] ≡ min
pn qn : f (q1 , . . . , qN ) = f (q1 , . . . , qN )
q

≤

∑N
n=1

n=1

ptn qnb

(8.53)

since the base year quantity vector q b is feasible for the cost minimization problem. Similarly,
using the deﬁnition of the monthly cost minimization problem that corresponds to the month 0 cost
C[f (q b ), p0 ], it can be seen that the following inequality holds:
}
{∑
N
b
)
p0n qn : f (q1 , . . . , qN ) = f (q1b , . . . , qN
C[f (q b ), p0 ] ≡ min
q

≤

∑N
n=1

n=1

p0n qnb

(8.54)

since the base year quantity vector q b is feasible for the cost minimization problem.
It will prove useful to rewrite the two inequalities (8.53) and (8.54) as equalities. This can be done
if nonnegative substitution bias terms, et and e0 , are subtracted from the right hand sides of these
two inequalities. Thus (8.53) and (8.54) can be rewritten as follows:
C(ub , pt ) =
C(ub , p0 ) =

∑N
n=1
∑N
n=1

ptn qnb − et ;

(8.55)

p0n qnb − e0

(8.56)
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where e0 ≥ 0 and et ≥ 0. Using (8.55) and (8.56) and the deﬁnition (8.8) for the Lowe index, the
following approximate equality for the Lowe index results:
0

t

∑N

b

PLo (p , p , q ) ≡ ∑n=1
N

n=1
b

ptn qnb
p0n qnb

=

C(u , pt ) + et
C(ub , p0 ) + e0

≈

C(ub , pt )
C(ub , p0 )

≡ PK (p0 , pt , q b )

using deﬁnition (8.52).

(8.57)

Thus if the nonnegative substitution bias terms e0 and et are small, then the Lowe index between
months 0 and t, PLo (p0 , pt , q b ), will be an adequate approximation to the true cost of living index
between months 0 and t, PK (p0 , pt , q b ).*26
A bit of algebraic manipulation shows that the Lowe index will be exactly equal to its cost of living
counterpart if the substitution bias terms satisfy the following relationship:*27
C(ub , pt )
et
=
= PK (p0 , pt , q b ).
e0
C(ub , p0 )

(8.58)

Equations (8.57) and (8.58) can be interpreted as follows: if the rate of growth in the amount of
substitution bias between months 0 and t is equal to the rate of growth in the minimum cost of
achieving the base year utility level ub between months 0 and t, then the observable Lowe index,
PLo (p0 , pt , q b ), will be exactly equal to its true cost of living index counterpart, PK (p0 , pt , q b ).*28
It is diﬃcult to know whether condition (8.58) will hold or whether the substitution bias terms
e0 and et will be small. Thus in the following two sections, ﬁrst and second order Taylor series
approximations to these substitution bias terms will be developed.

8.7 A First Order Approximation to the Bias of the Lowe Index
The true cost of living index between months 0 and t, using the base year utility level ub as the
reference utility level, is the ratio of two unobservable costs, C(ub , pt )/C(ub , p0 ). However, both
of these hypothetical costs can be approximated by ﬁrst order Taylor series approximations that
can be evaluated using observable information on prices and base year quantities. The ﬁrst order
Taylor series approximation to C(ub , pt ) around the annual base year price vector pb is given by the

*26

*27
*28

Although PK (p0 , pt , q b ) is a true cost of living index, it may not be a very relevant one if the base year
consumption vector q b is rather far from the consumption vectors that pertain to months 0 and t. This
limitation of the analysis must be kept in mind.
This assumes that e0 is greater than zero. If e0 is equal to zero, then to have equality of PK and PLo , it must
be the case that et is also equal to zero.
It can be seen that when month t is set equal to month 0, et = e0 and C(ub , pt ) = C(ub , p0 ) and thus (8.58) is
satisﬁed and PLo = PK . This is not surprising since both indexes are equal to unity when t = 0.
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following approximate equation:*29
C(ub , pt ) ≈ C(ub , pb ) +
=
=
=

∑N
n=1

∑N

n=1
∑N
n=1

∑N
n=1

pbn qnb +
pbn qnb +

∂C(ub , pb ) t
[pn − pbn ]
∂pn

∑N

n=1

∑N

n=1

∂C(ub , pb ) t
[pn − pbn ] using (8.51)
∂pn
qnb [ptn − pbn ]

using Shephard’s Lemma

ptn qnb .

(8.59)

Similarly, the ﬁrst order Taylor series approximation to C(ub , p0 ) around the annual base year price
vector pb is given by the following approximate equation:
C(ub , p0 ) ≈ C(ub , pb ) +
=
=
=

∑N
n=1

∑N

n=1
∑N
n=1

∑N

pbn qnb +
pbn qnb +
p0n qnb .

n=1

∂C(ub , pb ) 0
[pn − pbn ]
∂pn

∑N

n=1

∑N

n=1

∂C(ub , pb ) 0
[pn − pbn ] using (8.51)
∂pn
qnb [p0n − pbn ]

using Shephard’s Lemma
(8.60)

Comparing (8.59) with (8.55) and comparing (8.60) with (8.56), it can be seen that to the accuracy
of the ﬁrst order approximations used in (8.59) and (8.60), the substitution bias terms et and e0 will
be zero. Using these results to reinterpret (8.57), it can be seen that if the month 0 and month t price
vectors, p0 and pt , are not too diﬀerent from the base year vector of prices pb , then the Lowe index
PLo (p0 , pt , q b ) will approximate the true cost of living index PK (p0 , pt , q b ) to the accuracy of a ﬁrst
order approximation. This result is quite useful, since it indicates that if the monthly price vectors
p0 and pt are just randomly ﬂuctuating around the base year prices pb (with modest variances),
then the Lowe index will serve as an adequate approximation to a theoretical cost of living index.
However, if there are systematic long term trends in prices and month t is fairly distant from month
0 (or the end of year b is quite distant from month 0), then the ﬁrst order approximations given
by (8.59) and (8.60) may no longer be adequate and the Lowe index may have a considerable bias
relative to its cost of living counterpart. The hypothesis of long run trends in prices will be explored
in the following section.

*29

This type of Taylor series approximation was used in Schultze and Mackie (2002; 91)[465] in the cost of living
index context but it essentially dates back to Hicks (1941-42; 134)[319] in the consumer surplus context. See
also Diewert (1992; 568)[144] and Hausman (2002; 8)[313].
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8.8 A Second Order Approximation to the Substitution Bias of the Lowe
Index
A second order Taylor series approximation to C(ub , pt ) around the base year price vector pb is given
by the following approximate equation:
C(ub , pt ) ≈ C(ub , pb ) +
1 ∑N

∑N
n=1

∑N

∂C(ub , pb ) t
[pn − pbn ]
∂pn

∂ 2 C(ub , pb ) t
[pn − pbn ][ptk − pbk ]
n=1
k=1
2
∂pn ∂pk
∑N
1 ∑N ∑N ∂ 2 C(ub , pb ) t
[pn − pbn ][ptk − pbk ]
=
ptn qnb +
n=1
k=1
n=1
2
∂pn ∂pk

+

(8.61)

where the last equality follows using (8.51) and Shephard’s Lemma.*30 Similarly, a second order
Taylor series approximation to C(ub , p0 ) around the base year price vector pb is given by the following
approximate equation:
C(ub , p0 ) ≈ C(ub , pb ) +
1 ∑N

∑N

∑N

n=1

∂C(ub , pb ) 0
[pn − pbn ]
∂pn

∂ 2 C(ub , pb ) 0
[pn − pbn ][p0k − pbk ]
n=1
k=1
2
∂pn ∂pk
∑N
1 ∑N ∑N ∂ 2 C(ub , pb ) 0
=
p0n qnb +
[pn − pbn ][p0k − pbk ]
n=1
n=1
k=1
2
∂pn ∂pk

+

(8.62)

where the last equality follows using (8.51) and Shephard’s Lemma.
Comparing (8.61) to (8.55), and (8.62) to (8.56), it can be seen that to the accuracy of a second order
approximation, the month 0 and month t substitution bias terms, e0 and et , will be equal to the
following expressions involving the second order partial derivatives of the consumer’s cost function
∂ 2 C(ub , pb )/∂pn ∂pk evaluated at the base year standard of living ub and at the base year prices pb :
1 ∑N ∑N ∂ 2 C(ub , pb ) 0
[pn − pbn ][p0k − pbk ];
n=1
k=1
2
∂pn ∂pk
1 ∑N ∑N ∂ 2 C(ub , pb ) t
et ≈ −
[pn − pbn ][ptk − pbk ].
n=1
k=1
2
∂pn ∂pk

e0 ≈ −

(8.63)
(8.64)

Since the consumer’s cost function C(u, p) is a concave function in the components of the price
vector p*31 , we know*32 that the N × N (symmetric) matrix of second order partial derivatives
[∂ 2 C(ub , pb )/∂pi ∂pj ] is negative semideﬁnite.*33 Hence, for arbitrary price vectors pb , p0 and pt , the
right hand sides of (8.63) and (8.64) will be nonnegative. Thus to the accuracy of a second order
approximation, the substitution bias terms e0 and et will be nonnegative.
*30

*31
*32
*33

This type of second order approximation is due to Hicks (1941-42; 133-134)[319] (1946; 331)[321]. See also
Diewert (1992; 568)[144], Hausman (2002; 18)[313] and Schultze and Mackie (2002; 91)[465]. For alternative
approaches to modeling substitution bias, see Diewert (1998)[161] (2002; 598-603)[177] and Hausman (2002)[313].
See for example Diewert (1993; 109-110)[154].
See for example Diewert (1993; 149)[154].
A symmetric N × N matrix A with ijth element equal to aij is negative semideﬁnite if and only if for every
∑N
∑
vector z ≡ [z1 , . . . , zN ], it is the case that N
j=1 aij zi zj ≤ 0.
i=1
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Now assume that there are long run systematic trends in prices. Assume that the last month of the
base year for quantities occurs M months prior to month 0, the base month for prices, and assume
that prices trend linearly with time, starting with the last month of the base year for quantities.
Thus assume the existence of constants αj for j = 1, . . . , N such that the price of commodity j in
month t is given by:
ptj = pbj + αj (M + t);

j = 1, . . . , N ; t = 0, 1, 2, . . . , T.

(8.65)

Substituting (8.65) into (8.63) and (8.64) leads to the following second order approximations to the
two substitution bias terms, e0 and et :*34
e0 ≈ γM 2 ;

(8.66)

et ≈ γ(M + t)2

(8.67)

where γ is deﬁned as follows:
γ≡−

1 ∑N ∑N ∂ 2 C(ub , pb )
αn αk ≥ 0.
n=1
k=1
2
∂pn ∂pk

(8.68)

It should be noted that the parameter γ will be zero under two sets of conditions:*35
• All of the second order partial derivatives of the consumer’s cost function ∂ 2 C(ub , pb )/∂pn ∂pk
are equal to zero;
• Each commodity price change parameter αj is proportional to the corresponding commodity
j base year price pbj .*36
The ﬁrst condition is empirically unlikely since it implies that the consumer will not substitute
away from commodities whose relative price has increased. The second condition is also empirically
unlikely, since it implies that the structure of relative prices remains unchanged over time. Thus in
what follows, it will be assumed that γ is a positive number.
In order to simplify the notation in what follows, deﬁne the denominator and numerator of the
month t Lowe index, PLo (p0 , pt , q b ), as a and b respectively; i.e.; deﬁne:
a≡
b≡

∑N

0 b
n=1 pn qn ;
∑N t b
n=1 pn qn .

(8.69)
(8.70)

Using equations (8.65) to eliminate the month 0 prices p0n from (8.69) and the month t prices ptn
from (8.70) leads to the following expressions for a and b:
a=
b=
*34

*35
*36

∑N

b b
n=1 pn qn
∑N b b
n=1 pn qn

+
+

∑N

b
n=1 αn qn M ;
∑N
b
n=1 αn qn (M

+ t) = a +

∑N

b
n=1 αn qn t.

(8.71)
(8.72)

Note that the period 0 approximate bias deﬁned by the right hand side of (8.66) is ﬁxed while the period t
approximate bias deﬁned by the right hand side of (8.67) increases quadratically with time t. Hence the period
t approximate bias term will eventually overwhelm the period 0 approximate bias in this linear time trends case
if t is allowed to become large enough.
A more general condition that ensures the positivity of γ is that the vector [α1 , . . . , αN ] is not an eigenvector
of the matrix of second order partial derivatives ∂ 2 C(ub , pb )/∂pi ∂pj that corresponds to a zero eigenvalue.
We know that C(u, p) is linearly homogeneous in the components of the price vector p; see Diewert (1993;
109)[154] for example. Hence using Euler’s Theorem on homogeneous functions, it can be shown that pb is
an eigenvector of the matrix of second order partial derivatives ∂ 2 C(u, p)/∂pi ∂pj that corresponds to a zero
∑
∑N
2
b b
eigenvalue and thus N
i=1
j=1 [∂ C(u, p)/∂pi ∂pj ]pi pj = 0; see Diewert (1993; 149)[154] for a detailed proof
of this result.
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It is assumed that a and b are positive*37 and that
∑N

b
n=1 αn qn

≥ 0.

(8.73)

Assumption (8.73) rules out a general deﬂation in prices.
Deﬁne the bias in the month t Lowe index, B t , as the diﬀerence between the true cost of living index
PK (p0 , pt , q b ) deﬁned by (8.52) and the corresponding Lowe index PLo (p0 , pt , q b ):
B t ≡ PK (p0 , pt , q b ) − PLo (p0 , pt , q b )
=

b
C[f (q b ), pt ]
−
b
0
C[f (q ), p ] a

using (8.52), (8.57), (8.71) and (8.72)

b − et
b
−
using (8.55), (8.56), (8.71) and (8.72)
0
a−e
a
b − γ(M + t)2
b
≈
using the approximations (8.66) and (8.67)
−
2
a − γM
a

=

=
=
=

a{b − γ(M 2 + 2M t + t2 )} − b{a − γM 2 }
a(a − γM 2 )
γ{(b − a)M 2 − 2aM t − at2 }
a(a − γM 2 )
)
}
{(∑
N
b
2
2
α
q
tM
−
2aM
t
−
at
γ
n
n
n=1

=−
=−
=−
<0

a(a − γM 2 )
{
(∑
)
}
N
b
2
2
γ 2aM t −
α
q
tM
+
at
n
n
n=1

using (8.72)

rearranging terms
a(a − γM 2 )
{ [∑
]
(∑
)
}
∑N
N
N
b b
b
b
2
2
p
q
γ 2
+
α
q
α
q
M
M
t
−
tM
+
at
n
n
n
n
n=1 n n
n=1
n=1
a(a − γM 2 )
{ ∑
(∑
)
}
N
N
b
2
2
γ 2 n=1 pbn qnb tM +
α
q
tM
+
at
n
n
n=1

using (8.71)

a(a − γM 2 )
(8.74)

∑N
∑
b
where the inequality follows from γ > 0, a − γM 2 > 0, n=1 pbn qnb > 0, N
n=1 αn qn ≥ 0, a > 0 and
t ≥ 1. Thus for t ≥ 1, the Lowe index will have an upward bias (to the accuracy of a second order
Taylor series approximation) compared to the corresponding true cost of living index PK (p0 , pt , q b ),
since the approximate bias deﬁned by the last expression in (8.74) is the sum of one nonpositive and
two negative terms. Moreover this approximate bias will grow quadratically in time t.*38
In order to give the reader some idea of the magnitude of the approximate bias B t deﬁned by the
last line of (8.74), a simple special case will be considered at this point. Suppose there are only 2
commodities and at the base year, all prices and quantities are equal to 1. Thus pbi = qib = 1 for
∑N
i = 1, 2 and i=1 pbi qib = 2. Assume that M = 24 so that the base year data on quantities take
2 years to process before the Lowe index can be implemented. Assume that the monthly rate of
growth in price for commodity 1 is α1 = 0.002 so that after 1 year, the price of commodity 1 rises
*37
*38

We also assume that a − γM 2 is positive.
If M is large relative to t, then it can be seen that the ﬁrst two terms in the last equation of (8.74) can dominate
the last term, which is the quadratic in t term.
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0.024 or 2.4%. Assume that commodity 2 falls in price each month with α2 = −0.002 so that the
price of commodity 2 falls 2.4% in the ﬁrst year after the base year for quantities. Thus the relative
price of the two commodities is steadily diverging by about 5 percent per year. Finally, assume that
∂ 2 C(ub , pb )/∂p1 ∂p1 = ∂ 2 C(ub , pb )/∂p2 ∂p2 = −1 and ∂ 2 C(ub , pb )/∂p1 ∂p2 = ∂ 2 C(ub , pb )/∂p2 ∂p1 =
1. These assumptions imply that the own elasticity of demand for each commodity is −1 at the base
year consumer equilibrium. Making all of these assumptions means that:
∑2
∑2
b
2 = n=1 pbn qnb = a = b;
(8.75)
n=1 αn qn = 0; M = 24; γ = 0.000008.
Substituting the parameter values deﬁned in (8.75) into (8.74) leads to the following formula for the
approximate amount that the Lowe index will exceed the corresponding true cost of living index at
month t:
0.000008(96t + 2t2 )
−B t =
.
(8.76)
2(2 − 0.004608)
Evaluating (8.76) at t = 12, t = 24, t = 36, t = 48 and t = 60 leads to the following estimates for
−B t : 0.0029 (the approximate bias in the Lowe index at the end of the ﬁrst year of operation for the
index); 0.0069 (the bias after 2 years); 0.0121 (3 years); 0.0185 (4 years); 0.0260 (5 years). Thus at
the end of the ﬁrst year of the operation of the Lowe index, it will only be above the corresponding
true cost of living index by approximately a third of a percentage point but by the end of the ﬁfth
year of operation, it will exceed the corresponding cost of living index by about 2.6 percentage points,
which is no longer a negligible amount.*39
The numerical results in the previous paragraph are only indicative of the approximate magnitude
of the diﬀerence between a cost of living index and the corresponding Lowe index. The important
point to note is that to the accuracy of a second order approximation, the Lowe index will generally
exceed its cost of living counterpart. However, the results also indicate that this diﬀerence can be
reduced to a negligible amount if:
• the lag in obtaining the base year quantity weights is minimized and
• the base year is changed as frequently as possible.
It also should be noted that the numerical results depend on the assumption that long run trends in
prices exist, which may not be true,*40 and on elasticity assumptions that may not be justiﬁed.*41
Thus statistical agencies should prepare their own carefully constructed estimates of the diﬀerences
between a Lowe index and a cost of living index in the light of their own particular circumstances.
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Chapter 9

Fixed Base Versus Chained Indexes
9.1 Introduction
In this chapter*1 , the merits of using the chain system for constructing price indexes in the time
series context versus using the ﬁxed base system are discussed.
The chain system*2 measures the change in prices going from one period to a subsequent period
using a bilateral index number formula involving the prices and quantities pertaining to the two
adjacent periods. These one period rates of change (the links in the chain) are then cumulated to
yield the relative levels of prices over the entire period under consideration. Thus if the bilateral
price index is P , the chain system generates the following pattern of price levels for the ﬁrst three
periods:
1, P (p0 , p1 , q 0 , q 1 ), P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ).
(9.1)
On the other hand, the ﬁxed base system of price levels using the same bilateral index number formula
P simply computes the level of prices in period t relative to the base period 0 as P (p0 , pt , q 0 , q t ).
Thus the ﬁxed base pattern of price levels for periods 0, 1 and 2 is:
1, P (p0 , p1 , q 0 , q 1 ), P (p0 , p2 , q 0 , q 2 ).

(9.2)

Note that in both the chain system and the ﬁxed base system of price levels deﬁned by (9.1) and
(9.2) above, the base period price level is set equal to 1. The usual practice in statistical agencies is
to set the base period price level equal to 100. If this is done, then it is necessary to multiply each
of the numbers in (9.1) and (9.2) by 100.
Due to the diﬃculties involved in obtaining current period information on quantities (or equivalently,
on expenditures), many statistical agencies loosely base*3 their Consumer Price Index on the use of
the Laspeyres formula*4 and the ﬁxed base system. Therefore, it is of some interest to look at some
of the possible problems associated with the use of ﬁxed base Laspeyres indexes.
The main problem with the use of the ﬁxed base Laspeyres index is that the period 0 ﬁxed basket
of commodities that is being priced out in period t can often be quite diﬀerent from the period t
*1
*2

*3

*4

This section is largely based on the work of Hill (1988)[332] (1993; 385-390)[333].
The chain principle was introduced independently into the economics literature by Lehr (1885; 45-46)[388] and
Marshall (1887; 373)[398]. Both authors observed that the chain system would mitigate the diﬃculties due to
the introduction of new commodities into the economy, a point also mentioned by Hill (1993; 388)[333]. Fisher
(1911; 203)[272] introduced the term “chain system”.
As we saw in chapter 8, Consumer Price Indexes are usually taken to be Lowe (1823)[395] indexes, which have
the formula PLo (p0 , pt , q b ) ≡ pt · q b /p0 · q b , where q b is the quantity vector of a base year and p0 and pt are
monthly price vectors pertaining to months 0 and t.
The Laspeyres formula between months 0 and t is PL (p0 , pt , q 0 ) ≡ pt · q 0 /p0 · q 0 , where q 0 is the quantity
vector of the base month 0.
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basket.*5 Thus if there are systematic trends in at least some of the prices and quantities*6 in the
index basket, the ﬁxed base Laspeyres price index PL (p0 , pt , q 0 , q t ) can be quite diﬀerent from the
corresponding ﬁxed base Paasche price index, PP (p0 , pt , q 0 , q t ).*7 This means that both indexes are
likely to be an inadequate representation of the movement in average prices over the time period
under consideration.
The ﬁxed base Laspeyres quantity index cannot be used forever: eventually, the base period quantities q 0 are so far removed from the current period quantities q t that the base must be changed.
Chaining is merely the limiting case where the base is changed each period.*8

9.2 Discussion of the Advantages and Disadvantages of Chaining
The main advantage of the chain system is that under normal conditions, chaining will reduce the
spread between the Paasche and Laspeyres indexes.*9 These two indexes each provide an asymmetric perspective on the amount of price change that has occurred between the two periods under
consideration and it could be expected that a single point estimate of the aggregate price change
should lie between these two estimates. Thus the use of either a chained Paasche or Laspeyres index
will usually lead to a smaller diﬀerence between the two and hence to estimates that are closer to
the “truth”.*10
Hill (1993; 388)[333], drawing on the earlier research of Szulc (1983)[497] and Hill (1988; 136137)[332], noted that it is not appropriate to use the chain system when prices oscillate (or “bounce”
to use Szulc’s (1983; 548)[497] term). This phenomenon can occur in the context of regular seasonal
ﬂuctuations or in the context of price wars. However, in the context of roughly monotonically
changing prices and quantities, Hill (1993; 389)[333] recommended the use of chained symmetrically
weighted indexes.*11 The Fisher and Walsh indexes are examples of symmetrically weighted indices.
It is possible to be a bit more precise under what conditions one should chain or not chain. Basically,
one should chain if the prices and quantities pertaining to adjacent periods are more similar than
the prices and quantities of more distant periods, since this strategy will lead to a narrowing of the
spread between the Paasche and Laspeyres indices at each link.*12 Of course, one needs a measure of
*5
*6
*7

*8

*9
*10
*11
*12

The Lowe index suﬀers from a similar problem: if the base year b is fairly distant from the base month 0, the
base year quantity vector q b can be unrepresentative for both months 0 and t.
Examples of rapidly downward trending prices and upward trending quantities are computers, electronic equipment of all types, internet access and telecommunication charges.
Note that PL (p0 , pt , q 0 , q t ) will equal PP (p0 , pt , q 0 , q t ) if either the two quantity vectors q 0 and q t are
proportional or the two price vectors p0 and pt are proportional. Thus in order to obtain a diﬀerence between
the Paasche and Laspeyres indexes, nonproportionality in both prices and quantities is required.
Regular seasonal ﬂuctuations can cause monthly or quarterly data to “bounce” using the term due to Szulc
(1983)[497] and chaining bouncing data can lead to a considerable amount of index “drift”; i.e., if after 12
months, prices and quantities return to their levels of a year earlier, then a chained monthly index will usually
not return to unity. Hence, the use of chained indices for “noisy” monthly or quarterly data is not recommended
without careful consideration.
See Diewert (1978; 895)[128] and Hill (1988)[332] (1993; 387-388)[333]. Later in this chapter, we will examine
more closely under what conditions chaining will reduce the spread between the Paasche and Laspeyres indexes.
This observation will be illustrated with an artiﬁcial data set in a later chapter.
Note that all known superlative indexes are symmetrically weighted.
Walsh in discussing whether ﬁxed base or chained index numbers should be constructed, took for granted that
the precision of all reasonable bilateral index number formulae would improve, provided that the two periods or
situations being compared were more similar and hence, for this reason, favored the use of chained indexes: “The
question is really, in which of the two courses [ﬁxed base or chained index numbers] are we likely to gain greater
exactness in the comparisons actually made? Here the probability seems to incline in favor of the second course;
for the conditions are likely to be less diverse between two contiguous periods than between two periods say ﬁfty
years apart.” Correa Moylan Walsh (1901; 206)[530]. Walsh (1921a; 84-85)[532] later reiterated his preference
for chained index numbers. Fisher also made use of the idea that the chain system would usually make bilateral
comparisons between price and quantity data that was more similar and hence the resulting comparisons would
be more accurate: “The index numbers for 1909 and 1910 (each calculated in terms of 1867-1877) are compared
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how similar are the prices and quantities pertaining to two periods. The similarity measures could be
relative ones or absolute ones. In the case of absolute comparisons, two vectors of the same dimension
are similar if they are identical and dissimilar otherwise. In the case of relative comparisons, two
vectors are similar if they are proportional and dissimilar if they are nonproportional.*13 Once a
similarity measure has been deﬁned, the prices and quantities of each period can be compared to each
other using this measure and a “tree” or path that links all of the observations can be constructed
where the most similar observations are compared with each other using a bilateral index number
formula.*14 Hill (1995)[322] deﬁned the price structures between the two countries to be more
dissimilar the bigger is the spread between PL and PP ; i.e., the bigger is max{PL /PP , PP /PL }. The
problem with this measure of dissimilarity in the price structures of the two countries is that it could
be the case that PL = PP (so that the Hill measure would register a maximal degree of similarity)
but p0 could be very diﬀerent than pt . Thus there is a need for a more systematic study of similarity
(or dissimilarity) measures in order to pick the “best” one that could be used as an input into
Hill’s (1999a)[323] (1999b)[324] (2001)[325] spanning tree algorithm for linking observations. The
Appendix to this chapter provides an introduction to the study of dissimilarity indexes. For a more
complete discussion, see Diewert (2002)[178].
The method of linking observations explained in the previous paragraph based on the similarity of
the price and quantity structures of any two observations may not be practical in a statistical agency
context since the addition of a new period may lead to a reordering of the previous links. However,
the above “scientiﬁc” method for linking observations may be useful in deciding whether chaining is
preferable or whether ﬁxed base indexes should be used while making month to month comparisons
within a year.
Some index number theorists have objected to the chain principle on the grounds that it has no
counterpart in the spatial context:
“They [chain indexes] only apply to intertemporal comparisons, and in contrast to direct
indices they are not applicable to cases in which no natural order or sequence exists. Thus
the idea of a chain index for example has no counterpart in interregional or international price
comparisons, because countries cannot be sequenced in a ‘logical’ or ‘natural’ way (there is
no k + 1 nor k − 1 country to be compared with country k).” Peter von der Lippe (2001;
12)[526].*15
This is of course correct but the approach of Robert Hill does lead to a “natural” set of spatial links.
Applying the same approach to the time series context will lead to a set of links between periods
which may not be month to month but it will in many cases justify year over year linking of the
data pertaining to the same month.

*13
*14

*15

with each other. But direct comparison between 1909 and 1910 would give a diﬀerent and more valuable result.
To use a common base is like comparing the relative heights of two men by measuring the height of each above
the ﬂoor, instead of putting them back to back and directly measuring the diﬀerence of level between the tops
of their heads.” Irving Fisher (1911; 204)[272]. “It seems, therefore, advisable to compare each year with the
next, or, in other words, to make each year the base year for the next. Such a procedure has been recommended
by Marshall, Edgeworth and Flux. It largely meets the diﬃculty of non-uniform changes in the Q’s, for any
inequalities for successive years are relatively small.” Irving Fisher (1911; 423-424)[272].
Diewert (2002)[178] takes an axiomatic approach to deﬁning various indexes of absolute and relative dissimilarity.
Fisher (1922; 271-276)[274] hinted at the possibility of using spatial linking; i.e., of linking countries that are
similar in structure. However, the modern literature has grown due to the pioneering eﬀorts of Robert Hill
(1995)[322] (1999a)[323] (1999b)[324] (2001)[325]. Hill (1995)[322] used the spread between the Paasche and
Laspeyres price indexes as an indicator of similarity and showed that this criterion gives the same results as a
criterion that looks at the spread between the Paasche and Laspeyres quantity indexes.
It should be noted that von der Lippe (2001; 56-58)[526] is a vigorous critic of all index number tests based
on symmetry in the time series context although he is willing to accept symmetry in the context of making
international comparisons. “But there are good reasons not to insist on such criteria in the intertemporal case.
When no symmetry exists between 0 and t, there is no point in interchanging 0 and t.” Peter von der Lippe
(2001; 58)[526].

198

Chapter 9 Fixed Base Versus Chained Indexes

9.3 When Will Chaining Give the Same Answer as Using a Fixed Base
Index?
It is of some interest to determine if there are index number formulae that give the same answer
when either the ﬁxed base or chain system is used. Comparing the sequence of chain indexes deﬁned
by (9.1) above to the corresponding ﬁxed base indexes deﬁned by (9.2), it can be seen that we will
obtain the same answer in all three periods if the index number formula P satisﬁes the following
functional equation for all price and quantity vectors:
P (p0 , p2 , q 0 , q 2 ) = P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ).

(9.3)

If an index number formula P satisﬁes (9.3), then P satisﬁes the circularity test.*16
If it is assumed that the index number formula P satisﬁes certain properties or tests in addition to
the circularity test above*17 , then Funke, Hacker and Voeller (1979)[283] showed that P must have
the following functional form due originally to Konüs and Byushgens*18 (1926; 163-166)[381]:*19
0

1

0

1

PKB (p , p , q , q ) ≡

N ( 1 )αi
∏
p
i

(9.4)

p0i

i=1

where the N constants αi satisfy the following restrictions:
∑N
i=1

αi = 1 and αi > 0 for i = 1, . . . , N.

(9.5)

Thus under very weak regularity conditions, the only price index satisfying the circularity test is
a weighted geometric average of all the individual price ratios, the weights being constant through
time.
An interesting special case of the family of indexes deﬁned by (9.4) occurs when the weights αi are
all equal. In this case, PKB reduces to the Jevons (1865)[364] index:
0

1

0

1

PJ (p , p , q , q ) ≡

N ( 1 )1/N
∏
p
n

n=1

p0n

.

(9.6)

The problem with the indexes deﬁned by Konüs and Byushgens and Jevons is that the individual
price ratios, p1n /p0n , have weights (either αn or 1/n) that are independent of the economic importance
*16
*17

*18

*19

The test name is due to Fisher (1922; 413)[274] and the concept was originally due to Westergaard (1890;
218-219)[540].
The additional tests are: (i) positivity and continuity of P (p0 , p1 , q 0 , q 1 ) for all strictly positive price and
quantity vectors p0 , p1 , q 0 , q 1 ; (ii) the identity test; (iii) the commensurability test; (iv) P (p0 , p1 , q 0 , q 1 ) is
positively homogeneous of degree one in the components of p1 and (v) P (p0 , p1 , q 0 , q 1 ) is positively homogeneous of degree zero in the components of q 1 .
Konüs and Byushgens show that the index deﬁned by (9.4) is exact for Cobb-Douglas (1928)[95] preferences;
see also Pollak (1983; 119-120)[433]. The concept of an exact index number formula was explained in an earlier
chapter.
This result can be derived using results in Eichhorn (1978; 167-168)[251] and Vogt and Barta (1997; 47)[524].
A simple proof can be found in Balk (1995)[35]. This result vindicates Irving Fisher’s (1922; 274)[274] intuition
who asserted that “the only formulae which conform perfectly to the circular test are index numbers which
have constant weights. . . ” Fisher (1922; 275)[274] went on to assert: “But, clearly, constant weighting is not
theoretically correct. If we compare 1913 with 1914, we need one set of weights; if we compare 1913 with 1915,
we need, theoretically at least, another set of weights. . . . Similarly, turning from time to space, an index
number for comparing the United States and England requires one set of weights, and an index number for
comparing the United States and France requires, theoretically at least, another.”
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of commodity n in the two periods under consideration. Put another way, these price weights are
independent of the quantities of commodity n consumed or the expenditures on commodity n during
the two periods. Hence, these indexes are not really suitable for use by statistical agencies at higher
levels of aggregation when expenditure share information is available.
The above results indicate that it is not useful to ask that the price index P satisfy the circularity
test exactly. However, it is of some interest to ﬁnd index number formulae that satisfy the circularity
test to some degree of approximation since the use of such an index number formula will lead to
measures of aggregate price change that are more or less the same no matter whether we use the
chain or ﬁxed base systems. Irving Fisher (1922; 284)[274] found that deviations from circularity
using his data set and the Fisher ideal price index PF were quite small. This relatively high degree of
correspondence between ﬁxed base and chain indexes has been found to hold for other symmetrically
weighted formulae like the Walsh index PW deﬁned in earlier chapters.*20 Thus in most time series
applications of index number theory where the base year in ﬁxed base indexes is changed every 5
years or so, it will not matter very much whether the statistical agency uses a ﬁxed base price index
or a chain index, provided that a symmetrically weighted formula is used.*21 This of course depends
on the length of the time series considered and the degree of variation in the prices and quantities
as we go from period to period. The more prices and quantities are subject to large ﬂuctuations
(rather than smooth trends), the less the correspondence.*22
It is possible to give a theoretical explanation for the approximate satisfaction of the circularity test
for symmetrically weighted index number formulae. Another symmetrically weighted formula is the
Törnqvist index PT .*23 The natural logarithm of this index is deﬁned as follows:
ln PT (p0 , p1 , q 0 , q 1 ) ≡

∑N
n=1

1 0
(s + s1n ) ln(p1n /p0n )
2 n

(9.7)

where the period t expenditure shares stn are deﬁned in the usual way. Alterman, Diewert and
Feenstra (1999; 61)[10] show that if the logarithmic price ratios ln(ptn /pnt−1 ) trend linearly with
time t and the expenditure shares stn also trend linearly with time, then the Törnqvist index PT
will satisfy the circularity test exactly.*24 Since many economic time series on prices and quantities
satisfy these assumptions approximately, then the Törnqvist index PT will satisfy the circularity test
approximately. As was seen in an earlier chapter, the Törnqvist index generally closely approximates
the symmetrically weighted Fisher and Walsh indexes, so that for many economic time series (with
smooth trends), all three of these symmetrically weighted indexes will satisfy the circularity test to
a high enough degree of approximation so that it will not matter whether we use the ﬁxed base or
chain principle.
Walsh (1901; 401)[530] (1921a; 98)[532] (1921b; 540)[533] introduced the following useful variant of
the circularity test:
1 = P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ) · · · P (pT −1 , pT , q T −1 , q T )P (pT , p0 , q T , q 0 ).
*20
*21

*22
*23
*24

(9.8)

See for example Diewert (1978; 894)[128]. Walsh (1901; 424 and 429)[530] found that his 3 preferred formulae
all approximated each other very well as did the Fisher ideal for his artiﬁcial data set.
More speciﬁcally, most superlative indexes (which are symmetrically weighted) will satisfy the circularity test
to a high degree of approximation in the time series context. See chapter 5 for the deﬁnition of a superlative
index. It is worth stressing that ﬁxed base Paasche and Laspeyres indices are very likely to diverge considerably
over a 5 year period if computers (or any other commodity which has price and quantity trends that are quite
diﬀerent from the trends in the other commodities) are included in the value aggregate under consideration.
Again, see Szulc (1983)[497] and Hill (1988)[332].
This formula was implicitly introduced in Törnqvist (1936)[509] and explicitly deﬁned in Törnqvist and Törnqvist
(1937)[510].
This exactness result can be extended to cover the case when there are monthly proportional variations in prices
and the expenditure shares have constant seasonal eﬀects in addition to linear trends; see Alterman, Diewert
and Feenstra (1999; 65)[10].
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The motivation for this test is the following one. Use the bilateral index formula P (p0 , p1 , q 0 , q 1 )
to calculate the change in prices going from period 0 to 1, use the same formula evaluated at the
data corresponding to periods 1 and 2, P (p1 , p2 , q 1 , q 2 ), to calculate the change in prices going from
period 1 to 2, . . . , use P (pT −1 , pT , q T −1 , q T ) to calculate the change in prices going from period
T − 1 to T , introduce an artiﬁcial period T + 1 that has exactly the price and quantity of the initial
period 0 and use P (pT , p0 , q T , q 0 ) to calculate the change in prices going from period T to 0. Finally,
multiply all of these indexes together and since we end up where we started, then the product of
all of these indexes should ideally be one. Diewert (1993a; 40)[152] called this test a multiperiod
identity test.*25 Note that if T = 2 (so that the number of periods is 3 in total), then Walsh’s test
reduces to Fisher’s (1921; 534)[273] (1922; 64)[274] time reversal test.*26
Walsh (1901; 423-433)[530] showed how his circularity test could be used in order to evaluate how
“good” any bilateral index number formula was. What he did was invent artiﬁcial price and quantity
data for 5 periods and he added a sixth period that had the data of the ﬁrst period. He then evaluated
the right hand side of (9.8) for various formula, P (p0 , p1 , q 0 , q 1 ), and determined how far from unity
the results were. His “best” formulae had products that were close to one.*27
This same framework is often used to evaluate the eﬃcacy of chained indexes versus their direct
counterparts. Thus if the right hand side of (9.8) turns out to be diﬀerent than unity, the chained
indexes are said to suﬀer from “chain drift”. If a formula does suﬀer from chain drift, it is sometimes
recommended that ﬁxed base indexes be used in place of chained ones. However, this advice, if
accepted would always lead to the adoption of ﬁxed base indexes, provided that the bilateral index
formula satisﬁes the identity test, P (p0 , p0 , q 0 , q 0 ) = 1. Thus it is not recommended that Walsh’s
circularity test be used to decide whether ﬁxed base or chained indexes should be calculated. However, it is fair to use Walsh’s circularity test as he originally used it i.e., as an approximate method
for deciding how “good” a particular index number formula is. In order to decide whether to chain
or use ﬁxed base indexes, one should decide on the basis of how similar are the observations being
compared and choose the method which will best link up the most similar observations.

9.4 Appendix: An Introduction to Indexes of Absolute Dissimilarity
A.1 Introduction
An absolute index of price dissimilarity regards the vectors p1 and p2 as being dissimilar if p1 ̸= p2
whereas a relative index of price dissimilarity regards p1 and p2 as being dissimilar if p1 ̸= λp2
where λ > 0 is an arbitrary positive number. Thus the relative index regards the two price vectors
as being dissimilar only if relative prices diﬀer in the two situations.
The relative index concept seems to be the most useful for judging whether the structure of prices
is similar or dissimilar across two countries. However, assuming that the quantity vectors being
compared are per capita quantity vectors, then the absolute concept seems to be more appropriate
for judging the degree of similarity across countries. If per capita quantity vectors are quite diﬀerent,
then it is quite likely that the rich country is consuming (or producing) a very diﬀerent bundle of
goods and services than the poorer country and hence big disparities in the absolute level of q 1 versus
q 2 are likely to indicate that the components of these two vectors are really not very comparable.
In any case, it is of some interest to develop the theory for both the absolute and relative concepts.
Relative indexes of price and quantity similarity or dissimilarity are very useful in deciding how to
*25

*26
*27

Walsh (1921a; 98)[532] called his test the circular test but since Fisher also used this term to describe his
transitivity test deﬁned earlier by (9.3), it seems best to stick to Fisher’s terminology since it is well established
in the literature.
Walsh (1921b; 540-541)[533] noted that the time reversal test was a special case of his circularity test.
This is essentially a variant of the methodology that Fisher (1922; 284)[274] used to check how well various
formulae corresponded to his version of the circularity test.
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aggregate up a large number of price and quantity series into a smaller number of aggregates.*28
Finally, absolute indexes of dissimilarity can be useful in deciding when an observation in a large
cross sectional data set is an outlier.*29
In this appendix, we provide an introduction to this topic by studying absolute dissimilarity indexes
when the number of commodities is only one. We oﬀer what we think are a fairly fundamental set
of axioms or properties that such an absolute dissimilarity index should satisfy and characterize the
set of indexes which satisfy these axioms.

A.2 A First Approach to Indexes of Absolute Dissimilarity
We denote our absolute dissimilarity index as a function of two variables, d(x, y), where x and y
are restricted to be positive scalars. The two variables x and y could be the two prices of the ﬁrst
commodity in the two countries, p11 and p21 , or they could be the two per capita quantities of the
ﬁrst commodity in the two countries, q11 and q12 . It is obvious that d(x, y) could be considered to be
a distance function of the type that occurs in the mathematics literature. However, the axioms that
we impose on d(x, y) are somewhat unconventional as we shall see.
The 6 fundamental axioms or properties that we think an absolute dissimilarity index should satisfy
are the following ones*30 (note that the domain of deﬁnition for d(x, y) is x > 0 and y > 0):
A1:

Continuity: d(x, y) is a continuous function.

A2:

Identity: d(x, x) = 0 for all x > 0.

A3:

Positivity: d(x, y) > 0 for all x ̸= y.

A4:

Symmetry: d(x, y) = d(y, x) for all x and y.

A5:

Invariance to Changes in Units of Measurement: d(αx, αy) = d(x, y) for all α > 0, x > 0, y >
0.

A6:

Monotonicity: d(x, y) is increasing in y if y ≥ x.

Some comments on the axioms are in order. The continuity assumption is generally made in order
to rule out indexes that behave erratically. The identity assumption is a standard one in the mathematics literature; i.e., the absolute distance between two points x and y is zero if x equals y. A3
tells us that there is a positive amount of dissimilarity between x and y if x and y are diﬀerent.
The symmetry property is very important: it says that the degree of dissimilarity between x and y
is independent of the ordering of x and y. A5 is another important property from the viewpoint of
economics: since units of measurement for commodities are essentially arbitrary, we would like our
dissimilarity measure to be independent of the units of measurement. Finally, A6 says that as y gets
bigger than x, the degree of dissimilarity between x and y grows. This is a very sensible property.
Problem 1 Show that axiom A3 is implied by the other axioms.
It turns out that there is a fairly simple characterization of the class of dissimilarity indexes d(x, y)
that satisfy the above axioms; i.e., we have the following Proposition:
Proposition 1 Let d(x, y) be a function of two variables that satisﬁes the axioms A1-A6. Then
d(x, y) has the following representation:
d(x, y) = f [max{x/y, y/x}]
*28
*29
*30

(9.9)

For applications along these lines, see Allen and Diewert (1981)[9].
Robert Hill pointed out this use for a dissimilarity index.
Counterparts to Axioms A2-A6 in the context of relative dissimilarity indexes were proposed by Allen and
Diewert (1981; 433)[9]. Sergueev (2001; 4)[469] also proposed counterparts to A2, A4 and A6 in the context of
similarity indexes (as opposed to dissimilarity indexes).
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where f (u) is a continuous, monotonically increasing function of one variable, deﬁned for u ≥ 1 with
the following additional property:
f (1) = 0.
(9.10)
Conversely, if f (u) has the above properties, then d(x, y) deﬁned by (9.9) has the properties A1-A6.
Proof. Using A5 with α = x−1 , we have:
d(x, y) = d(1, y/x).

(9.11)

Now use A5 with α = y −1 and we ﬁnd:
d(x, y) = d(x/y, 1)
= d(1, x/y) using A4.

(9.12)

For u ≥ 1, deﬁne the continuous function of one variable, f (u) as
f (u) ≡ d(1, u);

u ≥ 1.

(9.13)

Using A2 and deﬁnition (9.13), we have
f (1) = d(1, 1) = 0.

(9.14)

Using A6, we deduce that f (u) is an increasing function of u for u ≥ 1. Now if x ≥ y, then from
(9.12) and deﬁnition (9.13), we deduce that d(x, y) = f (x/y). If however, y ≥ x, then from (9.11)
and deﬁnition (9.13), we deduce that d(x, y) = f (y/x). These two results can be combined into the
following result:
d(x, y) = f [max{x/y, y/x}]
(9.15)
which completes the ﬁrst part of the Proposition. Going the other way, if f (u) is an increasing,
continuous function for u ≥ 1 with f (1) = 0, then if we deﬁne d(x, y) using (9.9), it is easy to verify
that d(x, y) satisﬁes the axioms A1-A6.
Problem 2 Show that if f (u) is an increasing, continuous function for u ≥ 1 with f (1) = 0, then
d(x, y) deﬁned by (9.9) satisﬁes the axioms A1-A6.
Example 1 The asymptotically linear dissimilarity index:
Let f (u) ≡ u + u−1 − 2 for u ≥ 1. Note that f ′ (u) = 1 − u−2 > 0 for u > 1, which shows that
f (u) is increasing for u ≥ 1. Note that as u tends to inﬁnity, f (u) approaches the linear function
u − 2. Hence f (u) is asymptotically linear. Since f (1) = 0, we see that f (u) satisﬁes the required
regularity conditions and the associated absolute dissimilarity index is*31
d(x, y) = (x/y) + (y/x) − 2 = [(x/y) − 1] + [(y/x) − 1];

x > 0; y > 0

(9.16)

and it satisﬁes the axioms A1-A6.
Example 2 The asymptotically quadratic dissimilarity index:
Let f (u) ≡ [u − 1]2 + [u−1 − 1]2 for u ≥ 1. Note that f ′ (u) = 2[u − 1] + 2[u−1 − 1](−1)u−2 > 0 for
u > 1, which shows that f (u) is increasing for u ≥ 1. Since f (1) = 0, we see that f (u) satisﬁes the
required regularity conditions and the associated absolute dissimilarity index is
d(x, y) = [(x/y) − 1]2 + [(y/x) − 1]2 ;

x > 0; y > 0

(9.17)

and it satisﬁes the axioms A1-A6.
*31

If x ≥ y, then max{x/y, y/x} is x/y and d(x, y) ≡ f [max{x/y, y/x}] = f [x/y] = (x/y) + (y/x) − 2. If y ≥ x,
then max{x/y, y/x} is y/x and d(x, y) ≡ f [max{x/y, y/x}] = f [y/x] = (y/x) + (x/y) − 2 = (x/y) + (y/x) − 2.
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Note that for both of these examples, the resulting d(x, y) is inﬁnitely diﬀerentiable.
Problem 3 Show that the d(x, y) deﬁned by (9.16) satisﬁes the axioms A1-A6.
Problem 4 Show that the d(x, y) deﬁned by (9.17) satisﬁes the axioms A1-A6.
In the following section, we show how a large class of one variable dissimilarity indexes can be
deﬁned. Then in the following section, we will add some additional axioms in an attempt to narrow
down the choice of a particular index to be used in applications.

A.3 An Alternative Approach for Generating Absolute Dissimilarity Indexes
Let g and h be continuous monotonically increasing functions of one variable with g(0) = 0 and
consider the following class of dissimilarity indexes:
dg,h (x, y) ≡ g{|h(y/x) − h(1)|}.

(9.18)

Thus we ﬁrst transform y/x and 1 by the function of one variable h, calculate the diﬀerence, h(y/x)−
h(1), take the absolute value of this diﬀerence and then transform this diﬀerence by g.
It is easy to verify that the d deﬁned by (9.18) satisﬁes all of the axioms A1-A6 with the exception
of A4, the symmetry axiom, d(x, y) = d(y, x). However, this defect can be readily overcome. Note
that dg,h (y, x) ≡ g{|h(x/y) − h(1)|} also satisﬁes A1-A6 with the exception of A4. Thus, if we take
a symmetric mean *32 of these two indexes*33 , we will obtain a new index which satisﬁes axiom
A4. Hence, let m be a symmetric mean function of two variables and let g and h be continuous
monotonically increasing functions of one variable with g(0) = 0 and consider the following class of
symmetric monotonic transformation dissimilarity indexes:
dg,h,m (x, y) ≡ m[g{|h(y/x) − h(1)|}, g{|h(x/y) − h(1)|}].

(9.19)

Proposition 2 Let g and h be continuous monotonically increasing functions of one variable with
g(0) = 0 and let m(a, b) be a symmetric mean. Then each member of the class of symmetric
monotonic transformation indexes dg,h,m (x, y) deﬁned by (9.19) satisﬁes the axioms A1-A6.
Proof. The proofs of A1-A5 are left to a problem. We verify axiom A6. Let y ′′ > y ′ ≥ x > 0. Then
dg,h,m (x, y ′′ ) ≡ m[g{|h(y ′′ /x) − h(1)|}, g{|h(x/y ′′ ) − h(1)|}]
= m[g{|h(y ′′ /x) − h(1)|}, g{|h(1) − h(x/y ′′ )|}]
using y ′′ > x and the monotonicity of h
> m[g{|h(y ′ /x) − h(1)|}, g{|h(1) − h(x/y ′′ )|}]
using y ′′ > y ′ , x > 0 and the monotonicity of h, g and m
> m[g{|h(y ′ /x) − h(1)|}, g{|h(1) − h(x/y ′ )|}]
using y ′′ > y ′ , x > 0 and the monotonicity of h, g and m
= m[g{|h(y ′ /x) − h(1)|}, g{|h(x/y ′ ) − h(1)|}]
using y ′ ≥ x and the monotonicity of h
≡ dg,h,m (x, y ′ ).
*32

*33

(9.20)

Diewert (1993b; 361)[153] deﬁned a symmetric mean of a and b as a function m(a, b) that has the following
properties: (1) m(a, a) = a for all a > 0 (mean property); (2) m(a, b) = m(b, a) for all a > 0, b > 0 (symmetry
property); (3) m(a, b) is a continuous function for a > 0, b > 0 (continuity property); (4) m(a, b) is a strictly
increasing function in each of its variables (increasingness property).
Our method for converting a measure that is not symmetric into a symmetric method is the counterpart to
Irving Fisher’s (1922)[274] rectiﬁcation procedure, which is actually due to Walsh (1921)[531].
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Problem 5 Show that the index dg,h,m (x, y) deﬁned by (9.19) satisﬁes the axioms A1-A5.
Let us try and specialize the class of functional forms deﬁned by (9.19). The simplest symmetric
mean m of two numbers is the arithmetic mean and so let us set m(a, b) = (1/2)a + (1/2)b. It is also
convenient to get rid of the absolute value function in (9.19) (so that the resulting dissimilarity index
will be diﬀerentiable) and this can be done in the most simple fashion by setting g(u) = u2 .*34 This
leads us to following class of simple symmetric transformation dissimilarity indexes, which depends
only on the continuous monotonic function h:
dh (x, y) ≡ (1/2)[h(y/x) − h(1)]2 + (1/2)[h(x/y) − h(1)]2 .

(9.21)

The two simplest choices for h are h(u) ≡ u and h(u) ≡ ln u.*35 These two choices for h lead to the
following concrete dissimilarity indexes:
Example 3 The linear quadratic dissimilarity index:
d(x, y) ≡ (1/2)[(y/x) − 1]2 + (1/2)[(x/y) − 1]2 .

(9.22)

Note that this example is essentially the same as Example 2.
Example 4 The log quadratic dissimilarity index:
d(x, y) ≡ (1/2)[ln(y/x) − ln(1)]2 + (1/2)[ln(x/y) − ln(1)]2
= (1/2)[ln y − ln x]2 + (1/2)[ln x − ln y]2
= [ln y − ln x]2
= [ln(y/x)]2 .

(9.23)

Our conclusion at this point is that even in the one variable case, there are a large number of possible
measures of absolute dissimilarity that could be chosen. Hence, in the following section, we add some
additional axioms to our list of axioms, A1-A6, in an attempt to narrow down this large number of
possible choices.

A.4 Additional Axioms for One Variable Absolute Dissimilarity Indexes
Consider the following axiom:
A7:

Convexity: d(x, y) is a convex function of y for y ≥ x > 0.

The meaning of this axiom is that we want the amount of dissimilarity between x and y to grow at
a constant or increasing rate as y grows bigger than x. Put another way, we do not want the rate of
increase in dissimilarity to decrease as y grows bigger than x. Although this property seems to be a
reasonable one for many purposes, it must be conceded that this property is not as fundamental as
the previous 6 properties.
*34

*35

There is another good reason for this choice of g. In most applications, we want the slope of g(u) to be zero at
u = 0 and then increase as u increases. This means the amount of dissimilarity between x and y will be close to
zero in a neighborhood of points where x is close to y but the degree of dissimilarity will grow at an increasing
rate as x diverges from y. We will formalize these properties as axioms A7 and A8 in the next section. Hence if
we want the slope of g(u) to increase at a constant rate as u increases, then g(u) = u2 is the simplest function
which will accomplish this task.
Bert Balk suggested the following choice for h: h(u) ≡ u1/2 .
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Proposition 3 The asymptotically linear dissimilarity index deﬁned by (9.16) and the linear
quadratic dissimilarity index deﬁned by (9.22) satisfy the convexity axiom A7 but the log quadratic
dissimilarity index deﬁned by (9.23) does not satisfy A7.
Proof. Let y ≥ x > 0. For the d(x, y) deﬁned by (9.16), we ﬁnd that ∂ 2 d(x, y)/∂y 2 = 2x/y 3 > 0
and so the asymptotically linear dissimilarity index deﬁned by (9.16) is convex in y.
For the d(x, y) deﬁned by (9.23), we ﬁnd that ∂ 2 d(x, y)/∂y 2 = 2(x/y)2 [1 − x−1 ln(y/x)] which is
negative for y large enough and hence the log quadratic dissimilarity index deﬁned by (9.23) does
not satisfy A7.
For the d(x, y) deﬁned by (9.22), we ﬁnd that:
∂ 2 d(x, y)
= x−2 + 3x2 y −4 − 2xy −3 ≡ g(y).
∂y 2

(9.24)

Let us attempt to minimize g(y) deﬁned in (9.24) over y ≥ x. We have:
g ′ (y) = −12x2 y −5 + 6xy −4 = 0.

(9.25)

The positive roots of (9.25) are y ∗ = 2x and y ∗∗ = +∞. We ﬁnd that g(y) attains a strict local
minimum at y = 2x and this turns out to be the global minimum of g(y) for y ≥ x. Thus we have
for y ≥ x:
f ′′ (y) ≥ f ′′ (2x) = x−2 + 3x2 (2x)−4 − 2x(2x)−3 > 0
(9.26)
and hence the linear quadratic dissimilarity index deﬁned by (9.22) satisﬁes A7.
How can we choose between the asymptotically linear dissimilarity index deﬁned by (9.16) and
the asymptotically quadratic dissimilarity index deﬁned by (9.17) or (9.22)? Both indexes behave
similarly for x close to y but as y diverges from x, the amount of dissimilarity between x and y will
grow roughly quadratically in y for the index deﬁned by (9.22) whereas for the index deﬁned by
(9.16), the amount of dissimilarity will tend towards a linear in y rate. Hence the choice between
the two indexes depends on how fast one wants the amount of dissimilarity between x and y to grow
as y grows bigger than x. It should be noted that the index deﬁned by (9.22) will be much more
sensitive to outliers in the data so perhaps for this reason, the index deﬁned by (9.16) should be
used when there is the possibility of errors in the data.
Another axiom which is also not fundamental but does seem reasonable is the following one:
A8:

Diﬀerentiability: d(x, y) is a once diﬀerentiable function of two variables.

The real impact of the axiom A8 is along the ray where x = y. If we look at the proof of Proposition
1, we see that if we add A8 to the list of axioms, the eﬀect of the diﬀerentiability axiom is to force the
derivative of f (u) at u = 1 to be 0; i.e., under A8, we must have f ′ (1) = 0. In many applications, this
will be a very reasonable restriction on f since it implies that the amount of dissimilarity between
x and y will be very small when x is very close to y. All of our examples 1 to 4 above satisfy the
diﬀerentiability axiom.
We now consider another axiom for d(x, y), which is perhaps more diﬃcult to justify, but it does
determine the functional form for d:
A9:

Additivity: d(x, x + y + z) = d(x, x + y) + d(x, x + z) for all x > 0, y ≥ 0 and z ≥ 0.

Proposition 4 Suppose d(x, y) satisﬁes the axioms A1-A6 and A9. Then d has the following functional form:*36
d(x, y) = α[max{x/y, y/x} − 1] where α > 0.
(9.27)
*36

The f (u) that corresponds to this functional form is f (u) ≡ α[u − 1] where α > 0. The d(x, y) deﬁned by (9.20)
also satisﬁes the convexity axiom A7 but it does not satisfy the diﬀerentiability axiom A8.
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Proof. If d(x, y) satisﬁes A1-A6, then by Proposition 1, d(x, y) = f [max{x/y, y/x}] where f (u) is
continuous, increasing for u ≥ 1 with f (1) = 0. Substitute this representation for d(x, y) into A9
and letting x > 0, y ≥ 0 and z ≥ 0, we ﬁnd that f satisﬁes the following functional equation:
f [1 + (y/x) + (z/x)] = f [1 + (y/x)] + f [1 + (z/x)];

x > 0, y ≥ 0 and z ≥ 0.

(9.28)

Deﬁne the variables u and v as follows:
u ≡ y/x; v ≡ z/x.

(9.29)

Substituting (9.29) into (9.28), we ﬁnd that f satisﬁes the following functional equation:
f (1 + u + v) = f (1 + u) + f (1 + v);
Deﬁne the function g as follows:

u ≥ 0, v ≥ 0.

g(u) ≡ f (1 + u).

(9.30)
(9.31)

Using (9.31), (9.30) can be rewritten as follows:
g(u + v) = g(u) + g(v);

u ≥ 0, v ≥ 0.

(9.32)

But (9.32) is Cauchy’s ﬁrst functional equation or a special case of Pexider’s (1903)[425] ﬁrst functional equation*37 and has the following solution:
g(x) = αx;
where α is a constant.
Using (9.31) and (9.33),

f (u) = α(u − 1);

x≥0

u ≥ 1.

(9.33)

(9.34)

Equation (9.34) implies that d is equal to the right hand side of (9.27). However, in order that f (u)
be increasing for u ≥ 1, we require that α > 0, which completes the proof.
Let us set α = 1 in (9.27) and call the resulting d(x, y), example 5, the linear dissimilarity index. It
can be seen that for large y, the dissimilarity indexes deﬁned by examples 1 and 5 will approach each
other. The big diﬀerence between the two indexes is along the ray where x = y: the linear dissimilarity index will not be diﬀerentiable along this ray, whereas the asymptotically linear dissimilarity
index will be diﬀerentiable everywhere. Also for x close to y, the linear dissimilarity index will be
greater than the corresponding asymptotically linear dissimilarity measure.
We conclude this section by indicating a simple way for determining the exact functional form for
d(x, y): we need only consider the behavior of d(1, y) for y ≥ 1. This behavior of the function
d determines the underlying generator function f (u) that appeared in the Proposition 1. Hence
consider the following “axioms” for d:
A10: d(1, y) = (y − 1)β
A11: d(1, y) = ln y;
A12: d(1, y) = ey − e;

*37

y ≥ 1, where β > 0;

y ≥ 1;
y ≥ 1.

See chapter 3 or Eichhorn (1978; 49)[251] for a more accessible reference.
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It is straightforward to show that if d(x, y) satisﬁes A1-A6 and A10, then d is equal to the following
function: (example 6 ):
d(x, y) = [max{x/y, y/x} − 1]β ; β > 0.
(9.35)
Of course, if β = 1, then Example 6 reduces to Example 5.*38
Similarly, it is straightforward to show that if d(x, y) satisﬁes A1-A6 and A11, then d is equal to the
following function: (example 7 ):*39
d(x, y) = ln[max{x/y, y/x}].

(9.36)

Finally, if d(x, y) satisﬁes A1-A6 and A12, then d is equal to the following function: (example 8 ):*40
d(x, y) = emax{x/y,y/x} − e.

(9.37)

The functional forms for the dissimilarity indexes deﬁned by (9.35)-(9.37) are all relatively simple
but they all have a disadvantage: namely, they are not diﬀerentiable along the ray where x = y.
Hence, they are probably not suitable for many economic applications.
We turn now to N variable measures of absolute dissimilarity.

A.5 Axioms for Absolute Dissimilarity Indexes in the N Variable Case
We now let x ≡ [x1 , ..., xN ] and y ≡ [y1 , ..., yN ] be strictly positive vectors (either price or quantity)
that are to be compared in an absolute sense. Let D(x, y) be the absolute dissimilarity index,
deﬁned for all strictly positive vectors x and y. The following 6 axioms or properties are fairly direct
counterparts to the 6 fundamental axioms that were introduced in section A.2 above.
B1:

Continuity: D(x, y) is a continuous function deﬁned for all x ≫ 0N and y ≫ 0N .

B2:

Identity: D(x, x) = 0 for all x ≫ 0N .

B3:

Positivity: D(x, y) > 0 for all x ̸= y.

B4:

Symmetry: D(x, y) = D(y, x) for all x ≫ 0N and y ≫ 0N .

B5:

Invariance to Changes in Units of Measurement: D(α1 x1 , ..., αN xN ; α1 y1 , ..., αN yN ) =
D(x1 , ..., xN ; y1 , ..., yN ) = D(x, y) for all αn > 0, xn > 0, yn > 0 for n = 1, ..., N .*41

B6:

Monotonicity: D(x, y) is increasing in the components of y if y ≥ x.

The above axioms or properties can be regarded as fundamental. However, they are not suﬃcient
to give a nice characterization Proposition like Proposition 1 in section A.2. Hence we need to add
additional properties to determine D.
Possible additional properties are the following ones:
B7:

B8:
*38
*39
*40
*41

Invariance to the ordering of commodities: D(P x, P y) = D(x, y) where P x denotes a permutation of the components of the x vector and P y denotes the same permutation of the
components of the y vector.
∑N
Additive Separability: D(x, y) = n=1 dn (xn , yn ).
The d(x, y) deﬁned by (9.35) satisﬁes the convexity axiom A7 if and only if β ≥ 1.
This d(x, y) does not satisfy A7.
This d(x, y) does satisfy the convexity axiom A7.
Note that this axiom implies that D has the homogeneity property D(λx, λy) = D(x, y). To see this, let each
αn = λ.
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The N functions of two variables, dn (xn , yn ), are obviously absolute dissimilarity measures that give
us the degree of dissimilarity between the components of the vectors x and y.
Proposition 5 Suppose D(x, y) satisﬁes B1-B8. Then there exists a continuous, increasing function
of one variable, f (u), such that f (1) = 0 and D(x, y) has the following representation in terms of f :
D(x, y) =

∑N
n=1

f [max{xn /yn , yn /xn }].

(9.38)

Conversely, if D(x, y) is deﬁned by (9.38) where f is a continuous, increasing function of one variable
with f (1) = 0, then D satisﬁes B1-B8.
Proof. Using B2 and B8, we have
D(1N , 1N ) =

∑N
n=1

dn (1, 1) = 0.

(9.39)

Thus
D(x, y) = D(x, y) − D(1N , 1N ) using (9.39)
∑N
∑N
=
dn (xn , yn ) −
dn (1, 1) using B8
n=1
n=1
∑N
=
d∗n (xn , yn )

(9.40)

n=1

where the d∗n (xn , yn ) are deﬁned as:
d∗n (xn , yn ) ≡ dn (xn , yn ) − dn (1, 1);

n = 1, 2, ..., N.

(9.41)

It is easy to check that the d∗n functions satisfy the following restrictions:
d∗n (1, 1) = 0;

n = 1, 2, ..., N.

(9.42)

Using (9.40) and (9.41), we have:
D(x1 , 1N −1 , y1 , 1N −1 ) = d∗1 (x1 , y1 ) +

∑N
n=2

d∗n (1, 1)

= d∗1 (x1 , y1 ) using (9.42).

(9.43)

Properties B1-B6 on D imply that d∗1 (x1 , y1 ) will satisfy properties A1-A6 listed in section A.2 of the
Appendix above. Hence, we may apply Proposition 1 and conclude that d∗1 (x1 , y1 ) has the following
representation:
(9.44)
d∗1 (x1 , y1 ) = f [max{x1 /y1 , y1 /x1 }]
for some continuous, increasing function of one variable f (u) deﬁned for u ≥ 1 with f (1) = 0.
Using B7, we deduce that
d∗n (xn , yn ) = d∗1 (xn , yn )
= f [max{xn /yn , yn /xn }];

for n = 2, ..., N using (9.44)

(9.45)

and this establishes (9.38). The second half of the Proposition is straightforward.
Thus adding the axioms B7 and B8 to the earlier axioms B1-B6 essentially reduces the N dimensional
case down to the one dimensional case.
In applications, it is sometimes useful to be able to compare the amount of dissimilarity between
two N dimensional vectors x and y to the amount of dissimilarity between two M dimensional
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vectors u and v. If we decide to use the function of one variable f to generate the dissimilarity
index deﬁned by (9.38), then we can achieve comparability across vectors of diﬀerent dimensionality
if we modify (9.38) and deﬁne the following family of dissimilarity indexes (which depend on N , the
dimensionality of the vectors x and y):
DN (x, y) ≡

∑N
n=1

(1/N )f [max{xn /yn , yn /xn }].

(9.46)

Recall examples 1 and 2 in section A.2. We use the generating functions f (u) for these examples
to construct N variable measures of absolute dissimilarity between the positive vectors x and y.
Using the generating function f (u) ≡ [u − 1]2 + [u−1 − 1]2 in (9.46) gives us the following N dimensional asymptotically linear quadratic index of absolute dissimilarity, which is the N dimensional
generalization of Example 1 above, which we now label as example 9 :
DAL (x, y) ≡ (1/N )

∑N
n=1

[(yn /xn ) + (xn /yn ) − 2].

(9.47)

Using the generating function f (u) ≡ [u−1]2 +[u−1 −1]2 in (9.46) gives us the following N dimensional
asymptotically quadratic index of absolute dissimilarity, which is the N dimensional generalization
of Example 2 above, which we now label as example 10 :
DAQ (x, y) ≡ (1/N )

∑N
n=1

[(yn /xn ) − 1]2 + (1/N )

∑N
n=1

[(xn /yn ) − 1]2 .

(9.48)

The indexes deﬁned by (9.47) and (9.48) are our preferred indexes of absolute dissimilarity. The index
deﬁned by (9.48) is less sensitive to measurement errors and outliers so under most circumstances,
it seems to be a preferred choice.*42
We turn now to a discussion of relative dissimilarity indexes in the case of N commodity prices or
quantities that must be compared.*43

A.6 Axioms for Relative Dissimilarity Indexes in the N Variable Case
In making relative comparisons, we regard x and y as being completely similar if x is proportional
to y or if y is proportional to x; i.e., if y = λx for some scalar λ > 0. We denote the relative
dissimilarity index between two vectors x and y by ∆(x, y). The earlier axioms B1-B7 for absolute
dissimilarity indexes are now replaced by the following axioms:
C1:

Continuity: ∆(x, y) is a continuous function deﬁned for all x ≫ 0N and y ≫ 0N .

C2:

Identity: ∆(x, λx) = 0 for all x ≫ 0N and scalars λ > 0.

C3:

Positivity: ∆(x, y) > 0 if y ̸= λx for any λ > 0.

C4:

Symmetry: ∆(x, y) = ∆(y, x) for all x ≫ 0N and y ≫ 0N .

C5:

Invariance to Changes in Units of Measurement: ∆(α1 x1 , ..., αN xN ; α1 y1 , ..., αN yN ) =
∆(x1 , ..., xN ; y1 , ..., yN ) = ∆(x, y) for all αn > 0, xn > 0, yn > 0 for n = 1, ..., N .

C6:

Invariance to the Ordering of Commodities: ∆(P x, P y) = ∆(x, y) where P x is a permutation
or reordering of the components of x and P y is the same permutation of the components of
y.

*42
*43

Hill (2004)[326] has adopted the corresponding weighted relative index of dissimilarity in his most recent empirical work.
The case N = 1 is not relevant in the case of relative dissimilarity indexes so we must move right away into the
N ≥ 2 dimensional case.
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Proportionality: ∆(x, λy) = ∆(x, y) for all x ≫ 0N and y ≫ 0N and scalars λ > 0.

The last axiom says that the degree of relative dissimilarity between the vectors x and y remains
the same if y is multiplied by the arbitrary positive number λ.
The above axioms all seem to be fairly fundamental in the relative dissimilarity index context.*44
We have not developed a counterpart to the absolute monotonicity axiom B6 for relative indexes of
dissimilarity because it is not clear what the appropriate relative axiom should be. This is a topic for
further research. Also, we do not have any nice characterization theorems for relative dissimilarity
indexes that are analogous to Proposition 5 in the previous section. However, we do have a strategy
for adapting the absolute dissimilarity indexes to the relative context.
Our suggested strategy is this. First, ﬁnd a scale index S(x, y) that is essentially a price or quantity
index between the vectors x and y and that has the property S(x, λx) = λ. Second, ﬁnd a suitable
absolute dissimilarity index, D(x, y). Finally, use the scale index S and the absolute dissimilarity
index D in order to deﬁne the following relative dissimilarity index ∆:
∆(x, y) ≡ D(S(x, y)x, y).

(9.49)

Thus in (9.31), we scale up the base vector x by the index number S(x, y) which makes it comparable
in an absolute sense to the vector y. We then apply an absolute index of dissimilarity D to the scaled
up x vector, S(x, y)x, and the vector y. Naturally, in order for the ∆ deﬁned by (9.49) to satisfy
the axioms C1-C7, it will be necessary for D and S to satisfy certain properties. We will assume
that the absolute dissimilarity index D satisﬁes B1-B5 and B7 in the previous section. We will also
impose the following properties on the scale index S(x, y):
D1:

Continuity: S(x, y) is a continuous function deﬁned for all x ≫ 0N and y ≫ 0N .

D2:

Identity: S(x, x) = 1 for all x ≫ 0N .

D3:

Positivity: S(x, y) > 0 for all x ≫ 0N and y ≫ 0N .

D4:

Time or Place Reversal : S(x, y) = 1/S(y, x) for all x ≫ 0N and y ≫ 0N .

D5:

Invariance to Changes in Units of Measurement: S(α1 x1 , ..., αN xN ; α1 y1 , ..., αN yN ) =
S(x1 , ..., xN ; y1 , ..., yN ) = S(x, y) for all αn > 0, xn > 0, yn > 0 for n = 1, ..., N .

D6:

Invariance to the Ordering of Commodities: S(P x, P y) = S(x, y) where P x is a permutation
or reordering of the components of x and P y is the same permutation of the components of
y.

D7:

Proportionality: S(x, λy) = λS(x, y) for all x ≫ 0N and y ≫ 0N and scalars λ > 0.

Proposition 6 If the scale function S(x, y) satisﬁes D1-D7 and the absolute dissimilarity index
D(x, y) satisﬁes B1-B5 and B7 listed in the previous section, then the relative dissimilarity index
∆(x, y) deﬁned by (9.31) satisﬁes properties C1-C7.
Proof. Properties C1 and C5 are obvious. Now check property C2:
∆(x, λx) ≡ D(S(x, λx)x, λx) using deﬁnition (9.49)
= D(λS(x, x)x, λx) using D7
= D(λx, λx) using D2
=0

*44

using B2.

Axioms C2-C7 were proposed by Allen and Diewert (1981; 433)[9].

(9.50)
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Now check property C3. Given x and y, suppose that y ̸= λx for any λ > 0. Using deﬁnition (9.49),
we have:
∆(x, y) ≡ D(S(x, y)x, y)
= D(µx, y) where µ = S(x, y) > 0 using D3
> 0 using B3 since y ̸= µx.

(9.51)

Check property C4:
∆(x, y) ≡ D(S(x, y)x, y) using deﬁnition (9.49)
= D(1N , y1 /x1 S(x, y), ..., yN /xN S(x, y))

using B5

= D(1N , S(y, x)y1 /x1 , ..., S(y, x)yN /xN )

using D4

= D(x, S(y, x)y)

using B5 again

= D(S(y, x)y, x)

using B4

= ∆(y, x)

using deﬁnition (9.31).

(9.52)

Property C6 follows from Properties B7 and D6.
Finally, check Property C7. Let x ≫ 0N and y ≫ 0N and scalars λ > 0. Then by deﬁnition (9.31),
∆(x, λy) ≡ D(S(x, λy)x, λy)
= D(λS(x, y)x, λy)

using D7

= D(S(x, y)x, y) using B5 with all αn = λ
= ∆(x, y)

using deﬁnition (9.49).

(9.53)

The above Proposition can be used in order to generate a wide class of relative dissimilarity indexes.
We conclude this section by giving some examples of how Proposition 6 could be applied in order to
deﬁne some indexes of relative dissimilarity.
Example 11 Recall the N variable index of dissimilarity DAL (x, y) deﬁned by (9.47) above. It can
be veriﬁed that this absolute index of dissimilarity satisﬁes axioms B1-B9. We need to choose a scale
index S(x, y) that satisﬁes the axioms D1-D7. The simplest choice for such an S is:
∏N
SJ (x, y) ≡
(yn /xn )1/N .
(9.54)
n=1

Thus S(x, y) is the geometric mean of the yn divided by the geometric mean of the xn . This
functional form (for a price index) is due to Jevons (1865)[364] and it is still used today as a
functional form for an elementary price index. It can be veriﬁed that SJ satisﬁes the axioms D1-D7.
It should be noted that the following scale indexes do not satisfy the time reversal test, D4:
∑N
SA (x, y) ≡
(1/N )(yn /xn );
(9.55)
n=1
[∑
]−1
N
−1
SH (x, y) ≡
(1/N )(yn /xn )
.
(9.56)
n=1

Thus SA is the arithmetic mean*45 of the ratios yn /xn and SH is the harmonic mean of the ratios
yn /xn .
*45

SA is known in the price index literature as the Carli (1764) index. Note that the geometric mean of SA and
SH does satisfy the axioms D1-D7 and hence could be used in place of the Jevons scale index SJ . SAH (x, y) ≡
[SA (x, y)SH (x, y)]1/2 has been suggested as the functional form for an elementary price index by Carruthers,
Sellwood and Ward (1980)[81].
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Inserting SJ deﬁned by (9.54) into formula (9.49) where D is deﬁned by (9.47) leads to the following
asymptotically linear index of relative dissimilarity (which satisﬁes C1-C7):
∆AL (x, y) ≡ DAL (SJ (x, y)x, y) =

∑N
n=1

(1/N ) [(SJ (x, y)xn /yn ) + (yn /SJ (x, y)xn ) − 2] . (9.57)

Example 12 Recall the N dimensional asymptotically quadratic index of absolute dissimilarity,
DAQ (x, y) deﬁned by (9.48) above. It can be veriﬁed that this absolute index of dissimilarity satisﬁes
axioms B1-B8. Inserting SJ deﬁned by (9.54) into formula (9.49) where D is deﬁned by (9.48) leads
to the following asymptotically quadratic index of relative dissimilarity (which also satisﬁes C1-C7):
∆AQ (x, y) ≡ DAQ (SJ (x, y)x, y)
∑N
∑N
2
2
=
(1/N ) [(SJ (x, y)xn /yn ) − 1] +
(1/N ) [(yn /SJ (x, y)xn ) − 1] .
n=1

n=1

(9.58)

Example 13 Recall the log quadratic single variable measure of absolute dissimilarity deﬁned by
(9.23) above. The additively separable extension of this measure to the N variable case is the
following log squared index of absolute dissimilarity:
DLS (x, y) ≡

∑N
n=1

(1/N )[ln(yn /xn )]2 .

(9.59)

It can be veriﬁed that this absolute index of dissimilarity satisﬁes axioms B1-B9. Inserting SJ deﬁned
by (9.54) into formula (9.49) where D is deﬁned by (9.59) leads to the following log squared index of
relative dissimilarity (which also satisﬁes C1-C7):
∆LS (x, y) ≡ DLS (SJ (x, y)x, y)
∑N
2
=
(1/N ) [ln(yn /SJ (x, y)xn )]
n=1
∑N
2
= (1/N )
[ln(yn /xn ) − ln SJ (x, y)]
n=1
{∏
}]2
∑N [
N
1/N
= (1/N )
ln(yn /xn ) − ln
(yn /xn )
.
n=1

n=1

(9.60)

The last line of (9.60) shows that ∆LS (x, y) is equal to a constant times the Allen Diewert (1981; 433)
measure of nonproportionality between the vectors x and y. Allen and Diewert derived their measure
∑N
by regressing the N logarithmic ratios, ln(yn /xn ), on a constant, obtaining (1/N ) n=1 ln(yn /xn ) =
∏N
ln{ n=1 (yn /xn )1/N } as the least squares estimator of this constant. They then used the sum of
squared residuals from their regression as their measure of nonproportionality, which is N times the
last line of (9.60).
We turn now to weighted absolute and relative dissimilarity indexes.

A.7 Weighted Absolute Dissimilarity Indexes
The analysis up to this point has implicitly assumed (using the axioms B7 or C6) that the amount
of dissimilarity between each component of the x and y vectors is equally important and hence gets
an equal weight in the overall index of dissimilarity. In many applications, this assumption is not
justiﬁed, which suggests that the individual component measures of dissimilarity should be weighted
according to the economic importance of that commodity. However, there are several ways that
this economic importance could be measured. If we are constructing an index of price dissimilarity,
then it might be natural to weight by either the quantities transacted in the two situations or by
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the expenditures pertaining to that component. However, if the prices of a large country are being
compared to those of a small country, then using either of these two methods of weighting will
perhaps give too much weight to the large country. Hence, we will follow the example of Theil
(1967; 136-137)[500] and weight the importance of commodities by their expenditure shares in the
two countries.*46 Thus deﬁne the expenditure share of commodity n in country i as
sin ≡

pin qni
pi · q i

i = 1, 2; → n = 1, ..., N.

(9.61)

Let m(a, b) be a symmetric mean of the positive numbers a and b and let f (u) be an increasing
continuous function of one variable, deﬁned for u ≥ 1 with the property that f (1) = 0. Then we
can use the functions m and f in order to deﬁne the following weighted absolute indexes of price and
quantity dissimilarity, DP and DQ :
DP (p1 , p2 , q 1 , q 2 ) ≡
DQ (p1 , p2 , q 1 , q 2 ) ≡

∑N
n=1
∑N
n=1

m(s1n , s2n )f [max{p1n /p2n , p2n /p1n }];

(9.62)

m(s1n , s2n )f [max{qn1 /qn2 , qn2 /qn1 }].

(9.63)

It can be seen that we have just used the characterization of D(x, y) in the unweighted case given
by Proposition 5 and weighted the commodities according to their economic importance, which is
reﬂected in the weights m(s1n , s2n ).*47
It will be necessary to make concrete choices for the mean function m and the generator function f in
empirical examples. As in the earlier sections, on the grounds of simplicity, we choose the arithmetic
mean so that
m(a, b) = (1/2)a + (1/2)b.
(9.64)
Our two preferred choices for f were made in examples 9 and 10. With the ﬁrst preferred choice,
(9.62) and (9.63) become the weighted asymptotically linear indexes of absolute dissimilarity: (Example 14 ):
DP AL (p1 , p2 , q 1 , q 2 ) ≡
DQAL (p1 , p2 , q 1 , q 2 ) ≡

∑N
n=1
∑N
n=1

(1/2)(s1n + s2n )[(p1n /p2n ) + (p2n /p1n ) − 2];

(9.65)

(1/2)(s1n + s2n )[(qn1 /qn2 ) + (qn2 /qn1 ) − 2].

(9.66)

With the second preferred choice, (9.62) and (9.63) become the weighted asymptotically quadratic
index of absolute dissimilarity: (Example 15 ):
}2 ]
}2 {
;
(p1n /p2n ) − 1 + (p2n /p1n ) − 1
n=1
[{
∑N
}2 {
}2 ]
DQAQ (p1 , p2 , q 1 , q 2 ) ≡
(1/2)(s1n + s2n ) (qn1 /qn2 ) − 1 + (qn2 /qn1 ) − 1
.
DP AQ (p1 , p2 , q 1 , q 2 ) ≡

∑N

(1/2)(s1n + s2n )

[{

n=1

(9.67)
(9.68)

We can follow Theil (1967; 138)[500] and give the following statistical interpretation of the right
hand side of (9.65) when m is deﬁned by (9.64). Deﬁne the absolute dissimilarity of the nth price
ratio between the two countries, rn , by:
rn ≡ f [max{p1n /p2n , p2n /p1n }] for n = 1, . . . , N.
*46
*47

(9.69)

Recent papers that also pursue this weighted approach are Heston, Summers and Aten (2001)[316], Sergueev
(2001b) and Diewert (2002)[178]. Our analysis follows that of Diewert.
In (9.46), we used the normalizing factor (1/N ) in place of our present normalizing factor, m(s1n , s2n ). Thus the
dissimilarity measures deﬁned by (9.62) and (9.63) are comparable for diﬀering N .
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Now deﬁne the discrete random variable, R say, as the random variable which can take on the values
rn with probabilities ρn ≡ (1/2)[s1n + s2n ] for n = 1, . . . , N . Note that since each set of expenditure
shares, s1n and s2n , sums to one, the probabilities ρn will also sum to one. It can be seen that the
expected value of the discrete random variable R is:
E[R] ≡
=

∑N
n=1

∑N

n=1
1

ρn rn
(1/2)[s1n + s2n ]f [max{p1n /p2n , p2n /p1n }]

= DP (p , p2 , q 1 , q 2 ).

(9.70)

using (9.62) and (9.69). Thus DP (p1 , p2 , q 1 , q 2 ) can be interpreted as the expected value of the
absolute dissimilarities of the price ratios between the two countries, where the N discrete price
dissimilarities are weighted according to Theil’s probability weights, ρn ≡ (1/2)[s1n + s2n ] for n =
1, . . . , N .
A similar interpretation can be given to DQ (p1 , p2 , q 1 , q 2 ) deﬁned by (9.63) when m is deﬁned by
(9.64). Thus DQ (p1 , p2 , q 1 , q 2 ) can be interpreted as the expected value of the absolute dissimilarities
of the quantity ratios between the two countries, where the N discrete absolute quantity dissimilarities, f [max{qn1 /qn2 , qn2 /qn1 }], are weighted according to Theil’s probability weights, ρn ≡ (1/2)[s1n +s2n ]
for n = 1, . . . , N .

A.8 Weighted Relative Dissimilarity Indexes
Let P (p1 , p2 , q 1 , q 2 ) and Q(p1 , p2 , q 1 , q 2 ) be the “best” bilateral price and quantity indexes that
one could choose.*48 We want the index number formulae P and Q to satisfy counterparts to the
axioms D1-D7 listed above.*49 Adapting the strategy outlined in section A.6 above, we again use
the functions m and f in order to deﬁne the following weighted relative indexes of price and quantity
dissimilarity, ∆P and ∆Q :
∆P (p1 , p2 , q 1 , q 2 ) ≡
∆Q (p1 , p2 , q 1 , q 2 ) ≡

∑N
n=1

∑N
n=1

m(s1n , s2n )f [max{P (p1 , p2 , q 1 , q 2 )p1n /p2n , p2n /P (p1 , p2 , q 1 , q 2 )p1n }];
(9.71)
m(s1n , s2n )f [max{Q(p1 , p2 , q 1 , q 2 )qn1 /qn2 , qn2 /Q(p1 , p2 , q 1 , q 2 )qn1 }].
(9.72)

As in the previous section, we specialize m to be the arithmetic mean. With this choice, (9.71) and
(9.72) become the following weighted relative indexes of price and quantity dissimilarity:
∆P (p1 , p2 , q 1 , q 2 ) ≡
∑N
(1/2)(s1n + s2n )f [max{P (p1 , p2 , q 1 , q 2 )p1n /p2n , p2n /P (p1 , p2 , q 1 , q 2 )p1n }];

(9.73)

∆Q (p1 , p2 , q , q ) ≡
∑N
(1/2)(s1n + s2n )f [max{Q(p1 , p2 , q 1 , q 2 )qn1 /qn2 , qn2 /Q(p1 , p2 , q 1 , q 2 )qn1 }].

(9.74)

n=1
1
2

n=1

where f (u) is an increasing continuous function of one variable, deﬁned for u ≥ 1 with the property
that f (1) = 0.
*48
*49

Diewert (1992)[143] argues that the Fisher (1922)[274] price and quantity indexes are “best” from the axiomatic
point of view but Von Auer (2001)[525] and Balk (1995)[35] argue for some other choices as well.
The Fisher ideal indexes satisfy these properties.
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Example 16 Consider the following special case where we choose f (u) ≡ [ln u]2 . The resulting
weighted log quadratic index of relative price dissimilarity using the bilateral index number formula
P is:
∑N
∆P LQ (p1 , p2 , q 1 , q 2 ) ≡
(1/2)(s1n + s2n )[ln(p2n /P (p1 , p2 , q 1 , q 2 )p1n )]2 .
(9.75)
n=1

The above formula is a generalization of the Allen Diewert (1981) unweighted formula (9.60) above.
The Törnqvist Theil (1967) bilateral index number formula PT (p1 , p2 , q 1 , q 2 ) seems to be the appropriate generalization of the unweighted Jevons formula to use in (9.75) for P (p1 , p2 , q 1 , q 2 ) but
any superlative price index formula P (p1 , p2 , q 1 , q 2 ) could be used in (9.75).
Example 17 Consider the following special case of (9.73) where f (u) ≡ [u + u−1 − 2] for u ≥ 1.
The resulting weighted asymptotically linear index of relative price dissimilarity using the bilateral
index number formula P is:
∆P AL (p1 , p2 , q 1 , q 2 ) ≡
∑N
(1/2)(s1n + s2n ){(p2n /P (p1 , p2 , q 1 , q 2 )p1n ) + P (p1 , p2 , q 1 , q 2 )(p1n /p2n ) − 2}.
n=1

(9.76)

The above formula is the weighted generalization of the unweighted relative formula (9.57) above.*50
Example 18 Consider the following special case of (9.73) where f (u) ≡ (1/2)[u−1]2 +(1/2)[u−1 −1]2
for u ≥ 1. The resulting weighted asymptotically quadratic index of relative price dissimilarity using
the bilateral index number formula P is:
∆P AQ (p1 , p2 , q 1 , q 2 ) ≡
∑N
(1/2)(s1n + s2n ){[(p2n /P (p1 , p2 , q 1 , q 2 )p1n ) − 1]2 + [P (p1 , p2 , q 1 , q 2 )(p1n /p2n ) − 1]2 }.
n=1

(9.77)

The above formula is the weighted generalization of the unweighted relative formula (9.58) above.
Our preferred indexes of relative dissimilarity are those deﬁned by (9.76) and (9.77), with a preference
for (9.76) if the underlying data are subject to large measurement errors. Of course, analogous indexes
can be deﬁned for quantities rather than prices.

A.9 Conclusion
Our tentative conclusion is that chaining or linking between countries should be based on the sum
of a weighted absolute dissimilarity index of quantities and a weighted relative dissimilarity index of
prices.
We have exhibited many diﬀerent functional forms for these two dissimilarity indexes but until more
theoretical and empirical research becomes available, we recommend the use of the asymptotically
linear or asymptotically quadratic functional forms. Both of these functional forms are diﬀerentiable
when the price vectors being compared are proportional and when the quantity vectors being compared are equal but the asymptotically quadratic functional form penalizes large deviations between
the two vectors much more heavily than does the asymptotically linear functional form.*51 Thus we
are speciﬁcally recommending either the weighted asymptotically linear index of relative price dissimilarity ∆P AL (p1 , p2 , q 1 , q 2 ) deﬁned by (9.76) where the price index P (p1 , p2 , q 1 , q 2 ) is the Fisher
(1922)[274] ideal formula or the weighted asymptotically quadratic index of relative price dissimilarity
*50
*51

This is the formula used by Hill (2004)[326] in his recent empirical work.
Researchers who prefer the sum of absolute deviations as a measure of dispersion will probably be comfortable
with the asymptotically linear functional form whereas researchers who prefer the variance as a measure of
dispersion will probably be more comfortable using the asymptotically quadratic functional form.
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∆P AQ (p1 , p2 , q 1 , q 2 ) deﬁned by (9.77) as our preferred measures of relative price dissimilarity. Similarly, we are speciﬁcally recommending either the weighted asymptotically linear index of absolute
quantity dissimilarity DQAL (p1 , p2 , q 1 , q 2 ) deﬁned by (9.66) or the weighted asymptotically quadratic
index of quantity dissimilarity DQAQ (p1 , p2 , q 1 , q 2 ) deﬁned by (9.68) as our preferred measures of
absolute quantity dissimilarity. These indexes satisfy all of the important axioms that we have
discussed.
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Chapter 10

Two Stage Aggregation and Homogeneous
Weak Separability
10.1 Introduction
Most statistical agencies use the Laspeyres formula to aggregate prices in two stages. At the ﬁrst
stage of aggregation, the Laspeyres formula is used to aggregate components of the overall index
(e.g., food, clothing, services, etc.) and then at the second stage of aggregation, these component
subindexes are further combined into the overall index. The following question then naturally arises:
does the index computed in two stages coincide with the index computed in a single stage? We will
address this question in section 10.3 below.*1
However, before answering the above question, we will ﬁrst ask a more fundamental question: namely,
what conditions on consumer’s preferences justify a two stage aggregation procedure? We address
this section in section 10.2 below.

10.2 The Assumption of Homogeneous Separability of Preferences
It turns out that the assumption of homogeneous separability is one of the simplest ways of justifying
aggregation over commodities*2 in such a way that the commodity aggregate has an aggregate price
that behaves just as if it were a “true” microeconomic price. Essentially, this assumption allows us
to apply microeconomic theory to aggregates!
The assumption of homogeneous separability works in the following manner. Suppose that a household or consumer has preferences over two groups of commodities where there are N1 commodities
1
2
q 1 ≡ [q11 , . . . , qN
] in the ﬁrst group and N2 commodities q 2 ≡ [q12 , . . . , qN
]] in the second group.
1
2
Let the consumer’s preferences over all of the commodities be represented by the nonnegative, continuous, quasiconcave and increasing utility function U (q 1 , q 2 ) for q 1 ≥ 0N1 and q 2 ≥ 0N2 . The
consumer’s preferences are homogeneously separable in the two groups if there exists a “macro”
utility function F (Q1 , Q2 ) that is nonnegative, continuous, quasiconcave and increasing in its two
*1

*2

Much of the material in section 10.3 is adapted from Diewert (1978)[128] and Alterman, Diewert and Feenstra
(1999)[10]. See also Balk (1996)[37] for a discussion of alternative deﬁnitions for the two stage aggregation
concept and references to the literature on this topic.
The other simple way is through the use of Hicks’ Aggregation Theorem; i.e., if the prices in a group of
commodities vary in strict proportion over time, then the factor of proportionality can be taken as the price of
the group and the deﬂated group expenditures will obey the usual properties of a microeconomic commodity.
“Thus we have demonstrated mathematically the very important principle, used extensively in the text, that if
the prices of a group of goods change in the same proportion, that group of goods behaves just as if it were a
single commodity.” J.R. Hicks (1946; 312-313)[321].
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nonnegative arguments, Q1 and Q2 , and there exist two linearly homogeneous, quasiconcave and
nondecreasing “micro” utility functions, f 1 (q 1 ) and f 2 (q 2 ), such that
U (q 1 , q 2 ) = F [f 1 (q 1 ), f 2 (q 2 )].

(10.1)

Let p1 ≫ 0N1 and p2 ≫ 0N2 be two positive vectors of commodity prices facing the consumer in a
particular period. Since the micro utility functions f 1 and f 2 are linearly homogeneous, we know
that their corresponding cost functions have the following form:
min{p1T q 1 : f 1 (q 1 ) ≥ Q1 } = c1 (p1 )Q1 ;

(10.2)

min{p2T q 2 : f 2 (q 2 ) ≥ Q2 } = c2 (p2 )Q2

(10.3)

q

q

where c1 (p1 ) is the unit cost function that is dual to f 1 and c2 (p2 ) is the unit cost function that is
dual to f 2 .
Now consider the cost minimization problem for a consumer that has separable preferences of the
form deﬁned by (10.1) above: for p1 ≫ 0N1 and p2 ≫ 0N2 and u > 0, we deﬁne the minimum cost
of achieving the utility level u as follows:
C(u, p1 , p2 ) ≡ min
{p1T q 1 + p2T q 2 : F [f 1 (q 1 ), f 2 (q 2 )] ≥ u}
′
q s

= ′min′ {p1T q 1 + p2T q 2 : F (Q1 , Q2 ) ≥ u, Q1 ≡ f 1 (q 1 ), Q2 ≡ f 2 (q 2 )}
q s,Q s

where we added two extra constraints to the cost minimization problem
by deﬁning Q1 ≡ f 1 (q 1 ) and Q2 ≡ f 2 (q 2 )
= min
{c1 (p1 )Q1 + c2 (p2 )Q2 : F (Q1 , Q2 ) ≥ u} using (10.2) and (10.3)
′
Qs

≡ C ∗ [u, c1 (p1 ), c2 (p2 )]

(10.4)

where C ∗ (u, p1 , p2 ) is the macro cost function that is dual to the macro utility function F (Q1 , Q2 ).
Looking at (10.4), it can be seen that the unit cost functions, c1 (p1 ) and c2 (p2 ), act like microeconomic prices for the quantity aggregates, Q1 ≡ f 1 (q 1 ) and Q2 ≡ f 2 (q 2 ). This is what is powerful
about the assumption of homogeneous separability.*3 For certain functional forms for cm (pm ) or
f m (q m ) for m = 1, 2, listed in Pollak (1983)[433] or Diewert (1976)[127], we can use exact index
number formulae to calculate these price and quantity aggregates using the assumption of optimizing
behavior along with observed price and quantity data for two periods.
Problem 1 Repeat the analysis around equations (10.1) to (10.4) assuming 3 homogeneous aggregates instead of 2.

10.3 Two Stage Aggregation of Index Number Formulae
We return to the question that was raised in the introduction; namely, does a Laspeyres index
computed in two stages coincide with a Laspeyres index computed in a single stage?
Suppose that the price and quantity data for period t, pt and q t , can be written in terms of M
subvectors as follows:
pt = [pt1 , pt2 , ..., ptM ]; q t = [q t1 , q t2 , ..., q tM ];
*3

t = 0, 1

(10.5)

This model of aggregation dates back to Leontief (1947)[391] but it is most clearly explained by Shephard (1953;
61-71)[471] (1970; 145-146)[472]. See also Arrow (1974)[14] (in the producer context), Samuelson and Swamy
(1974)[458], Diewert (1980; 438-42)[132] and Blackorby, Primont and Russell (1978)[60] for additional references
and exposition.
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where the dimensionality of the subvectors ptm and q tm is Nm for m = 1, 2, . . . , M with the sum
of the dimensions Nm equal to N . These subvectors correspond to the price and quantity data
for subcomponents of the consumer price index for period t. Now construct subindices for each of
these components going from period 0 to 1. For the base period, set the price for each of these
0
subcomponents, say Pm
for m = 1, 2, . . . , M , equal to 1 and set the corresponding base period
subcomponent quantities, say Q0m for m = 1, 2, . . . , M , equal to the base period value of consumption
for that subcomponent for m = 1, 2, . . . , M :
0
Pm

≡ 1;

Q0m

Nm
∑

≡

0m
p0m
i qi

for m = 1, 2, . . . , M.

(10.6)

i=1

Now use the Laspeyres formula in order to construct a period 1 price for each subcomponent, say
1
Pm
for m = 1, 2, . . . , M , of the consumer price index. Since the dimensionality of the subcomponent
vectors, ptm and q tm , diﬀers from the dimensionality of the complete period t vectors of prices and
quantities, pt and q t , it is necessary to use diﬀerent symbols for these subcomponent Laspeyres
indexes, say PLm for m = 1, 2, . . . , M . Thus the period 1 subcomponent prices are deﬁned as follows:
1
Pm

≡

PLm (p0m , p1m , q 0m , q 1m )

∑Nm

≡ ∑i=1
Nm

i=1

0m
p1m
i qi
0m
p0m
i qi

for m = 1, 2, . . . , M.

(10.7)

Once the period 1 prices for the M subindexes have been deﬁned by (10.7), then corresponding
subcomponent period 1 quantities Q1m for m = 1, 2, . . . , M can be deﬁned by deﬂating the period 1
∑Nm 1m 1m
1
subcomponent values i=1
pi qi by the prices Pm
:
Q1m

≡

∑Nm

1m
p1m
i qi
1
Pm

i=1

for m = 1, 2, . . . , M.

(10.8)

Now deﬁne subcomponent price and quantity vectors for each period t = 0, 1 using equations (10.6)
to (10.8) above. Thus deﬁne the period 0 and 1 subcomponent price vectors P 0 and P 1 as follows:
1
0
)
) ≡ 1M ; P 1 = (P11 , P21 , . . . , PM
P 0 = (P10 , P20 , . . . , PM

(10.9)

where 1M denotes a vector of ones of dimension M and the components of P 1 are deﬁned by (10.7).
The period 0 and 1 subcomponent quantity vectors Q0 and Q1 are deﬁned as follows:
Q0 ≡ [Q01 , Q02 , . . . , Q0M ]; Q1 ≡ [Q11 , Q12 , . . . , Q1M ]

(10.10)

where the components of Q0 are deﬁned in (10.6) and the components of Q1 are deﬁned by (10.8).
The price and quantity vectors in (10.9) and (10.10) represent the results of the ﬁrst stage aggregation. Now use these vectors as inputs into the second stage aggregation problem; i.e., apply the
Laspeyres price index formula using the information in (10.9) and (10.10) as inputs into the index
number formula. Since the price and quantity vectors that are inputs into this second stage aggregation problem have dimension M instead of the single stage formula which utilized vectors of
dimension N , a diﬀerent symbol is required for the new Laspeyres index which we choose to be PL∗ .
Thus the Laspeyres price index computed in two stages is denoted as PL∗ (P 0 , P 1 , Q0 , Q1 ). Now
ask whether this two stage Laspeyres index equals the corresponding single stage index PL ; i.e., ask
whether
PL∗ (P 0 , P 1 , Q0 , Q1 ) = PL (p0 , p1 , q 0 , q 1 ).
(10.11)
If the Laspeyres formula is used at each stage of each aggregation, the answer to the above question
is yes: straightforward calculations show that the Laspeyres index calculated in two stages equals
the Laspeyres index calculated in one stage.
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Problem 2 Verify that the Laspeyres index calculated in two stages equals the Laspeyres index
calculated in one stage.
Problem 3 Is it true that the Paasche index calculated in two stages equals the Paasche index
calculated in one stage?
Now suppose that the Fisher or Törnqvist formula is used at each stage of the aggregation; i.e.,
in equations (10.7), suppose that the Laspeyres formula PLm (p0m , p1m , q 0m , q 1m ) is replaced by
the Fisher formula PFm (p0m , p1m , q 0m , q 1m ) (or by the Törnqvist formula PTm (p0m , p1m , q 0m , q 1m ))
and in equation (10.11), PL∗ (P 0 , P 1 , Q0 , Q1 ) is replaced by PF∗ (or by PT∗ ) and PL (p0 , p1 , q 0 , q 1 )
is replaced by PF (or by PT ). Then is it the case that counterparts are obtained to the two stage
aggregation result for the Laspeyres formula, (10.11)? The answer is no; it can be shown that, in
general,
PF∗ (P 0 , P 1 , Q0 , Q1 ) ̸= PF (p0 , p1 , q 0 , q 1 ) and PT∗ (P 0 , P 1 , Q0 , Q1 ) ̸= PT (p0 , p1 , q 0 , q 1 ).

(10.12)

Similarly, it can be shown that the quadratic mean of order r index number formula P r deﬁned and
the implicit quadratic mean of order r index number formula P r∗ deﬁned in chapter 6 are also not
consistent in aggregation.
However, even though the Fisher and Törnqvist formulae are not exactly consistent in aggregation,
it can be shown that these formulae are approximately consistent in aggregation. More speciﬁcally,
it can be shown that the two stage Fisher formula PF∗ and the single stage Fisher formula PF in
(10.12), both regarded as functions of the 4N variables in the vectors p0 , p1 , q 0 , q 1 , approximate each
other to the second order around a point where the two price vectors are equal (so that p0 = p1 )
and where the two quantity vectors are equal (so that q 0 = q 1 ) and a similar result holds for the
two stage and single stage Törnqvist indexes in (10.12).*4 As was seen in chapter 6, the single stage
Fisher and Törnqvist indexes have a similar approximation property so all four indexes in (10.12)
approximate each other to the second order around an equal (or proportional) price and quantity
point. Thus for normal time series data, single stage and two stage Fisher and Törnqvist indexes
will usually be numerically very close.*5 This result will be illustrated in chapter 12 for an artiﬁcial
data set.
Similar approximate consistency in aggregation results (to the results for the Fisher and Törnqvist
formulae explained in the previous paragraph) can be derived for the quadratic mean of order r
indexes, P r , and for the implicit quadratic mean of order r indexes, P r∗ ; see Diewert (1978; 889)[128].
However, the results of Hill (2006)[329] again imply that the second order approximation property
of the single stage quadratic mean of order r index P r to its two stage counterpart will break down
as r approaches either plus or minus inﬁnity. To see this, consider a simple example where there
are only four commodities in total. Let the ﬁrst price ratio p11 /p01 be equal to the positive number
a, let the second two price ratios p1i /p0i equal the b and let the last price ratio p14 /p04 equal c where
we assume a < c and a ≤ b ≤ c. Using the properties of means of order r, the limiting value of the
single stage index is:
√
( 1)
( 1)
√
pi
pi
r
0
1
0
1
r
0
1
0
1
lim P (p , p , q , q ) = lim P (p , p , q , q ) = min
max
= ac.
(10.13)
0
0
r→+∞
r→−∞
i
i
pi
pi
Now aggregate commodities 1 and 2 into a subaggregate and commodities 3 and 4 into another
subaggregate. Using the properties of means of order r again, it is found that the limiting price
*4
*5

See Diewert (1978; 889)[128]. In fact, these derivative equalities are still true provided that p1 = λp0 and
q 1 = µq 0 for any numbers λ > 0 and µ > 0.
For an empirical comparison of the four indexes, see Diewert (1978; 894-895)[128]. For the Canadian consumer
data considered there, the chained two stage Fisher in 1971 was 2.3228 and the corresponding chained two stage
Törnqvist was 2.3230, the same values as for the corresponding single stage indexes.
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index for the ﬁrst subaggregate is [ab]1/2 and the limiting price index for the second subaggregate is
[bc]1/2 . Now apply the second stage of aggregation and use the properties of means of order r once
again to conclude that the limiting value of the two stage aggregation using P r as the index number
formula is [ab2 c]1/4 . Thus the limiting value, as r tends to plus or minus inﬁnity, of the single stage
aggregate over the two stage aggregate is [ac]1/2 /[ab2 c]1/4 = [ac/b2 ]1/4 . Now b can take on any value
between a and c and so the ratio of the single stage limiting P r to its two stage counterpart can
take on any value between [c/a]1/4 and [a/c]1/4 . Since c/a is less than 1 and a/c is greater than 1,
it can be seen that the ratio of the single stage to the two stage index can be arbitrarily far from 1
as r becomes large in magnitude with an appropriate choice of the numbers a, b and c.
The results in the previous paragraph show that some caution is required in assuming that all
superlative indexes will be approximately consistent in aggregation. However, for the three most
commonly used superlative indexes (the Fisher ideal PF , the Törnqvist-Theil PT and the Walsh PW ),
the available empirical evidence indicates that these indexes satisfy the consistency in aggregation
property to a suﬃciently high enough degree of approximation that users will not be unduly troubled
by any inconsistencies.*6
Problem 4 Use the properties of means of order r to establish the results in (10.13) above.
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Chapter 11

Elementary Indexes
11.1 Introduction
In all countries, the calculation of a Consumer Price Index proceeds in two (or more) stages.*1 In
the ﬁrst stage of calculation, elementary price indexes are estimated for the elementary expenditure
aggregates of a CPI. In the second and higher stages of aggregation, these elementary price indexes
are combined to obtain higher level indexes using information on the expenditures on each elementary
aggregates as weights. An elementary aggregate consists of the expenditures on a small and relatively
homogeneous set of products deﬁned within the consumption classiﬁcation used in the CPI. Samples
of prices are collected within each elementary aggregate, so that elementary aggregates serve as
strata for sampling purposes.
Data on the expenditures, or quantities, of the diﬀerent goods and services are typically not available
within an elementary aggregate. As there are no quantity or expenditure weights, most of the index
number theory outlined in the previous chapters is not directly applicable. An elementary price
index is a more primitive concept that relies on price data only.
The question of what is the most appropriate formula to use to estimate an elementary price index
is considered in this Chapter. The quality of a CPI depends heavily on the quality of the elementary
indexes, which are the basic building blocks from which CPIs are constructed.
CPI compilers have to select representative products within an elementary aggregate and then collect
a sample of prices for each of the representative products, usually from a sample of diﬀerent outlets.
The individual products whose prices are actually collected are described as the sampled products.
Their prices are collected over a succession of time periods. An elementary price index is therefore
typically calculated from two sets of matched price observations. It is assumed in this chapter that
there are no missing observations and no changes in the quality of the products sampled so that the
two sets of prices are perfectly matched. The treatment of new and disappearing products, and of
quality change, is a separate and complex issue that is discussed in detail in a later chapter.
Even though quantity or expenditure weights are usually not available to weight the individual
elementary price quotes, it is useful to consider an ideal framework where expenditure information
is available. This is done in section 11.2 below. The problems involved in aggregating narrowly
deﬁned price quotes over time are also discussed in this section. Thus the discussion in section 11.2
provides a theoretical target for “practical” elementary price indexes that are constructed using only
information on prices.
Section 11.3 introduces the main elementary index formulae that are used in practice and section
11.4 develops some numerical relationships between the various indexes.
*1

Bert Balk provided a considerable amount of help in drafting this chapter.
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Previous chapters developed the various approaches to index number theory when information on
both prices and quantities was available. It is also possible to develop axiomatic, economic or
sampling approaches to elementary indexes and these three approaches are discussed below in sections
11.4, 11.5 and 11.6 respectively. Section 11.8 develops a simple statistical approach to elementary
indexes that resembles a highly simpliﬁed hedonic regression model.
Section 11.9 concludes with an overview of the various results.*2

11.2 Ideal Elementary Indexes
The aggregates covered by a CPI or a PPI are usually arranged in the form of a tree like hierarchy
(such as COICOP or NACE). Any aggregate is a set of economic transactions pertaining to a set
of commodities over a speciﬁed time period. Every economic transaction relates to the change of
ownership of a speciﬁc, well deﬁned commodity (good or service) at a particular place and date, and
comes with a quantity and a price. The price index for an aggregate is calculated as a weighted
average of the price indexes for the subaggregates, the (expenditure or sales) weights and type of
average being determined by the index formula. One can descend in such a hierarchy as far as
available information allows the weights to be decomposed. The lowest level aggregates are called
elementary aggregates. They are basically of two types:
• those for which all detailed price and quantity information is available;
• those for which the statistician, considering the operational cost and/or the response burden
of getting detailed price and quantity information about all the transactions, decides to make
use of a representative sample of commodities and/or respondents.
The practical relevance of studying this topic is large. Since the elementary aggregates form the
building blocks of a CPI or a PPI, the choice of an inappropriate formula at this level can have a
tremendous impact on the overall index.
In this section, it will be assumed that detailed price and quantity information for all transactions
pertaining to the elementary aggregate for the two time periods under consideration is available.
This assumption allows us to deﬁne an ideal elementary aggregate. Subsequent sections will relax
this strong assumption about the availability of detailed price and quantity data on transactions but
it is necessary to have a theoretically ideal target for the “practical” elementary index.
The detailed price and quantity data, although perhaps not available to the statistician, is in principle, available in the outside world. It is frequently the case, that at the respondent level (i.e.,
at the outlet or ﬁrm level), some aggregation of the individual transactions information has been
executed, usually in a form that suits the respondent’s ﬁnancial or management information system.
This respondent determined level of information could be called the basic information level. This
is, however, not necessarily the ﬁnest level of information that could be made available to the price
statistician. One could always ask the respondent to provide more disaggregated information. For
instance, instead of monthly data one could ask for weekly data; or, whenever appropriate, one could
ask for regional instead of global data; or, one could ask for data according to a ﬁner commodity
classiﬁcation. The only natural barrier to further disaggregation is the individual transaction level.*3
It is now necessary to discuss a problem that arises when detailed data on individual transactions are
available, either at the level of the individual household or at the level of an individual outlet. Recall
that in previous chapters, the price and quantity indexes, P (p0 , p1 , q 0 , q 1 ) and Q(p0 , p1 , q 0 , q 1 ),
were introduced. These (bilateral) price and quantity indexes decomposed the value ratio V 1 /V 0
into a price change part P (p0 , p1 , q 0 , q 1 ) and a quantity change part Q(p0 , p1 , q 0 , q 1 ). In this
*2
*3

This Chapter draws heavily on the contributions of Dalén (1992)[103], Balk (1994)[34] (1998)[39] (2002)[42] and
Diewert (1995)[157] (2002)[179].
See Balk (1994)[34] for a similar approach.
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framework, it was taken for granted that the period t price and quantity for commodity i, pti and qit
respectively, were well deﬁned. However, these deﬁnitions are not straightforward since individual
consumers may purchase the same item during period t at diﬀerent prices. Similarly, if we look
at the sales of a particular shop or outlet that sells to consumers, the same item may sell at very
diﬀerent prices during the course of the period. Hence before a traditional bilateral price index of
the form P (p0 , p1 , q 0 , q 1 ) considered in previous chapters can be applied, there is a non trivial time
aggregation problem that must be solved in order to obtain the basic prices pti and qit that are the
components of the price vectors p0 and p1 and the quantity vectors q 0 and q 1 .
Walsh*4 and Davies (1924)[106] (1932)[107], suggested a solution to this time aggregation problem:
the appropriate quantity at this very ﬁrst stage of aggregation is the total quantity purchased of the
narrowly deﬁned item and the corresponding price is the value of purchases of this item divided by
the total amount purchased, which is a narrowly deﬁned unit value. In more recent times, other
researchers have adopted the Walsh and Davies solution to the time aggregation problem.*5 Note
that this solution to the time aggregation problem has the following advantages:
• The quantity aggregate is intuitively plausible, being the total quantity of the narrowly deﬁned item purchased by the household (or sold by the outlet) during the time period under
consideration;
• The product of the price times quantity equals the total value purchased by the household (or
sold by the outlet) during the time period under consideration.
We will adopt this solution to the time aggregation problem as our concept for the price and quantity
at this very ﬁrst stage of aggregation.
Having decided on an appropriate theoretical deﬁnition of price and quantity for an item at the very
lowest level of aggregation (i.e., a narrowly deﬁned unit value and the total quantity sold of that item
at the individual outlet), we now consider how to aggregate these narrowly deﬁned elementary prices
and quantities into an overall elementary aggregate. Suppose that there are M lowest level items or
speciﬁc commodities in this chosen elementary category. Denote the period t quantity of item m by
t
qm
and the corresponding time aggregated unit value by ptm for t = 0, 1 and for items m = 1, 2, ..., M .
t
] and pt ≡ [pt1 , pt2 , ..., ptM ] for
Deﬁne the period t quantity and price vectors as q t ≡ [q1t , q2t , ..., qM
t = 0, 1. It is now necessary to choose a theoretically ideal index number formula P (p0 , p1 , q 0 , q 1 )
that will aggregate the individual item prices into an overall aggregate price relative for the M
items in the chosen elementary aggregate. However, this problem of choosing a functional form for
P (p0 , p1 , q 0 , q 1 ) is identical to the overall index number problem that was addressed in previous
chapters. In these previous chapters, four diﬀerent approaches to index number theory were studied
that led to speciﬁc index number formulae as being “best” from each perspective. From the viewpoint
of ﬁxed basket approaches, it was found that the Fisher (1922)[274] and Walsh (1901)[530] price
indexes, PF and PW , appeared to be “best”. From the viewpoint of the test approach, the Fisher
index appeared to be “best”. From the viewpoint of the stochastic approach to index number theory,
the Törnqvist Theil (1967) index number formula PT emerged as being “best”. Finally, from the
viewpoint of the economic approach to index number theory, the Walsh price index PW , the Fisher
*4

*5

Walsh explained his reasoning as follows: “Of all the prices reported of the same kind of article, the average
to be drawn is the arithmetic; and the prices should be weighted according to the relative mass quantities that
were sold at them.” Correa Moylan Walsh (1901; 96)[530]. “Some nice questions arise as to whether only what
is consumed in the country, or only what is produced in it, or both together are to be counted; and also there
are diﬃculties as to the single price quotation that is to be given at each period to each commodity, since this,
too, must be an average. Throughout the country during the period a commodity is not sold at one price, nor
even at one wholesale price in its principal market. Various quantities of it are sold at diﬀerent prices, and the
full value is obtained by adding all the sums spent (at the same stage in its advance towards the consumer), and
the average price is found by dividing the total sum (or the full value) by the total quantities.” Correa Moylan
Walsh (1921; 88)[531].
See for example Szulc (1987; 13)[499], Dalén (1992; 135)[103], Reinsdorf (1994)[443], Diewert (1995; 20-21)[157],
Reinsdorf and Moulton (1997)[447] and Balk (2002)[42].
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ideal index PF and the Törnqvist Theil index number formula PT were all regarded as being equally
desirable. It was also shown that the same three index number formulae numerically approximate
each other very closely and so it will not matter very much which of these alternative indexes is
chosen.*6 Hence, the theoretically ideal elementary index number formula is taken to be one of the
three formulae PF (p0 , p1 , q 0 , q 1 ), PW (p0 , p1 , q 0 , q 1 ) or PT (p0 , p1 , q 0 , q 1 ) where the period t quantity
t
of item m, qm
, is the total quantity of that narrowly deﬁned item purchased by the household during
period t (or sold by the outlet during period t) and the corresponding price for item m is ptm , the
time aggregated unit value, for t = 0, 1 and for items m = 1, 2, ..., M .
In the following section, various “practical” elementary price indexes will be deﬁned. These indexes
do not have quantity weights and thus are functions only of the price vectors p0 and p1 , which
contain time aggregated unit values for the M items in the elementary aggregate for periods 0 and
1. Thus when a practical elementary index number formula, say PE (p0 , p1 ), is compared to an
ideal elementary price index, say the Fisher price index PF (p0 , p1 , q 0 , q 1 ), then obviously PE will
diﬀer from PF because the prices are not weighted according to their economic importance in the
practical elementary formula. Call this diﬀerence between the two index number formulae formula
approximation error.
Practical elementary indexes are subject to two other types of error:
• The statistical agency may not be able to collect information on all M prices in the elementary
aggregate; i.e., only a sample of the M prices may be collected. Call the resulting divergence
between the incomplete elementary aggregate and the theoretically ideal elementary index,
the sampling error.
• Even if a price for a narrowly deﬁned item is collected by the statistical agency, it may
not be equal to the theoretically appropriate time aggregated unit value price. This use of
an inappropriate price at the very lowest level of aggregation gives rise to time aggregation
error.*7
In section 11.7 below, a sampling framework for the collection of prices that can reduce the above
three types of error will be discussed. In section 11.3 below, the ﬁve main elementary index number
formulae are deﬁned and in section 11.4, various numerical relationships between these ﬁve indexes
are developed. Sections 11.5 and 11.6 develop the axiomatic and economic approaches to elementary
indexes and the ﬁve main elementary formulae used in practice will be evaluated in the light of these
approaches.

11.3 Elementary Indexes used in Practice
Suppose that there are M lowest level items or speciﬁc commodities in a chosen elementary category.
Denote the period t price of item m by ptm for t = 0, 1 and for items m = 1, 2, ..., M . Deﬁne the
period t price vector as pt ≡ [pt1 , pt2 , ..., ptM ] for t = 0, 1.
The ﬁrst widely used elementary index number formula is due to the French economist Dutot
(1738)[244]:
∑M
∑M
1
p1m
0
1
m=1 (1/M )pm
PD (p , p ) ≡ ∑M
= ∑m=1
.
(11.1)
M
0
0
m=1 (1/M )pm
m=1 pm
Thus the Dutot elementary price index is equal to the arithmetic average of the M period 1 prices
*6

*7

Theorem 5 in Diewert (1978; 888)[128] showed that PF , PT and PW will approximate each other to the second
order around an equal price and quantity point; see Diewert (1978; 894)[128], Hill (2006)[329] and Chapter 12
for some empirical results.
Many statistical agencies send price collectors to various outlets on certain days of the month to collect list
prices of individual items. These collected prices can be regarded as approximations to the time aggregated unit
values for those items but they are only approximations.
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divided by the arithmetic average of the M period 0 prices.
The second widely used elementary index number formula is due to the Italian economist Carli
(1764)[78]:
∑M
PC (p0 , p1 ) ≡
(1/M )(p1m /p0m ).
(11.2)
m=1

Thus the Carli elementary price index is equal to the arithmetic average of the M item price ratios
or price relatives, p1m /p0m .
The third widely used elementary index number formula is due to the English economist Jevons
(1863)[363]:
∏M
PJ (p0 , p1 ) ≡
(p1m /p0m )1/M .
(11.3)
m=1

Thus the Jevons elementary price index is equal to the geometric average of the M item price ratios
or price relatives, p1m /p0m .
The fourth elementary index number formula PH is the harmonic average of the M item price
relatives and it was ﬁrst suggested in passing as an index number formula by Jevons (1865; 121)[364]
and Coggeshall (1887)[96]:
0

1

PH (p , p ) ≡

[∑
M
m=1

(1/M )(p1m /p0m )−1

]−1
.

(11.4)

Finally, the ﬁfth elementary index number formula is the geometric average of the Carli and harmonic
formulae; i.e., it is the geometric mean of the arithmetic and harmonic means of the M price relatives:
PCSW D (p0 , p1 ) ≡ [PC (p0 , p1 )PH (p0 , p1 )]1/2 .

(11.5)

This index number formula was ﬁrst suggested by Fisher (1922; 472)[274] as his formula 101. Fisher
also observed that, empirically for his data set, PCSW D was very close to the Jevons index, PJ ,
and these two indexes were his “best’ unweighted index number formulae. In more recent times,
Carruthers, Sellwood and Ward (1980; 25)[81] and Dalén (1992; 140)[103] also proposed PCSW D as
an elementary index number formula.
Having deﬁned the most commonly used elementary formulae, the question now arises: which formula
is “best”? Obviously, this question cannot be answered until desirable properties for elementary
indexes are developed. This will be done in a systematic manner in section 11.5 below but in the
present section, one desirable property for an elementary index will be noted. This is the time
reversal test, which was noted in Chapter 2. In the present context, this test for the elementary
index P (p0 , p1 ) becomes:
P (p0 , p1 )P (p1 , p0 ) = 1.
(11.6)
This test says that if the prices in period 2 revert to the initial prices of period 0, then the product of
the price change going from period 0 to 1, P (p0 , p1 ), times the price change going from period 1 to 2,
P (p1 , p0 ), should equal unity; i.e., under the stated conditions, we should end up where we started.
It can be veriﬁed that the Dutot, Jevons and Carruthers, Sellwood, Ward and Dalén indexes, PD , PJ
and PCSW D , all satisfy the time reversal test but that the Carli and Harmonic indexes, PC and PH ,
fail this test. In fact, these last two indexes fail the test in the following biased manner:
PC (p0 , p1 )PC (p1 , p0 ) ≥ 1;
0

1

1

0

PH (p , p )PH (p , p ) ≤ 1

(11.7)
(11.8)
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with strict inequalities holding in (11.7) and (11.8) provided that the period 1 price vector p1 is not
proportional to the period 0 price vector p0 .*8 Thus the Carli index will generally have an upward
bias while the Harmonic index will generally have a downward bias. Fisher (1922; 66 and 383)[274]
seems to have been the ﬁrst to establish the upward bias of the Carli index*9 and he made the
following observations on its use by statistical agencies:
“In ﬁelds other than index numbers it is often the best form of average to use. But we shall
see that the simple arithmetic average produces one of the very worst of index numbers. And
if this book has no other eﬀect than to lead to the total abandonment of the simple arithmetic
type of index number, it will have served a useful purpose.” Irving Fisher (1922; 29-30)[274].
In the following section, some numerical relationships between the ﬁve elementary indices deﬁned
in this section will be established. Then in the subsequent section, a more comprehensive list of
desirable properties for elementary indexes will be developed and the ﬁve elementary formulae will
be evaluated in the light of these properties or tests.

11.4 Numerical Relationships between the Frequently Used Elementary
Indexes
It can be shown*10 that the Carli, Jevons and Harmonic elementary price indexes satisfy the following
inequalities:
PH (p0 , p1 ) ≤ PJ (p0 , p1 ) ≤ PC (p0 , p1 );
(11.9)
i.e., the Harmonic index is always equal to or less than the Jevons index which in turn is always
equal to or less than the Carli index. In fact, the strict inequalities in (11.9) will hold provided that
the period 0 vector of prices, p0 , is not proportional to the period 1 vector of prices, p1 .
The inequalities (11.9) do not tell us by how much the Carli index will exceed the Jevons index and
by how much the Jevons index will exceed the Harmonic index. Hence, in the remainder of this
section, some approximate relationships between the ﬁve indexes deﬁned in the previous section will
be developed that will provide some practical guidance on the relative magnitudes of each of the
indexes.
The ﬁrst approximate relationship that will be derived is between the Jevons index PJ and the Dutot
index PD . For each period t, deﬁne the arithmetic mean of the M prices pertaining to that period
as follows:
∑M
pt∗ ≡
(1/M )ptm ; t = 0, 1.
(11.10)
m=1

Now deﬁne the multiplicative deviation of the mth price in period t relative to the mean price in that
period, etm , as follows:
ptm = pt∗ (1 + etm ); m = 1, ..., M ; t = 0, 1.
(11.11)
Note that (11.10) and (11.11) imply that the deviations etm sum to zero in each period; i.e., we have:
∑M
m=1
*8

*9
*10

etm = 0;

t = 0, 1.

(11.12)

These inequalities follow from the fact that a harmonic mean of M positive numbers is always equal to or
less than the corresponding arithmetic mean; see Walsh (1901;517)[530] or Fisher (1922; 383-384)[274]. This
inequality is a special case of Schlömilch’s Inequality; see Hardy, Littlewood and Polya (1934; 26)[308].
See also Pigou (1924; 59 and 70), Szulc (1987; 12)[499] and Dalén (1992; 139)[103]. Dalén (1994; 150-151)[104]
provides some nice intuitive explanations for the upward bias of the Carli index.
Each of the three indexes PH , PJ and PC is a mean of order r where r equals −1, 0 and 1 respectively and so
the inequalities follow from Schlömilch’s inequality; see Hardy, Littlewood and Polya (1934; 26)[308].
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Note that the Dutot index can be written as the ratio of the mean prices, p1∗ /p0∗ ; i.e., we have:
PD (p0 , p1 ) =

p1∗
.
p0∗

(11.13)

Now substitute equations (11.11) into the deﬁnition of the Jevons index, (11.3):
]1/M
M [ 1∗
∏
p (1 + e1m )
PJ (p , p ) =
p0∗ (1 + e0m )
m=1
]1/M
M [
p1∗ ∏ (1 + e1m )
= 0∗
p m=1 (1 + e0m )
0

1

= PD (p0 , p1 )f (e0 , e1 ) using (11.13)

(11.14)

where et ≡ [et1 , ..., etM ] for t = 0 and 1 and the function f is deﬁned as follows:
]1/M
M [
∏
(1 + e1m )
f (e , e ) ≡
.
(1 + e0m )
m=1
0

1

(11.15)

Expand f (e0 , e1 ) by a second order Taylor series approximation around e0 = 0M and e1 = 0M .
Using (11.12), it can be veriﬁed*11 that we obtain the following second order approximate relationship
between PJ and PD :
PJ (p0 , p1 ) ≈ PD (p0 , p1 )[1 + (1/2M )e0 · e0 − (1/2M )e1 · e1 ]
= PD (p0 , p1 )[1 + (1/2) var(e0 ) − (1/2) var(e1 )]

(11.16)

where var(et ) is the variance of the period t multiplicative deviations; i.e., for t = 0, 1:
var(et ) ≡ (1/M )
= (1/M )

∑M
m=1
∑M
m=1
t

(etm − et∗ )2
(etm )2

since et∗ = 0 using (11.12)

= (1/M )et · e .

(11.17)

Under normal conditions*12 , the variance of the deviations of the prices from their means in each
period is likely to be approximately constant and so under these conditions, the Jevons price index
will approximate the Dutot price index to the second order.
Note that with the exception of the Dutot formula, the remaining four elementary indexes deﬁned in
section 11.3 are functions of the relative prices of the M items being aggregated. This fact is used in
order to derive some approximate relationships between these four elementary indexes. Thus deﬁne
the mth price relative as
rm ≡ p1m /p0m ; m = 1, ..., M.
(11.18)
Deﬁne the arithmetic mean of the m price relatives as
r∗ ≡ (1/M )
*11
*12

∑M
m=1

rm = PC (p0 , p1 )

(11.19)

This approximate relationship was ﬁrst obtained by Carruthers, Sellwood and Ward (1980; 25)[81].
If there are signiﬁcant changes in the overall inﬂation rate, some studies indicate that the variance of deviations
of prices from their means can also change. Also if M is small, then there will be sampling ﬂuctuations in the
variances of the prices from period to period.
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where the last equality follows from the deﬁnition (11.2) of the Carli index. Finally, deﬁne the
deviation em of the mth price relative rm from the arithmetic average of the M price relatives r∗ as
follows:
rm = r∗ (1 + em ); m = 1, ..., M.
(11.20)
Note that (11.19) and (11.20) imply that the deviations em sum to zero; i.e., we have:
∑M
m=1

em = 0.

(11.21)

Now substitute equations (11.20) into the deﬁnitions of PC , PJ , PH and PCSW D , (11.2)-(11.5) above,
in order to obtain the following representations for these indexes in terms of the vector of deviations,
e ≡ [e1 , ..., eM ]:
PC (p0 , p1 ) =

∑M

(1/M )rm = r∗ 1 ≡ r∗ fC (e);
∏M
1/M
PJ (p0 , p1 ) =
rm
= r∗
(1 + em )1/M ≡ r∗ fJ (e);
m=1
m=1
[∑
]−1
[∑
]−1
M
M
0
1
−1
∗
−1
PH (p , p ) =
(1/M )(rm )
=r
(1/M )(1 + em )
≡ r∗ fH (e);

(11.24)

PCSW D (p0 , p1 ) = [PC (p0 , p1 )PH (p0 , p1 )]1/2 = r∗ [fC (e)fH (e)]1/2 ≡ r∗ fCSW D (e)

(11.25)

m=1
∏M

m=1

m=1

(11.22)
(11.23)

where the last equation in (11.22)-(11.25) serves to deﬁne the deviation functions, fC (e), fJ (e), fH (e)
and fCSW D (e). The second order Taylor series approximations to each of these functions*13 around
the point e = 0M are:
fC (e) ≈ 1;

(11.26)

fJ (e) ≈ 1 − (1/2M )e · e = 1 − (1/2) var(e);

(11.27)

fH (e) ≈ 1 − (1/M )e · e = 1 − var(e);

(11.28)

fCSW D (e) ≈ 1 − (1/2M )e · e = 1 − (1/2) var(e)

(11.29)

where we have made repeated use of (11.21) in deriving the above approximations.*14 Thus to
the second order, the Carli index PC will exceed the Jevons and Carruthers Sellwood Ward Dalén
indexes, PJ and PCSW D , by (1/2) var(e), which is r∗ times one half the variance of the M price
relatives p1m /p0m . Similarly, to the second order, the Harmonic index PH will lie below the Jevons
and Carruthers Sellwood Ward Dalén indexes, PJ and PCSW D , by r∗ times one half the variance of
the M price relatives p1m /p0m .
Thus empirically, it is expected that the Jevons and Carruthers Sellwood Ward and Dalén indexes
will be very close to each other. Using the previous approximation result (11.16), it is expected that
the Dutot index PD will also be fairly close to PJ and PCSW D , with some ﬂuctuations over time due
to changing variances of the period 0 and 1 deviation vectors, e0 and e1 . Thus it is expected that
these three elementary indexes will give much the same numerical answers in empirical applications.
On the other hand, the Carli index can be expected to be substantially above these three indices,
with the degree of divergence growing as the variance of the M price relatives grows. Similarly, the
Harmonic index can be expected to be substantially below the three middle indices, with the degree
of divergence growing as the variance of the M price relatives grows.
*13
*14

From (11.22), it can be seen that fC (e) is identically equal to 1 so that (11.26) will be an exact equality rather
than an approximation.
These second order approximations are due to Dalén (1992; 143)[103] for the case r ∗ = 1 and to Diewert (1995;
29)[157] for the case of a general r ∗ .

11.5 The Axiomatic Approach to Elementary Indexes

233

11.5 The Axiomatic Approach to Elementary Indexes
Recall that in Chapter 4, the axiomatic approach to bilateral price indexes P (p0 , p1 , q 0 , q 1 ) was
developed. In the present Chapter, the elementary price index P (p0 , p1 ) depends only on the period
0 and 1 price vectors, p0 and p1 respectively so that the elementary price index does not depend
on the period 0 and 1 quantity vectors, q 0 and q 1 . One approach to obtaining new tests or axioms
for an elementary index is to look at the twenty or so axioms that were listed in Chapter 4 for
bilateral price indices P (p0 , p1 , q 0 , q 1 ) and adapt those axioms to the present context; i.e., use the
old bilateral tests for P (p0 , p1 , q 0 , q 1 ) that do not depend on the quantity vectors q 0 and q 1 as tests
for an elementary index P (p0 , p1 ).*15 This approach will be utilized in the present section.
The ﬁrst eight tests or axioms are reasonably straightforward and uncontroversial,
T1:

Continuity: P (p0 , p1 ) is a continuous function of the M positive period 0 prices p0 ≡
[p01 , ..., p0M ] and the M positive period 1 prices p1 ≡ [p11 , ..., p1M ].

T2:

Identity: P (p, p) = 1; i.e., the period 0 price vector equals the period 1 price vector, then the
index is equal to unity.

T3:

Monotonicity in Current Period Prices: P (p0 , p1 ) < P (p0 , p) if p1 < p; i.e., if any period 1
price increases, then the price index increases.

T4:

Monotonicity in Base Period Prices: P (p0 , p1 ) > P (p, p1 ) if p0 < p; i.e., if any period 0 price
increases, then the price index decreases.

T5:

Proportionality in Current Period Prices: P (p0 , λp1 ) = λP (p0 , p1 ) if λ > 0; i.e., if all period
1 prices are multiplied by the positive number λ, then the initial price index is also multiplied
by λ.

T6:

Inverse Proportionality in Base Period Prices: P (λp0 , p1 ) = λ−1 P (p0 , p1 ) if λ > 0; i.e., if
all period 0 prices are multiplied by the positive number λ, then the initial price index is
multiplied by 1/λ.

T7:

Mean Value Test: minm {p1m /p0m : m = 1, ..., M } ≤ P (p0 , p1 ) ≤ maxm {p1m /p0m : m =
1, ..., M }; i.e., the price index lies between the smallest and largest price relatives.

T8:

Symmetric Treatment of Outlets: P (p0 , p1 ) = P (p0∗ , p1∗ ) where p0∗ and p1∗ denote the same
permutation of the components of p0 and p1 ; i.e., if we change the ordering of the outlets (or
households) from which we obtain the price quotations for the two periods, then the elementary
index remains unchanged.

Eichhorn (1978; 155)[252] showed that Tests 1, 2, 3 and 5 imply Test 7, so that not all of the above
tests are logically independent.
The following tests are more controversial and are not necessarily accepted by all price statisticians.
T9:

The Price Bouncing Test: P (p0 , p1 ) = P (p0∗ , p1∗∗ ) where p0∗ and p1∗∗ denote possibly
diﬀerent permutations of the components of p0 and p1 ; i.e., if the ordering of the price quotes
for both periods is changed in possibly diﬀerent ways, then the elementary index remains
unchanged.

Obviously, T8 is a special case of T9 where the two permutations of the initial ordering of the prices
are restricted to be the same. Thus T9 implies T8. Test T9 is due to Dalén (1992; 138)[103].
*15

This was the approach used by Diewert (1995; 5-17)[157], who drew on the earlier work of Eichhorn (1978;
152-160)[252] and Dalén (1992)[103].
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He justiﬁed this test by suggesting that the price index should remain unchanged if outlet prices
“bounce” in such a manner that the outlets are just exchanging prices with each other over the two
periods. While this test has some intuitive appeal, it is not consistent with the idea that outlet
prices should be matched to each other in a one to one manner across the two periods.
The following test was also proposed by Dalén (1992)[103] in the elementary index context:
T10: Time Reversal : P (p1 , p0 ) = 1/P (p0 , p1 ); i.e., if the data for periods 0 and 1 are interchanged,
then the resulting price index should equal the reciprocal of the original price index.
Since many price statisticians approve of the Laspeyres price index in the bilateral index context
and this index does not satisfy the time reversal test, it is obvious that not all price statisticians
would regard the time reversal test in the elementary index context as being a fundamental test that
must be satisﬁed. Nevertheless, many other price statisticians do regard this test as a fundamental
one since it is diﬃcult to accept an index that gives a diﬀerent answer if the ordering of time is
reversed.*16
T11: Circularity: P (p0 , p1 )P (p1 , p2 ) = P (p0 , p2 ); i.e., the price index going from period 0 to 1
times the price index going from period 1 to 2 equals the price index going from period 0 to
2 directly.
The circularity and identity tests imply the time reversal test; (just set p2 = p0 ). Thus the circularity
test is essentially a strengthening of the time reversal test and so price statisticians who did not accept
the time reversal test are unlikely to accept the circularity test. However, if there are no obvious
drawbacks to accepting the circularity test, it would seem to be a very desirable property: it is a
generalization of a property that holds for a single price relative.
T12: Commensurability:
P (λ1 p01 , ..., λM p0M ; λ1 p11 , ..., λM p1M ) = P (p01 , ..., p0M ; p11 , ..., p1M ) =
0
1
P (p , p ) for all λ1 > 0, ..., λM > 0; i.e., if we change the units of measurement for
each commodity in each outlet, then the elementary index remains unchanged.
In the bilateral index context, virtually every price statistician accepts the validity of this test.
However, in the elementary context, this test is more controversial. If the M items in the elementary
aggregate are all very homogeneous, then it makes sense to measure all of the items in the same
units. Hence, if we change the unit of measurement, then test T12 should restrict all of the λm to
be the same number (say λ) and the test T12 becomes
P (λp0 , λp1 ) = P (p0 , p1 );

λ > 0.

(11.30)

Note that this modiﬁed test 12 will be satisﬁed if tests T5 and T6 are satisﬁed. Thus if the items in
the elementary aggregate are very homogeneous, then there is no need for test T12.
However, in actual practice, there will usually be thousands of individual items in each elementary
aggregate and the hypothesis of item homogeneity is not warranted. Under these circumstances, it
is important that the elementary index satisfy the commensurability test, since the units of measurement of the heterogeneous items in the elementary aggregate are arbitrary and hence the price
statistician can change the index simply by changing the units of measurement for some of the items.
This completes the listing of the tests for an elementary index. There remains the task of evaluating
how many tests are passed by each of the ﬁve elementary indexes deﬁned in section 11.3 above.
*16

Price statisticians do not seem to resist the time reversal test in the elementary index context as strongly as in
the regular bilateral approach to index number theory where quantity or expenditure weights are available. This
may be due to a feeling that the Laspeyres or Lowe indexes are really the “right” indexes to use in the weighted
context, given the practical diﬃculties in securing up to date weights. Since the Laspeyres index does not satisfy
the time reversal test, the importance of this test is played down somewhat. However, in the unweighted context,
there is less resistance to using an elementary index that satisﬁes the time reversal test since there is not a clear
a priori preference for any particular elementary formula.
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Problem 1 Show that the Jevons elementary index PJ satisﬁes all of the above tests.
Problem 2 Show that the Dutot index PD satisﬁes all of the tests with the important exception of
the Commensurability Test T12, which it fails.
Problem 3 Show that the Carli and Harmonic elementary indexes, PC and PH , fail the price
bouncing test T9, the time reversal test T10 and the circularity test T11 but pass the other tests.
Problem 4 Show that the geometric mean of the Carli and Harmonic elementary indexes, PCSW D ,
fails only the price bouncing test T9 and the circularity test T11.
Thus the Jevons elementary index PJ satisﬁes all of the tests and hence emerges as being “best”
from the viewpoint of the axiomatic approach to elementary indexes.
The Dutot index PD satisﬁes all of the tests with the important exception of the Commensurability
Test T12, which it fails. If there are heterogeneous items in the elementary aggregate, this is a
rather serious failure and hence price statisticians should be careful in using this index under these
conditions.
The geometric mean of the Carli and Harmonic elementary indexes fails only the price bouncing test
T9 and the circularity test T11. The failure of these two tests is probably not a fatal failure and so
this index could be used by price statisticians (who used the test approach for guidance in choosing
an index formula), if for some reason, it was decided not to use the Jevons formula. As was observed
in section 11.4 above, numerically, PCSW D will be very close to PJ .
The Carli and Harmonic elementary indices, PC and PH , fail the price bouncing test T9, the time
reversal test T10 and the circularity test T11 and pass the other tests. The failure of T9 and T11 is
again not a fatal failure but the failure of the time reversal test T10 is a rather serious failure and
so price statisticians should avoid using these indexes.

11.6 The Economic Approach to Elementary Indexes
Recall the notation and discussion in section 11.2 above. Suppose that each purchaser of the items
in the elementary aggregate has preferences over a vector of purchases q ≡ [q1 , ..., qM ] that can
be represented by the linearly homogeneous aggregator function f (q). Further assume that each
purchaser engages in cost minimizing behavior in each period. Then as was seen in Chapter 5, it
can be shown that certain speciﬁc functional forms for the aggregator or utility function f (q) or its
dual unit cost function c(p)*17 lead to speciﬁc functional forms for the price index, P (p0 , p1 , q 0 , q 1 ),
with
c(p1 )
P (p0 , p1 , q 0 , q 1 ) =
.
(11.31)
c(p0 )
Suppose that the purchasers have aggregator functions f deﬁned as follows*18 :
f (q1 , ..., qM ) ≡ min{qm /αm : m = 1, ..., M }
m

(11.32)

where the αm are positive constants. Then under these assumptions, it can be shown that equation
(11.31) becomes*19 :
p1 · q 0
p1 · q 1
c(p1 )
=
=
(11.33)
c(p0 )
p0 · q 0
p0 · q 1
*17
*18
*19

The unit cost function is deﬁned as c(p) ≡ minq {p · q : f (q) = 1}.
The preferences which correspond to this f are known as Leontief (1936)[390] or no substitution preferences.
See Pollak (1983)[433].
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and the quantity vectors of purchases during the two periods must be proportional; i.e.,
q 1 = λq 0

for some λ > 0.

(11.34)

From the ﬁrst equation in (11.33), we see that the true cost of living index, c(p1 )/c(p0 ), under assumptions (11.32) about the aggregator function f , is equal to the Laspeyres price index,
PL (p0 , p1 , q 0 , q 1 ) ≡ p1 · q 0 /p0 · q 0 . We now show how various elementary formulae can estimate this
Laspeyres formula under alternative assumptions about the sampling of prices.
In order to provide a justiﬁcation for the use of the Dutot elementary formula, write the Laspeyres
index number formula as follows:
∑M
0
p1m qm
0
1
0
1
PL (p , p , q , q ) ≡ ∑m=1
M
0 0
m=1 pm qm
∑M
ρ0m p1m
= ∑m=1
(11.35)
M
0 0
m=1 ρm pm
where the base period item probabilities ρ0m are deﬁned as follows:
q0
ρ0m ≡ ∑Mm

0
i=1 qi

;

m = 1, ..., M.

(11.36)

Thus the base period probability for item m, ρ0m , is equal to the purchases of item m in the base
period relative to total purchases of all items in the commodity class in the base period. Note that
these deﬁnitions require that all items in the commodity class have the same units.*20
Now it is easy to see how formula (11.35) could be turned into a rigorous sampling framework
for sampling prices in the particular commodity class under consideration.*21 If item prices in
the commodity class were sampled proportionally to their base period probabilities ρ0m , then the
Laspeyres index (11.35) could be estimated by a probability weighted Dutot index deﬁned by the
second line in (11.35). In general, with an appropriate sampling scheme, the use of the Dutot
formula at the elementary level of aggregation for homogeneous items can be perfectly consistent
with a Laspeyres index concept.
The Dutot formula can also be consistent with a Paasche index concept. If we use the Paasche
formula at the elementary level of aggregation, we obtain the following formula:
0

1

0

1

∑M

PP (p , p , q , q ) ≡ ∑m=1
M

m=1

∑M

= ∑m=1
M

1
p1m qm
1
p0m qm

ρ1m p1m

1 0
m=1 ρm pm

(11.37)

where the period one item probabilities ρ1m are deﬁned as follows:
q1
ρ1m ≡ ∑Mm

1
i=1 qi

;

m = 1, ..., M.

(11.38)

Thus the period one probability for item m, ρ1m , is equal to the quantity purchased of item m in
period one relative to total purchases of all items in the commodity class in that period.
*20
*21

The probabilities deﬁned by (11.36) are meaningless unless the items are homogeneous.
For the details, see Balk (2002; 7)[42].
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Again, it is easy to see how formula (11.37) could be turned into a rigorous sampling framework
for sampling prices in the particular commodity class under consideration. If item prices in the
commodity class were sampled proportionally to their period one probabilities ρ1m , then the Paasche
index (11.37) could be estimated by the probability weighted Dutot index deﬁned by the second line
of (11.37). In general, with an appropriate sampling scheme, the use of the Dutot formula at the
elementary level of aggregation (for a homogeneous elementary aggregate) can be perfectly consistent
with a Paasche index concept.
Rather than use the ﬁxed basket representations for the Laspeyres and Paasche indexes, we could use
the expenditure share representations for the Laspeyres and Paasche indexes and use the expenditure
shares s0m or s1m as probability weights for price relatives. Thus if the relative prices of items in the
commodity class under consideration are sampled using weights that are proportional to their base
period expenditure shares in the commodity class, then the following probability weighted Carli index
PC (p0 , p1 , s0 ) ≡

∑M
m=1

s0m (p1m /p0m )

(11.39)

will be equal to the Laspeyres index.*22 Of course, formula (11.39) does not require the assumption
of homogeneous items as did (11.35) and (11.37) above. On the other hand, if the relative prices of
items in the commodity class under consideration are sampled using weights that are proportional to
their period one expenditure shares in the commodity class, then the following probability weighted
harmonic index
{∑
}−1
M
0
1 1
1
1
0 −1
PH (p , p , s ) ≡
sm [pm /pm ]
(11.40)
m=1

will be equal to the Paasche index.
The above results show that the Dutot elementary index can be justiﬁed as an approximation to
an underlying Laspeyres or Paasche price index for a homogeneous elementary aggregate under
appropriate price sampling schemes. The above results also show that the Carli and Harmonic
elementary indexes can be justiﬁed as approximations to an underlying Laspeyres or Paasche price
index for a heterogeneous elementary aggregate under appropriate price sampling schemes.*23
Recall that assumption (11.32) on f justiﬁed the Laspeyres and Paasche indexes as being the “true”
elementary aggregate from the viewpoint of the economic approach to elementary indices. Suppose
now that assumption (11.32) is replaced by the following assumption of Cobb Douglas (1928)[95]
preferences:
f (q1 , ..., qM ) ≡

∏M
m=1

βm
qm
; βm > 0 for m = 1, ..., M and

∑M
m=1

βm = 1.

(11.41)

Under assumption (11.41), the true economic elementary price index is*24 :
c(p1 ) ∏M
=
(p1m /p0m )βm .
m=1
c(p0 )

(11.42)

It turns out if purchasers have the above Cobb Douglas preferences, then item expenditures will be
proportional over the two periods so that:
1
0
p1m qm
= λp0m qm
*22
*23

*24

for m = 1, ..., M and for some λ > 0.

(11.43)

For a rigorous derivation of a sampling framework, see Balk (2002; 10)[42].
Note that the appropriate sampling schemes require some knowledge of expenditure weights. But if we have
prices and expenditure weights for each price, then there is no need for any special treatment of elementary
indexes; we can move directly to calculating superlative indexes.
See Pollak (1983)[433].
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Under these conditions, the base period expenditure shares s0m will equal the corresponding period
1 expenditure shares s1m as well as the corresponding βm ; i.e., (11.41) implies:
s0m = s1m ≡ βm ;

m = 1, ..., M.

(11.44)

Thus if the relative prices of items in the commodity class under consideration are sampled using
weights that are proportional to their base period expenditure shares in the commodity class, then
the following probability weighted Jevons index
ln PJ (p0 , p1 , s0 ) ≡

∑M
m=1

s0m ln(p1m /p0m )

(11.45)

will be equal to the logarithm of the true elementary price aggregate deﬁned by (11.42).*25
The above results show that the Jevons elementary index can be justiﬁed as an approximation to an
underlying Cobb Douglas price index for a heterogeneous elementary aggregate under an appropriate
price sampling scheme.
The assumption of Leontief preferences implies that the quantity vectors pertaining to the two
periods under consideration will be proportional; recall (11.34) above. On the other hand, the
assumption of Cobb Douglas preferences implies that expenditures will be proportional over the two
periods; recall (11.43) above. Index number theorists have been debating the relative merits of the
proportional quantities versus proportional expenditures assumption for a long time. Authors who
thought that the proportional expenditures assumption was more likely empirically include Jevons
(1865; 295)[364] and Ferger (1931; 39)[268] (1936; 271)[269]. These early authors did not have
the economic approach to index number theory at their disposal but they intuitively understood,
along with Pierson (1895; 332)[428], that substitution eﬀects occurred and hence the proportional
expenditures assumption was more plausible than the proportional quantities assumption.
The results in the previous section gave some support for the use of the unweighted Jevons elementary
index over the use of the unweighted Dutot, Carli and Harmonic indices. The results in this section
give some support for the use of an appropriately weighted Jevons index over the other weighted
indexes, since from the economic perspective, cross item elasticities of substitution are much more
likely to be close to unity (this corresponds to the case of Cobb Douglas preferences) than to zero
(this corresponds to the case of Leontief preferences). If the probability weights in the weighted
Jevons index are taken to be the arithmetic average of the period 0 and 1 item expenditure shares
and narrowly deﬁned unit values are used as the price concept, then the weighted Jevons index
becomes an ideal type of elementary index discussed in section 11.2 above.

11.7 The Sampling Approach to Elementary Indexes
In the previous section, it was shown that appropriately weighted elementary indexes were capable of
approximating various economic population elementary indexes, with the approximation becoming
exact as the sampling approached complete coverage. Conversely, it can be seen that, in general,
it will be impossible for an unweighted elementary price index of the type deﬁned in section 11.3
to approach the theoretically ideal elementary price index deﬁned in section 11.2, even if all item
prices in the elementary aggregate were sampled.*26 Hence, rather than just sampling prices, it will
be necessary for the price statistician to collect information on the transaction values (or quantities) associated with the sampled prices in order to form sample elementary aggregates that will
approach the target ideal elementary aggregate as the sample size becomes large. Thus instead of
just collecting a sample of prices, it will be necessary to collect corresponding sample quantities (or
*25
*26

See Balk (2002; 9)[42] for a rigorous derivation.
The numerical example given at the end of this section illustrates this point.
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values) so that a sample Fisher, Törnqvist or Walsh price index can be constructed. This sample
based superlative elementary price index will approach the population ideal elementary index as the
sample size becomes large. This approach to the construction of elementary indices in a sampling
context was recommended by Pigou (1924; 66-67), Fisher (1922; 380)[274], Diewert (1995; 25)[157]
and Balk (2002)[42].*27 In particular, Pigou (1924; 67) suggested that the sample based Fisher ideal
price index be used to deﬂate the value ratio for the aggregate under consideration in order to obtain
an estimate of the quantity ratio for the aggregate under consideration.
Until fairly recently, it was not possible to determine how close an unweighted elementary index
deﬁned in section 11.3 was to an ideal elementary aggregate. However, with the availability of
scanner data (i.e., of detailed data on the prices and quantities of individual items that are sold in
retail outlets), it has been possible to compute ideal elementary aggregates for some item strata and
compare the results with statistical agency estimates of price change for the same class of items. Of
course, the statistical agency estimates of price change are usually based on the use of the Dutot,
Jevons or Carli formulae. The following quotations summarize many of these scanner data studies:
“A second major recent development is the willingness of statistical agencies to experiment
with scanner data, which are the electronic data generated at the point of sale by the retail
outlet and generally include transactions prices, quantities, location, date and time of purchase
and the product described by brand, make or model. Such detailed data may prove especially
useful for constructing better indexes at the elementary level. Recent studies that use scanner
data in this way include Silver (1995)[478], Reinsdorf (1996)[444], Bradley, Cook, Leaver
and Moulton (1997)[70], Dalén (1997)[105], de Haan and Opperdoes (1997)[119] and Hawkes
(1997)[314]. Some estimates of elementary index bias (on an annual basis) that emerged
from these studies were: 1.1 percentage points for television sets in the United Kingdom; 4.5
percentage points for coﬀee in the United States; 1.5 percentage points for ketchup, toilet
tissue, milk and tuna in the United States; 1 percentage point for fats, detergents, breakfast
cereals and frozen ﬁsh in Sweden; 1 percentage point for coﬀee in the Netherlands and 3
percentage points for coﬀee in the United States respectively. These bias estimates incorporate
both elementary and outlet substitution biases and are signiﬁcantly higher than our earlier
ballpark estimates of .255 and .41 percentage points. On the other hand, it is unclear to what
extent these large bias estimates can be generalized to other commodities.” W. Erwin Diewert
(1998; 54-55)[161].
“Before considering the results it is worth commenting on some general ﬁndings from scanner
data. It is stressed that the results here are for an experiment in which the same data were
used to compare diﬀerent methods. The results for the U.K. Retail Prices Index can not be
fairly compared since they are based on quite diﬀerent practices and data, their data being
collected by price collectors and having strengths as well as weaknesses (Fenwick, Ball, Silver
and Morgan (2002)[266]). Yet it is worth following up on Diewert’s (2002)[179] comment on
the U.K. Retail Prices Index electrical appliances section, which includes a wide variety of
appliances, such as irons, toasters, refrigerators, etc. which went from 98.6 to 98.0,a drop
of 0.6 percentage points from January 1998 to December 1998. He compares these results
with those for washing machines and notes that ‘..it may be that the non washing machine
components of the electrical appliances index increased in price enough over this period to
cancel out the large apparent drop in the price of washing machines but I think that this is
somewhat unlikely.’ A number of studies on similar such products have been conducted using
scanner data for this period. Chained Fishers indices have been calculated from the scanner
data, (the RPI (within year) indices are ﬁxed base Laspeyres ones), and have been found to
fall by about 12% for televisions (Silver and Heravi, 2001a[479]), 10% for washing machines
(Table 7 below), 7.5% for dishwashers, 15% for cameras and 5% for vacuum cleaners (Silver
*27

Balk (2002)[42] provides the details for this sampling framework.
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and Heravi (2001b)[480]. These results are quite diﬀerent from those for the RPI section
and suggest that the washing machine disparity, as Diewert notes, may not be an anomaly.
Traditional methods and data sources seem to be giving much higher rates for the CPI than
those from scanner data, though the reasons for these discrepancies were not the subject of
this study.” Mick Silver and Saeed Heravi (2001c; 25)[481].

The above quotations summarize the results of many elementary aggregate index number studies that
are based on the use of scanner data. These studies indicate that when detailed price and quantity
data are used in order to compute superlative indexes or hedonic indexes for an expenditure category,
the resulting measures of price change are often below the corresponding oﬃcial statistical agency
estimates of price change for that category. Sometimes the measures of price change based on the
use of scanner data are considerably below the corresponding oﬃcial measures.*28 These results
indicate that there may be large gains in the precision of elementary indexes if a weighted sampling
framework is adopted.*29
Is there a simple intuitive explanation for the above empirical results? A partial explanation may
be possible by looking at the dynamics of item demand. In any market economy, there are ﬁrms
and outlets that sell items that are either declining or increasing in price. Usually, the items that
decline in price experience an increase in their volume of sales. Thus the expenditure shares that
are associated with items that are declining in price usually increase and conversely for the items
that increase in price. Unfortunately, elementary indexes cannot pick up the eﬀects of this negative
correlation between price changes and the induced changes in expenditure shares because elementary
indexes depend only on prices and not on expenditure shares.
An example can illustrate the above point. Suppose that there are only three items in the elementary
aggregate and that in period 0, the price of each item is p0m = 1 and the expenditure share for each
item is equal so that s0m = 1/3 for m = 1, 2, 3. Suppose that in period 1, the price of item 1 increases
to p11 = 1 + i, the price of item 2 remains constant at p12 = 1 and the price of item 3 decreases
to p13 = (1 + i)−1 where the item 1 rate of increase in price is i > 0. Suppose further that the
expenditure share of item 1 decreases to s11 = (1/3) − σ where σ is a small number between 0 and
1/3 and the expenditure share of item 3 increases to s13 = (1/3) + σ. The expenditure share of item
2 remains constant at s12 = 1/3. The 5 elementary indexes deﬁned in section 11.3 can all be written

*28

*29

However, scanner data studies do not always show large potential biases in oﬃcial CPIs. Masato Okamoto
has informed us that a large scale comparative study in Japan is underway. Using scanner data for about 250
categories of processed food and daily necessities collected over the period 1997 to 2000, it was found that
the indexes based on scanner data averaged only about 0.2 percentage points below the corresponding oﬃcial
indexes per year. Japan uses the Dutot formula at the elementary level in its oﬃcial CPI.
Recent work by Feenstra and Shapiro (2003)[264], Ivancic, Diewert and Fox (2009)[359] (2011)[360] and de Haan
and van der Grient (2011)[120] have shows that chained superlative indexes cannot deal adequately with high
frequency data where items go on sale frequently. The problem is that when items go on sale, consumers stock
up on these items in a very big way so that when the items come oﬀ sale, the quanity purchased of these items
falls below the levels that prevailed before the sale. Thus a superlative index cannot fully reverse the eﬀects of
these sales and thus there is a tendency for chained superlative indexes to have a downward drift under these
circumstances. The same problem can occur for seasonal items; see Diewert (2013)[212]. A solution to this
chain drift problem is to apply either the Weighted Time Dummy Product method mentioned at the end of this
chapter (or see Ivancic, Diewert and Fox (2009)[359]) to the data or to use a method that is used in making
international comparisons, namely the GEKS method. We will study the GEKS method in a later chapter.
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as functions of the item 1 inﬂation rate i (which is also the item 3 deﬂation rate) as follows:
PJ (p0 , p1 ) = [(1 + i)(1 + i)−1 ]1/3 = 1 ≡ fJ (i);
0

1

(11.46)
−1

PC (p , p ) = (1/3)(1 + i) + (1/3) + (1/3)(1 + i)

≡ fC (i);

(11.47)

PH (p0 , p1 ) = [(1/3)(1 + i)−1 + (1/3) + (1/3)(1 + i)]−1 ≡ fH (i);

(11.48)

PCSW (p0 , p1 ) = [PC (p0 , p1 )PH (p0 , p1 )]1/2 ≡ fCSW (i);

(11.49)

0

1

−1

PD (p , p ) = (1/3)(1 + i) + (1/3) + (1/3)(1 + i)

≡ fD (i).

(11.50)

Note that in this particular example, the Dutot index fD (i) turns out to equal the Carli index fC (i).
The second order Taylor series approximations to the 5 elementary indexes (11.46)-(11.50) are given
by (11.51)-(11.55) below:
fJ (i) ≈ 1;

(11.51)

fC (i) ≈ 1 + (1/3)i2 ;
2

(11.52)

fH (i) ≈ 1 − (1/3)i ;

(11.53)

fCSW (i) ≈ 1;

(11.54)

fD (i) ≈ 1 + (1/3)i2 .

(11.55)

Thus for small i, the Carli and Dutot indexes will be slightly greater than 1*30 , the Jevons and
Carruthers, Sellwood and Ward indexes will be approximately equal to 1 and the Harmonic index
will be slightly less than 1. Note that the ﬁrst order Taylor series approximation to all 5 indexes is
1; i.e., to the accuracy of a ﬁrst order approximation, all 5 indexes equal unity.
Now calculate the Laspeyres, Paasche and Fisher indexes for the elementary aggregate:
PL = (1/3)(1 + i) + (1/3) + (1/3)(1 + i)−1 ≡ fL (i);

(11.56)

PP = {[(1/3) − σ](1 + i)−1 + (1/3) + [(1/3) + σ](1 + i)}−1 ≡ fP (i);

(11.57)

PF = [PL PP ]

1/2

≡ fF (i).

(11.58)

First order Taylor series approximations to the above indexes (11.56)-(11.58) around i = 0 are given
by (11.59)-(11.61):
fL (i) ≈ 1;

(11.59)

fP (i) ≈ 1 − 2σi;

(11.60)

fF (i) ≈ 1 − σi.

(11.61)

An ideal elementary index for the three items is the Fisher ideal index fF (i). The approximations
(11.51)-(11.55) and (11.61) show that the Fisher index will lie below all 5 elementary indexes by the
amount σi using ﬁrst order approximations to all 6 indexes. Thus all 5 elementary indexes will have
an approximate upward bias equal to σi compared to an ideal elementary aggregate.
Suppose that the annual item inﬂation rate for the item rising in price is equal to 10% so that i = .10
(and hence the rate of price decrease for the item decreasing in price is approximately 10% as well).
If the expenditure share of the increasing price item declines by 5 percentage points, then σ = .05
and the annual approximate upward bias in all 5 elementary indexes is σi = .05 × .10 = .005 or one
*30

Recall the approximate relationship (11.16) in section 11.3 above between the Dutot and Jevons indexes. In our
example, var(e0 ) = 0 whereas var(e1 ) > 0. This explains why the Dutot index is not approximately equal to
the Jevons index in our example.
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half of a percentage point. If i increases to 20% and σ increases to 10%, then the approximate bias
increases to σi = .10 × .20 = .02 or 2 percent.
The above example is highly simpliﬁed but more sophisticated versions of it are capable of explaining at least some of the discrepancy between oﬃcial elementary indexes and superlative indexes
calculated by using scanner data for an expenditure class.*31 Basically, elementary indexes deﬁned
without using associated quantity or value weights are incapable of picking up shifts in expenditure
shares that are induced by ﬂuctuations in item prices.*32 In order to eliminate this problem, it will
be necessary to sample values along with prices in both the base and comparison periods.
In the following section, a simple regression based approach to the construction of elementary indexes
is outlined and again, the importance of weighting the price quotes will emerge from the analysis.

11.8 A Simple Stochastic Approach to Elementary Indexes
Recall the notation used in section 11.3 above. Suppose the prices of the M items for period 0 and
1 are approximately equal to the right hand sides of (11.62) and (11.63) below:
p0m ≈ βm ;
p1m

≈ αβm ;

m = 1, ..., M ;

(11.62)

m = 1, ..., M

(11.63)

where α and the βm are positive parameters. Note that there are 2M prices on the left hand sides of
equations (11.62) and (11.63) but only M + 1 parameters on the right hand sides of these equations.
The basic hypothesis in (11.62) and (11.63) is that the two price vectors p0 and p1 are proportional
(with p1 = αp0 so that α is the factor of proportionality) except for random multiplicative errors
and hence α represents the underlying elementary price aggregate. If we take logarithms of both
sides of (11.62) and (11.63) and add some random errors e0m and e1m to the right hand sides of the
resulting equations, we obtain the following linear regression model :
ln p0m = δm + e0m ;

m = 1, ..., M ;

ln p1m = γ + δm + e1m ;
where

γ ≡ ln α and δm ≡ ln βm ;

m = 1, ..., M
m = 1, ..., M.

(11.64)
(11.65)
(11.66)

Note that (11.64) and (11.65) can be interpreted as a highly simpliﬁed hedonic regression model.*33
The only characteristic of each commodity is the commodity itself. This model is also a special case
of the country product dummy method for making international comparisons between the prices of

*31

*32
*33

Note that to sustain the numerical example bias over time, some ﬁrms have to continue to make productivity
improvements over time (or purchase inputs from ﬁrms that make productivity improvements) or new entrants
must enter the industry with lower costs than the incumbants. A recent newspaper article noted that the U.S.
retailer Wal-Mart pressures suppliers to reduce costs and prices: “Every year, Wal-Mart mandates a 5 per cent
drop in its suppliers’ prices for standardized products— a reduction that it passes on to its consumers. ...
Already the single largest private sector employer in the United States and the third largest employer behind
the federal government and the government of California, Wal-Mart’s imprint on labour markets extends well
beyond its more than one million payroll. Its far greater impact is on the wages of its competitors as Wal-Mart’s
cost structure immediately sets the benchmark for competitiveness in whatever market it enters. ... Last year,
the average 3 per cent decline in all of Wal-Mart’s retail prices, when applied to its 8 per cent share of total
consumer spending, chopped roughly a quarter point from the U.S. consumer price index (CPI) annual inﬂation
rate. And that of course, does not begin to measure the impact that it has had on its competitors’ prices.”
Jeﬀrey Rubin (2004)[454].
Put another way, elementary indexes are subject to substitution or representativity bias.
Hedonic regression models will be studied in more detail in a later chapter.
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diﬀerent countries.*34 A major advantage of this regression method for constructing an elementary
price index is that standard errors for the index number α can be obtained. This advantage of the
stochastic approach to index number theory was stressed by Selvanathan and Rao (1994)[468].
It can be veriﬁed that the least squares estimator for γ is
γ∗ ≡

∑M
m=1

(1/M ) ln(p1m /p0m ).

(11.67)

If γ ∗ is exponentiated, then the following estimator for the elementary aggregate α is obtained:
α∗ ≡

∏M
m=1

[p1m /p0m ]1/M ≡ PJ (p0 , p1 )

(11.68)

where PJ (p0 , p1 ) is the Jevons elementary price index deﬁned in section 11.3 above. Thus we have
obtained a regression model based justiﬁcation for the use of the Jevons elementary index.
Consider the following unweighted least squares model :
min
′

∑M
m=1

γ,δ s

[ln p0m − δm ]2 +

∑M
m=1

[ln p1m − γ − δm ]2 .

(11.69)

It can be veriﬁed that the γ solution to the unconstrained minimization problem (11.69) is the γ ∗
deﬁned by (11.67).
There is a problem with the unweighted least squares model deﬁned by (11.69): namely that the
logarithm of each price quote is given exactly the same weight in the model no matter what the
expenditure on that item was in each period. This is obviously unsatisfactory since a price that
has very little economic importance (i.e., a low expenditure share in each period) is given the same
weight in the regression model compared to a very important item. Thus it is useful to consider the
following weighted least squares model :
min
′

∑M

γ,δ s

m=1

s0m [ln p0m − δm ]2 +

∑M
m=1

s1m [ln p1m − γ − δm ]2

(11.70)

where the period t expenditure share on commodity m is deﬁned in the usual manner as
pt q t
stm ≡ ∑Mm m ;
t t
k=1 pk qk

t = 0, 1; m = 1, ..., M.

(11.71)

Thus in the model (11.70), the logarithm of each item price quotation in each period is weighted
by its expenditure share in that period. Note that weighting prices by their economic importance is
consistent with Theil’s (1967; 136-138)[500] stochastic approach to index number theory.*35
The γ solution to (11.70) is
γ

∗∗

=

∑M

m=1

h(s0m , s1m ) ln(p1m /p0m )
∑M
0 1
i=1 h(si , si )

where
h(a, b) ≡ [(1/2)a−1 + (1/2)b−1 ]−1 =

*34

*35

2ab
a+b

(11.72)

(11.73)

See Summers (1973)[495]. In our special case, there are only two “countries” which are the two observations on
the prices of the elementary aggregate for two periods. Summers’ unweighted cross country approach has been
applied in the time series context (for many periods) by Aizcorbe, Corrado, and Doms (2003)[7].
Theil’s approach is also pursued by Rao (2002), who considered a generalization of (11.70) to cover the case of
many time periods.
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and h(a, b) is the harmonic mean of the numbers a and b. Thus γ ∗∗ is a share weighted average
of the logarithms of the price ratios p1m /p0m . If γ ∗∗ is exponentiated, then an estimator α∗∗ for the
elementary aggregate α is obtained.
How does α∗∗ compare to the three ideal elementary price indexes deﬁned in section 11.2 above?
It can be shown*36 that α∗∗ approximates those three indexes to the second order around an equal
price and quantity point; i.e., for most data sets, α∗∗ will be very close to the Fisher, Törnqvist and
Walsh elementary indexes.
In fact, a slightly diﬀerent weighted least squares problem that is similar to (11.70) will generate
exactly the Törnqvist elementary index. Thus consider the following weighted least squares model :
min
′

γ,δ s

∑M
m=1

(1/2)(s0m + s1m )[ln p0m − δm ]2 +

∑M
m=1

(1/2)(s0m + s1m )[ln p1m − γ − δm ]2 .

(11.74)

Thus in the model (11.74), the logarithm of each item price quotation in each period is weighted by
the arithmetic average of its expenditure shares in the two periods under consideration.
The γ solution to (11.74) is
γ ∗∗∗ =

∑M
m=1

(1/2)(s0m + s1m ) ln(p1m /p0m )

(11.75)

which is the logarithm of the Törnqvist elementary index. Thus the exponential of γ ∗∗∗ is precisely
the Törnqvist price index.
The results in this section provide some weak support for the use of the Jevons elementary index but
they provide much stronger support for the use of weighted elementary indexes of the type deﬁned
in section 11.2 above.
The results in this section also provide support for the use of value based weights in hedonic regressions.
The weighted stochastic approach that was outlined above for the case of two periods was taken from
Diewert (2005)[192]. The approach has been generalized to many periods by Diewert (2004)[189]
and is called the Weighted Time Product Dummy Method. For applications and further discussion
of this method, see Diewert (2004)[189], Ivancic, Diewert and Fox (2009)[359] and de Haan and
Krsinich (2012)[116]. A more comprehensive discussion of elementary indexes may be found in
Diewert (2012)[209] (which is based on an earlier version of this Chapter).
Problem 5 Show that γ ∗∗ deﬁned by (11.72) solves (11.70).
Problem 6 Show that γ ∗∗∗ deﬁned by (11.75) solves (11.74).
Problem 7 Show that γ ∗∗ deﬁned by (11.72) approximates γ ∗∗∗ deﬁned by (11.75) to the second
order around an equal price and quantity point.

11.9 Conclusion
The main results in this chapter can be summarized as follows:
• In order to deﬁne a “best” elementary index number formula, it is necessary to have a target
index number concept. In section 11.2, it is suggested that normal bilateral index number

*36

Use the techniques in Diewert (1978)[128].
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theory applies at the elementary level as well as at higher levels and hence the target concept
should be one of the Fisher, Törnqvist or Walsh formulae.*37
When aggregating the prices of the same narrowly deﬁned item within a period, the narrowly
deﬁned unit value is a reasonable target price concept.
The axiomatic approach to traditional elementary indexes (i.e., no quantity or value weights
are available) supports the use of the Jevons formula under all circumstances. If the items in
the elementary aggregate are very homogeneous (i.e., they have the same unit of measurement),
then the Dutot formula can be used. In the case of a heterogeneous elementary aggregate (the
usual case), the Carruthers, Sellwood and Ward formula can be used as an alternative to the
Jevons formula but both will give much the same numerical answers.
The Carli index has an upward bias and the Harmonic index has a downward bias.
The economic approach to elementary indexes weakly supports the use of the Jevons formula.
All ﬁve unweighted elementary indexes are not really satisfactory. A much more satisfactory
approach would be to collect quantity or value information along with price information and
form sample superlative indexes as the preferred elementary indices.
A simple hedonic regression approach to elementary indexes supports the use of the Jevons formula. However, a more satisfactory approach is to use a weighted hedonic regression approach.
The resulting index will closely approximate the ideal indexes deﬁned in section 11.2.

11.10 Appendix: Index Formula and Substitution Bias
The most easily recognized distinction between the CPI and a COLI is the fact that the CPI is
constructed in part using a Laspeyres type ﬁxed weight index formula that does not reﬂect the
potential for consumer substitution in response to relative price changes.*38 Changes in the formulas
used in the CPI were among the primary recommendations of the Boskin Commission. In the years
surrounding the Boskin report the design and implementation of alternative index formulas have
been among the most controversial aspects of public debate on the CPI, and have provided some of
the most visible developments with respect to the index. At higher levels of aggregation, the Boskin
Commission recommended the use of a superlative index number formula and at the lowest level
of aggregation (the elementary level), endorsed the use of a geometric mean of price relatives (the
Jevons formula) over an arithmetic mean (the Carli formula).*39 The NRC Panel, however, paid
relatively little attention to formula issues, particularly at the elementary level.*40 At higher levels
of aggregation, the Panel was split between COLI and COGI proponents, with COLI proponents
favoring the use of a superlative formula while COGI proponents favored a Laspeyres or Lowe type
index.*41
The split by the Panel on whether a superlative COLI type index should be the target index at
higher levels of aggregation versus the use of a Laspeyres type COGI index shows that there is still
some controversy over formula issues. However, we fail to see the logic of the COGI position. COGI
adherents seem to argue that it is best to use the basket of purchases made in the base period when
making price comparisons between the base period and the current period; i.e., they argue that a
*37

*38

*39
*40
*41

The Weighted Time Dummy Product Method could also be used as a target index, since in the case of two
periods, the indexes generated by this method will closely approximate superlative indexes such as the Fisher
and Törnqvist indexes.
The new international Consumer Price Index Manual notes that the usual formula employed by statistical
agencies should be termed more a precisely as a Lowe (1823)[395] index, since the reference periods for the base
period quantities and base period prices typically do not coincide as they should in order for an index to be a
true Laspeyres index; see the ILO (2004; pp. 270-274)[353].
These recommendations were also endorsed by the Consumer Price Index Manual ; see the ILO (2004)[353].
The Panel did not seem to object to the use of the Jevons formula at the elementary level of aggregation; see
Schultze and Mackie (2002, p. 279)[465].
See Schultze and Mackie (2002, p. 73)[465].
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Laspeyres type formula is preferred. However, it seems equally appropriate to use the current period
basket (once information on current period purchases are available) and reprice this new basket
at base period prices, leading to a Paasche index. Thus both indexes seem to have equally valid
theoretical foundations and some sort of averaging of these two estimates of price change between
the base and current period seems appropriate if a single estimate of price change is required. This
type of argument leads us to the superlative Fisher (1922)[274] ideal index as “best”.*42
At the ﬁrst level or elementary level of aggregation, there is also some controversy on what formula
to use. Diewert (1995, p. 20)[157] suggested that the target index at the elementary level should
be a superlative index, replicating his advice for a target index at higher levels of aggregation.*43
However, Reinsdorf and Triplett (2009)[450] cite recent evidence using scanner data and other sources
that a superlative index may not be an appropriate target index concept at the elementary level.*44
They suggest that further research on this topic is needed but do not oﬀer any generally applicable
suggestions on what to do until this research becomes available. In any case, for most statistical
agencies, the problem of deﬁning a ﬁrst best target index at the elementary level is somewhat moot,
since quantity data are not generally available to match the collected price data. Since economic
approaches to index number theory, that rely on indexes that are exact for ﬂexible functional forms,
necessarily require quantity data for both the base and current periods to match up with the price
data for the two periods being compared, the assumed lack of quantity data at the elementary level
means that this economic approach cannot be applied. Thus as a second best approach, Diewert
(1995; 6-16)[157] suggested that the axiomatic or test approach be applied at the elementary level,
where the index formulae were deﬁned only over the two price vectors being compared (rather than
the two price and the two quantity vectors that are compared in normal bilateral index number
theory). The geometric mean of the price relatives emerged as being “best” from the perspective of
this modiﬁed test approach.
Even if price and quantity data are available at the elementary level, there is another issue at the
elementary level of aggregation that is far from being resolved and that is the question of what is
the “optimal” degree of time and place aggregation of the data that should be applied to the price
and quantity vectors pertaining to the two situations being compared. The ILO Consumer Price
Index Manual follows Diewert (1995; 20)[157] and explains the time aggregation problem as follows:
“It is now necessary to discuss a problem that arises when detailed data on individual transactions are available, either at the level of the individual household or at the level of an individual outlet. Recall that Chapter 15 introduces the price and quantity indices, P (p0 , p1 , q 0 , q 1 )
and Q(p0 , p1 , q 0 , q 1 ). These (bilateral) price and quantity indices decompose the value ratio
V 1 /V 0 into a price change part P (p0 , p1 , q 0 , q 1 ) and a quantity change part Q(p0 , p1 , q 0 , q 1 ).
In this framework, it is taken for granted that the period t price and quantity for commodity
i, pti and qit respectively, are well deﬁned. These deﬁnitions are not, however, straightforward
since individual consumers may purchase the same item during period t at diﬀerent prices.
Similarly, if one considers the sales of a particular shop or outlet that sells to consumers, the
same item may sell at very diﬀerent prices during the course of the period. Hence before a
traditional bilateral price index of the form P (p0 , p1 , q 0 , q 1 ) considered in previous chapters of
this manual can be applied, a non-trivial time aggregation problem must be resolved in order
to obtain the basic prices pti and quantities qit that are the components of the price vectors p0
*42

*43
*44

Diewert (1997)[160] made this argument. He showed that if a homogeneous symmetric mean of the Laspeyres
and Paasche indexes is taken and if we want the resulting index to satisfy the time reversal test, then the Fisher
index must be used.
This suggestion was endorsed in the Consumer Price Index Manual ; see the ILO (2004; 357)[353].
“We agree that more research on these ‘nonstandard’ problems is the proper future direction for understanding
how to measure basic components in price indexes. Attempts to ﬁt the basic component problem into the
standard Konüs substitution model lack insight into the nature of the problem and risk yielding misleading
conclusions.” Reinsdorf and Triplett (2009)[450].
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and p1 and the quantity vectors q 0 and q 1 .” ILO (2004; 356)[353].
The ILO Manual went on and suggested the following solution to the time aggregation problem:
“Walsh (1921)[531] and Davies (1924)[106] (1932)[107] suggested a solution to this time aggregation problem: in their view, the appropriate quantity at this very ﬁrst stage of aggregation
is the total quantity purchased of the narrowly deﬁned item and the corresponding price is the
value of purchases of this item divided by the total amount purchased, which is a narrowly
deﬁned unit value.” ILO (2004; 356)[353].
However, this still leaves open the problem of deciding on exactly how long should the time period be
over which the unit value is deﬁned. Diewert (1995; 22)[157], following Fisher (1922; 318)[274] and
Hicks (1946; 122)[321], suggested that the time period should be the longest period which is short
enough so that individual variations in price within the period could be regarded as unimportant.
Diewert evidently had in mind a situation where price changes within the period took place in a more
or less steady fashion and so the length of the optimal period depended on the amount of general
inﬂation in the economy.*45 Unfortunately, as will be seen below, price movements within a period
are often far from being slow and steady. Diewert also suggested that statistical agencies might ﬁnd
it convenient to aggregate over places or regions as well as over time in forming unit values suitable
for insertion into a bilateral index number formula but he was not very explicit on exactly how this
should be done.*46
Subsequent research (relying on scanner data) has shown that the issue of how long should the time
period be for forming unit values is far from being resolved. The major problem is that price changes
within a period are far from being gradual: outlet sales and periodic price discounting behavior lead
to big price and quantity ﬂuctuations and this leads to very unreliable index numbers if the time
period is taken to be too short. An indication of these problems was provided by Feenstra and
Shapiro:
“The ﬁxed base Törnqvist does not equal the chained Törnqvist in general, and for our sample
of weekly tuna data, we ﬁnd that the diﬀerences between these two indexes is rather large: the
chained Törnqvist has a pronounced upward bias for most regions of the United States. The
reason for this is that periods of low price (i.e., sales) attract high purchases only when they
are accompanied by advertising, and this tends to occur in the ﬁnal weeks of a sale. Thus, the
initial price decline, when the sale starts, does not receive as much weight in the cumulative
index as the ﬁnal price increase when the sale ends. The demand behavior that leads to this
upward bias of the chained Törnqvist—with higher purchases at the end of a sale—means that
consumers are very likely purchasing goods for inventory accumulation. The only theoretically
correct index to use in this type of situation is a ﬁxed base index, as demonstrated in section
5.3.” Feenstra and Shapiro (2003; 125)[264].
Thus Feenstra and Shapiro suggested that a solution to the problems generated by big ﬂuctuations
in prices and quantities due to sales is to move from chained indexes to ﬁxed base indexes. However,
this suggestion will not always solve the problems as the following example will show.
Consider the following example of 3 outlets selling the same commodity for six weeks. The price and
quantity data for the 6 weeks are listed in Table 11.1.

*45

*46

“Thus the actual length of time over which unit values should be calculated will depend on the inﬂationary
environment that the Statistical Agency faces: if the country has a rapidly changing inﬂation rate, then the
time period should be made shorter. In a situation of hyperinﬂation, the ideal time period will be very short
indeed.” Diewert (1995; 22-23)[157].
“Thus the lowest level aggregates would normally be shop speciﬁc unit values. However, if individual outlet data
on transactions were not available or were considered to be too detailed, then unit values for a homogeneous
commodity over all outlets in a market area might form the lowest level of aggregation.” Diewert (1995; 22)[157].
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Table. 11.1 Prices and Quantities for Three Outlets
Week t

pt1

pt2

pt3

q1t

q2t

q3t

1
2
3
4
5
6

1
2
4
1
2
4

2
4
1
2
4
1

4
1
2
4
1
2

10
3
1
10
3
1

3
1
10
3
1
10

1
10
3
1
10
3

It can be seen that the outlets trade prices and quantities for each week: in week 1, outlet 1 has the
low price (1) and the high volume or quantity (10), outlet 2 has the normal price 2 and a moderate
volume 3 and outlet 3 has the high price 4 with a corresponding low volume of 1. Weeks 2 and 3 just
represent permutations of the week 1 data so that prices are “bouncing” to use Szulc’s (1983)[497]
terminology. Weeks 4, 5 and 6 just repeat the data for weeks 1,2 and 3. Thus ideally, we would like
to have our index numbers equal 1 for all six weeks since there is no real change in aggregate prices
and quantities for each of the 6 weeks (assuming that each outlet has the same quality).*47
Calculating the ﬁxed base Laspeyres, Fisher and Törnqvist indexes, PLt , PFt and PTt respectively, for
the 6 weeks for the above data leads to the results listed in Table 11.2.
Table. 11.2 Laspeyres, Fisher and Törnqvist Price Indexes for Six Weeks
Week t
1
2
3
4
5
6

PLt

PFt

PTt

Bt

1.000
1.650
2.250
1.000
1.650
2.250

1.000
0.856
1.167
1.000
0.856
1.167

1.000
0.965
1.035
1.000
0.965
1.035

0.000
0.793
1.082
0.000
0.793
1.082

The week t Fisher substitution bias B t is the Laspeyres price index PLt minus the corresponding
Fisher price index PFt . Note that it is 0 in week 4 (because the data in week 4 are exactly equal to
the corresponding data in week 1). However, there are enormous substitution biases in weeks 2, 3,
5 and 6. Note also that the level of the Fisher index is substantially below 1 in weeks 2 and 5 and
substantially above 1 in weeks 3 and 6 when ideally, we would like the Fisher index to equal 1 in all
weeks. Note further that the ﬁxed base Törnqvist index PTt is much closer to 1 in all weeks but still
has 3.5% downward bias in weeks 2 and 5 and a 3.5% upward bias in weeks 3 and 6.
Now aggregate the data over time: use unit value aggregation to aggregate the outlet data for weeks
1 and 2, 3 and 4, and 5 and 6. Again calculating the ﬁxed base Laspeyres, Fisher and Törnqvist
indexes and the Fisher substitution bias B t for the 3 new periods (each of length equal to two weeks)
leads to the results listed in Table 11.3.
Table. 11.3 Laspeyres, Fisher and Törnqvist Price Indexes for Three Two Week Periods
Period t
1 (Weeks 1 + 2)
2 (Weeks 3 + 4)
3 (Weeks 5 + 6)

PLt

PFt

PTt

Bt

1.000
1.224
1.278

1.000
0.978
1.021

1.000
0.984
1.015

0.000
0.245
0.256

It can be seen that this time aggregation has dramatically reduced the substitution bias. Moreover,
*47

Dalén (1992)[103] suggested this property for an index number formula in the elementary index context.
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the Fisher indexes are much closer to 1 in all periods (2.2% below 1 in the composite period consisting
of weeks 3 and 4 and 2.2% above 1 in the composite period consisting of weeks 5 and 6) and the
Törnqvist indexes are even closer to 1 in all periods.
Finally, use unit value aggregation to aggregate the outlet data for weeks 1, 2 and 3 and 4, 5
and 6. Again calculating the ﬁxed base Laspeyres, Fisher and Törnqvist indexes and the (Fisher)
substitution bias B t for the resulting 2 periods leads to the results in Table 11.4.
Table. 11.4 Laspeyres, Fisher and Törnqvist Price Indexes for Two Three Week Periods
Period t
1 (Weeks 1 + 2 + 3)
2 (Weeks 4 + 5 + 6)

PLt

PFt

PTt

Bt

1.000
1.000

1.000
1.000

1.000
1.000

0.000
0.000

Thus this ﬁnal stage of time aggregation has removed all of the substitution bias and all of the
indexes equal their theoretically correct values of 1.
What tentative conclusions can be drawn from the above computations?
• The problems due to price bouncing behavior are not necessarily solved by moving from
chained indexes to their ﬁxed base counterparts.
• The Laspeyres index performs particularly poorly when there are extreme ﬂuctuations in
prices and quantities.
• Even superlative indexes cannot deal well with extreme price bouncing behavior.
• The ﬁxed base Törnqvist index may be able to deal with price bouncing behavior better than
the ﬁxed base Fisher index. This is probably due to the geometric type of averaging associated
with the Törnqvist index as compared to the arithmetic type of averaging associated with the
Fisher index; i.e., taking the arithmetic average of a price relative and its reciprocal leads to
a number greater than one whereas taking the geometric average of a price relative and its
reciprocal leads to the number one. However, even the Törnqvist index has some bias in our
numerical example above.
• The above example indicates that normal index number theory will break down using weekly
data with severe price bouncing behavior imbedded in it. Thus the use of monthly time
aggregated data seems to be indicated as the “standard” way to proceed when complete price
and quantity data for an elementary stratum are available. If there is still too much price
bouncing in the monthly data, then it may be necessary to move to moving sums of 6 or 8 or
10 weeks of data but perhaps produced on a monthly time frequency.*48
The above example also brings up the subject of seasonality.*49 Because the variations in the data
in our example are completely periodic, the data could be regarded as being seasonal in nature
and thus various index number techniques to deal with seasonal data could be brought into play.*50
However, if sales and promotions take place on a random basis, the use of seasonal index number
techniques will not necessarily mitigate the problems which showed up in the above example.
The above discussion shows that formula issues are not entirely settled yet.
*48

*49
*50

The recent thesis by Ivancic (2007)[358] using Australian weekly scanner data on various groceries for 5 quarters
found that: substitution bias decreased dramatically going from weekly to monthly ﬁxed base indexes and
further decreased going from monthly to quarterly indexes. Ivancic also looked at the problems associated with
aggregating over outlets.
The Boskin and Schultze and Mackie reports did not deal with seasonality problems at all but the Stigler
commission did allocate a somewhat prominent role to seasonal problems; see Zarnowitz (1961)[551].
See for example Diewert (1983)[137] (1999)[167], who favored a rolling year index concept in order to deal with
the problems associated with seasonal commodities. A rolling year index compares a moving series of say 12
months with a base period 12 months and thus forms averages over a long period of time, which should mitigate
the problems due to ﬂuctuating price and quantity data.
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Chapter 12

Alternative Index Number Formulae using
an Artiﬁcial Data Set
12.1 Introduction
In order to give the reader some idea of how much the various index numbers might diﬀer using
a “real” data set, we compute all of the major indexes deﬁned in the previous chapters using an
artiﬁcial data set consisting of prices and quantities for 6 commodities over 5 periods. The period can
be thought of as somewhere between a year and 5 years. The trends in the data are generally more
pronounced than one would see in the course of a year. The price and quantity data are listed in
Tables 12.1 and 12.2 below. For convenience, we have also listed the period t nominal expenditures,
∑N
pt · q t ≡ i=1 pti qit , along with the corresponding period t expenditure shares, sti ≡ pti qit /pt · q t , in
Table 12.3.
Table. 12.1 Prices for Six Commodities
Period t

pt1

pt2

pt3

pt4

pt5

pt6

1
2
3
4
5

1.0
1.2
1.0
0.8
1.0

1.0
3.0
1.0
0.5
1.0

1.0
1.3
1.5
1.6
1.6

1.0
0.7
0.5
0.3
0.1

1.0
1.4
1.7
1.9
2.0

1.0
0.8
0.6
0.4
0.2

Table. 12.2 Quantities for Six Commodities
Period t

q1t

q2t

q3t

q4t

q5t

q6t

1
2
3
4
5

1.0
0.8
1.0
1.2
0.9

1.0
0.9
1.1
1.2
1.2

2.0
1.9
1.8
1.9
2.0

1.0
1.3
3.0
6.0
12.0

4.5
4.7
5.0
5.6
6.5

0.5
0.6
0.8
1.3
2.5

We will explain the trends that are built into the above tables. Think of the ﬁrst 4 commodities
as the consumption of various classes of goods in some economy while the last two commodities
are the consumption of two classes of services. Think of the ﬁrst good as agricultural consumption,
which ﬂuctuates around 1 and its price also ﬂuctuates around 1. The quantity of the second good
is energy consumption which trends up gently during the ﬁve periods with some minor ﬂuctuations.
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Table. 12.3 Expenditures and Expenditure Shares for Six Commodities
Period t

pt · q t

st1

st2

st3

st4

st5

st6

1
2
3
4
5

10.00
14.10
15.28
17.56
20.00

0.1000
0.0681
0.0654
0.0547
0.0450

0.1000
0.1915
0.0720
0.0342
0.0600

0.2000
0.1752
0.1767
0.1731
0.1600

0.1000
0.0645
0.0982
0.1025
0.0600

0.4500
0.4667
0.5563
0.6059
0.6500

0.0500
0.0340
0.0314
0.0296
0.0250

However, note that the price of energy ﬂuctuates wildly from period to period.*1 The third good
is traditional manufactures. We have built in rather high inﬂation rates for this commodity for
periods 2 and 3 which diminishes to a very low inﬂation rate by the end of our sample period.*2 The
consumption of traditional manufactured goods is more or less static in our data set. The fourth
commodity is high technology manufactured goods; e.g., computers, video cameras, compact disks,
etc. We have the demand for these high tech commodities growing twelve times over our sample
period while the ﬁnal period price is only one tenth of the ﬁrst period price. The ﬁfth commodity
is traditional services. The price trends for this commodity are similar to traditional manufactures,
except that the period to period inﬂation rates are a bit higher. However, we have the demand
for traditional services growing much more strongly than for traditional manufactures. Our ﬁnal
commodity is high technology services; e.g., telecommunications, wireless phones, internet services,
stock market trading, etc. For this ﬁnal commodity, we have the price trending downward very
strongly to end up at 20% of the starting level while demand increases ﬁvefold. The movements of
prices and quantities in this artiﬁcial data set are more pronounced than the year to year movements
that would be encountered in a typical country but they do illustrate the problem that is facing
compilers of the Consumer Price Index; namely, year to year price and quantity movements are far
from being proportional across commodities so the choice of index number formula will matter.
Every price statistician is familiar with the Laspeyres index PL and the Paasche index PP deﬁned
in chapter 2. We list these indexes in Table 12.4 along with the two unweighted indexes that we
considered in the previous chapter: the Carli index deﬁned by (11.2) and the Jevons index deﬁned
by (11.3) in chapter 11. The indexes in Table 12.4 compare the prices in period t with the prices
in period 1; i.e., they are ﬁxed base indexes. Thus ∑
the period t entry for the Carli index, PC , is
6
simply the arithmetic mean of the 6 price relatives, i=1 (1/6)(pti /p1i ), while the period t entry for
∏6
the Jevons index, PJ , is the geometric mean of the 6 price relatives, i=1 (pti /p1i )1/6 .
Table. 12.4 The Fixed Base Laspeyres, Paasche, Carli and Jevons Indexes
Period t

PL

PP

PC

PJ

1
2
3
4
5

1.0000
1.4200
1.3450
1.3550
1.4400

1.0000
1.3823
1.2031
1.0209
0.7968

1.0000
1.4000
1.0500
0.9167
0.9833

1.0000
1.2419
0.9563
0.7256
0.6324

Note that by period 5, the spread between the ﬁxed base Laspeyres and Paasche price indexes
is enormous: PL is equal to 1.4400 while PP is 0.7968, a spread of about 81%. Since both of
these indexes have exactly the same theoretical justiﬁcation, it can be seen that the choice of index
*1

*2

This is an example of the price bouncing phenomenon noted by Szulc (1983)[497]. Note that the ﬂuctuations in
the price of energy that we have built into our data set are not that unrealistic: in the past 3 years, the price
of a barrel of crude oil has ﬂuctuated in the range $10 to $37 U.S.
This corresponds roughly to the experience of most industrialized countries over the period starting in 1973 to
the mid 1990’s. Thus we are compressing roughly 5 years of price movement into one of our periods.
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number formula matters a lot. The period 5 entry for the Carli index, 0.98333, falls between the
corresponding Paasche and Laspeyres indexes but the period 5 Jevons index, 0.63246, does not.
Note that the Jevons index is always considerably below the corresponding Carli index. This will
always be the case (unless prices are proportional in the two periods under consideration) because a
geometric mean is always equal to or less than the corresponding arithmetic mean.*3
It is of interest to recalculate the 4 indexes listed in Table 12.4 above using the chain principle rather
than the ﬁxed base principle. Our expectation is that the spread between the Paasche and Laspeyres
indexes will be reduced by using the chain principle. These chain indexes are listed in Table 12.5.
Table. 12.5 Chain Laspeyres, Paasche, Carli and Jevons Indexes
Period t

PL

PP

PC

PJ

1
2
3
4
5

1.0000
1.4200
1.3646
1.3351
1.3306

1.0000
1.3823
1.2740
1.2060
1.1234

1.0000
1.4000
1.1664
0.9236
0.9446

1.0000
1.2419
0.9563
0.7256
0.6325

It can be seen comparing Tables 12.4 and 12.5 that chaining eliminated about 2/3 of the spread
between the Paasche and Laspeyres indexes. However, even the chained Paasche and Laspeyres
indexes diﬀer by about 18% in period 5 so the choice of index number formula still matters. Note
that chaining did not aﬀect the Jevons index. This is an advantage of the index but the lack of
weighting is a fatal ﬂaw.*4 We would expect the “truth” to lie between the Paasche and Laspeyres
indexes and from Table 12.5, we see that the unweighted Jevons index is far below this acceptable
range. Note that chaining did not aﬀect the Carli index in a systematic way for our particular data
set: in periods 3 and 4, the chained Carli is above the corresponding ﬁxed base Carli but in period
5, the chained Carli is below the ﬁxed base Carli.*5

12.2 Asymmetrically Weighted Indexes
We turn now to a systematic comparison of all of the asymmetrically weighted price indexes (with
the exception of the Lloyd Moulton index which we will consider later). The ﬁxed base indexes are
listed in Table 12.6. The ﬁxed base Laspeyres and Paasche indexes, PL and PP , are the same as
those indexes listed in Table 12.4 above. The Palgrave index, PP AL , was deﬁned by equation (2.53)
in Chapter 2.*6 The indexes denoted by PGL and PGP are the geometric Laspeyres and geometric
Paasche indexes *7 which are special cases of the ﬁxed weight geometric indexes deﬁned by Konüs
and Byushgens. For the geometric Laspeyres index, PGL , we let the weights αi be the base period
expenditure shares, s1i . This index should be considered an alternative to the ﬁxed base Laspeyres
*3
*4

*5
*6
*7

This is the Theorem of the Arithmetic and Geometric Mean; see Hardy, Littlewood and Polyá (1934)[308].
The problem with the evenly weighted geometric mean is that the price declines in high technology goods and
services are given the same weighting as the price changes in the other 4 commodities (which have rising or
stationary price changes) but the expenditure shares of the high technology commodities remain rather small
throughout the 5 periods. Thus weighted price indices do not show the rate of overall price decrease that the
unweighted Jevons index shows. These somewhat negative comments on the use of the unweighted geometric
mean as an index number formula at higher levels of aggregation do not preclude its use at the very lowest level
of aggregation where a strong axiomatic justiﬁcation for the use of this formula can be given. If probability
sampling is used at the lowest level of aggregation, then the unweighted geometric mean essentially becomes the
logarithmic Laspeyres index.
For many data sets, we would expect the chained Carli to be above the corresponding ﬁxed base Carli; see Szulc
(1983)[497].
The Palgrave index is a share weighted arithmetic average of the price relatives but using the weights of period
t.
Vartia (1978; 272)[520] uses the terms logarithmic Laspeyres and logarithmic Paasche respectively.
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index since each of these indexes makes use of the same information set. For the geometric Paasche
index, PGP , we let the weights αi be the current period expenditure shares, sti . Finally, the index
PHL is the harmonic Laspeyres index that was deﬁned by (2.57) in Chapter 2.
Table. 12.6 Asymmetrically Weighted Fixed Base Indexes
Period t

PP AL

PL

PGP

PGL

PP

PHL

1
2
3
4
5

1.0000
1.6096
1.4161
1.5317
1.6720

1.0000
1.4200
1.3450
1.3550
1.4400

1.0000
1.4846
1.3268
1.3282
1.4153

1.0000
1.3300
1.2523
1.1331
1.0999

1.0000
1.3824
1.2031
1.0209
0.7968

1.0000
1.2542
1.1346
0.8732
0.5556

By looking at the period 5 entries in Table 12.6, it can be seen that the spread between all of these
ﬁxed base asymmetrically weighted indexes has increased to be even larger than our earlier spread
of 81% between the ﬁxed base Paasche and Laspeyres indexes. In Table 12.6, the period 5 Palgrave
index is about 3 times as big as the period 5 harmonic Laspeyres index, PHL ! Again, this illustrates
the point that due to the nonproportional growth of prices and quantities in most economies today,
the choice of index number formula is very important.
It is possible to explain why certain of the indexes in Table 12.6 are bigger than others. It can be
shown that a weighted arithmetic mean of N numbers is equal to or greater than the corresponding
weighted geometric mean of the same N numbers which in turn is equal to or greater than the
corresponding weighted harmonic mean of the same N numbers.*8 It can be seen that the three
indexes PP AL , PGP and PP all use the current period expenditure shares sti to weight the price
relatives (pti /p1i ) but PP AL is a weighted arithmetic mean of these price relatives, PGP is a weighted
geometric mean of these price relatives and PP is a weighted harmonic mean of these price relatives.
Thus by Schlömilch’s inequality, we must have:*9
PP AL ≥ PGP ≥ PP .

(12.1)

Viewing Table 12.6, it can be seen that the inequalities (12.1) hold for each period. It can also be
veriﬁed that the three indexes PL , PGL and PHL all use the base period expenditure shares s1i to
weight the price relatives (pti /p1i ) but PL is a weighted arithmetic mean of these price relatives, PGL
is a weighted geometric mean of these price relatives and PHL is a weighted harmonic mean of these
price relatives. Thus by Schlömilch’s inequality, we must have:*10
PL ≥ PGL ≥ PHL .

(12.2)

Viewing Table 12.6, it can be seen that the inequalities (12.2) hold for each period.
We continue with our systematic comparison of all of the asymmetrically weighted price indexes.
These indexes using the chain principle are listed in Table 12.7.
Viewing Table 12.7, it can be seen that although the use of the chain principle dramatically reduced
the spread between the Paasche and Laspeyres indexes PP and PL compared to the corresponding
ﬁxed base entries in Table 12.6, the spread between the highest and lowest asymmetrically weighted
indexes in period 5 (the Palgrave index PP AL and PHL ) did not fall as much: the ﬁxed base spread
was 1.6720/0.5556 = 3.01 while the corresponding chain spread was 1.7893/0.7299 = 2.45. Thus in
this particular case, the use of the chain principle combined with the use of an index number formula
*8
*9
*10

This follows from Schlömilch’s (1858)[459] inequality; see Hardy, Littlewood and Polyá (1934)[308].
These inequalities were noted by Fisher (1922; 92)[274] and Vartia (1978; 278)[520].
These inequalities were also noted by Fisher (1922; 92)[274] and Vartia (1978; 278)[520].
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Table. 12.7 Asymmetrically Weighted Indexes Using the Chain Principle
Period t

PP AL

PL

PGP

PGL

PP

PHL

1
2
3
4
5

1.0000
1.6096
1.6927
1.6993
1.7893

1.0000
1.4200
1.3646
1.3351
1.3306

1.0000
1.4846
1.4849
1.4531
1.4556

1.0000
1.3300
1.1578
1.0968
1.0266

1.0000
1.3824
1.2740
1.2060
1.1234

1.0000
1.2542
0.9444
0.8586
0.7299

that uses the weights of only one of the two periods being compared did not lead to a signiﬁcant narrowing of the huge diﬀerences that these formulae generate using the ﬁxed base principle. However,
with respect to the Paasche and Laspeyres formulae, we ﬁnd that chaining does signiﬁcantly reduce
the spread between these two indexes.
Is there an explanation for the results reported in the previous paragraph? It can be shown that all
6 of the indexes that are found in the inequalities (12.1) and (12.2) approximate each other to the
ﬁrst order around an equal prices and quantities point. Thus with smooth trends in the data, we
would expect all of the chain indexes to more closely approximate each other than the ﬁxed base
indexes because the changes in the individual prices and quantities would be smaller using the chain
principle. This expectation is realized in the case of the Paasche and Laspeyres indexes but not
with the others. However, for some of the commodities in our data set, the trends in the prices
and quantities are not smooth. In particular, the prices for our ﬁrst two commodities (agricultural
products and oil) bounce up and down. As noted by Szulc (1983)[497], this will tend to cause the
chain indexes to have a wider dispersion than their ﬁxed base counterparts. In order to determine
if it is the bouncing prices problem that is causing some of the chained indexes in Table 12.7 to
diverge from their ﬁxed base counterparts, we recomputed all of the indexes in Tables 12.6 and 12.7
but excluding commodities 1 and 2 from the computations. The results of excluding these bouncing
commodities may be found in Tables 12.8 and 12.9.
Table. 12.8 Asymmetrically Weighted Fixed Base Indexes for Commodities 3-6
Period t

PP AL

PL

PGP

PGL

PP

PHL

1
2
3
4
5

1.0000
1.2877
1.4824
1.6143
1.7508

1.0000
1.2500
1.4313
1.5312
1.5500

1.0000
1.2621
1.3879
1.4204
1.4742

1.0000
1.2169
1.3248
1.3110
1.1264

1.0000
1.2282
1.2434
1.0811
0.7783

1.0000
1.1754
1.1741
0.9754
0.5000

Table. 12.9 Asymmetrically Weighted Chained Indexes for Commodities 3-6
Period t

PP AL

PL

PGP

PGL

PP

PHL

1
2
3
4
5

1.0000
1.2877
1.4527
1.5036
1.4729

1.0000
1.2500
1.4188
1.4640
1.3817

1.0000
1.2621
1.4029
1.4249
1.3477

1.0000
1.2169
1.3634
1.3799
1.2337

1.0000
1.2282
1.3401
1.3276
1.1794

1.0000
1.1754
1.2953
1.2782
1.0440

It can be seen that excluding the bouncing price commodities does cause the chain indexes to have
a much narrower spread than their ﬁxed base counterparts. Thus our conclusion is that if the
underlying price and quantity data is subject to reasonably smooth trends over time, then the use of
chain indexes will narrow considerably the dispersion in the asymmetrically weighted indexes. We
now turn our attention to index number formulae that use weights from both periods in a symmetric
or even handed manner.
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12.3 Symmetrically Weighted Indexes
Symmetrically weighted indexes can be decomposed into two classes: superlative indexes and other
symmetrically weighted indexes. Superlative indexes have a close connection to economic theory; i.e.,
as we saw in Chapter 5, a superlative index is exact for a representation of the consumer’s preference
function or the dual unit cost function that can provide a second order approximation to arbitrary
(homothetic) preferences. We considered the following 4 superlative indexes in Chapter 5:
• the Fisher ideal price index PF ;
• the Walsh price index PW deﬁned by (4.20) in chapter 4 (this price index also corresponds to
the quantity index Q1 deﬁned by (5.44) in chapter 5);
• the Törnqvist-Theil price index PT deﬁned by (2.45) in chapter 2 and
• the implicit Walsh price index PIW deﬁned by (5.49) in chapter 5.
These 4 symmetrically weighted superlative price indexes are listed in Table 12.10 using the ﬁxed
base principle. We also list in this table two symmetrically weighted (but not superlative) price
indexes:*11
• the Marshall Edgeworth price index PM E deﬁned by (4.19) in chapter 4 and
• the Drobisch Sidgwick Bowley price index PD (the arithmetic average of the Paasche and
Laspeyres indexes) deﬁned above (2.25) in chapter 2.
Table. 12.10 Symmetrically Weighted Fixed Base Indexes
Period t

PT

PIW

PW

PF

PD

PM E

1
2
3
4
5

1.0000
1.4052
1.2890
1.2268
1.2477

1.0000
1.4015
1.2854
1.2174
1.2206

1.0000
1.4017
1.2850
1.2193
1.1850

1.0000
1.4011
1.2721
1.1762
1.0712

1.0000
1.4012
1.2741
1.1880
1.1184

1.0000
1.4010
1.2656
1.1438
0.9801

Note that the Drobisch index PD is always equal to or greater than the corresponding Fisher index
PF . This follows from the facts that the Fisher index is the geometric mean of the Paasche and
Laspeyres indexes while the Drobisch index is the arithmetic mean of the Paasche and Laspeyres
indexes and an arithmetic mean is always equal to or greater than the corresponding geometric mean.
Comparing the ﬁxed base asymmetrically weighted indexes, Table 12.6, with the symmetrically
weighted indexes, Table 12.10, it can be seen that the spread between the lowest and highest index
in period 5 is much less for the symmetrically weighted indexes. The spread was 1.6720/0.5556 =
3.01 for the asymmetrically weighted indexes but only 1.2477/0.9801 = 1.27 for the symmetrically
weighted indexes. If we restrict ourselves to the superlative indexes listed for period 5 in Table
12.10, then this spread is further reduced to 1.2477/1.0712 = 1.16; i.e., the spread between the ﬁxed
base superlative indices is “only” 16% compared to the ﬁxed base spread between the Paasche and
Laspeyres indexes of 81% (1.4400/0.7968 = 1.81). We expect to further reduce the spread between
the superlative indexes by using the chain principle.
We recompute the symmetrically weighted indexes using the chain principle. The results may be
found in Table 12.11.
*11

Diewert (1978; 897)[128] showed that the Drobisch (1871; 423-425)[243] Sidgwick (1883; 68)[477] Bowley (1901;
227)[65] price index approximates any superlative index to the second order around an equal price and quantity
point; i.e., PSB is a pseudo-superlative index. Straightforward computations show that the Marshall Edgeworth
index PM E is also pseudo-superlative.
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Table. 12.11 Symmetrically Weighted Indexes Using the Chain Principle
Period t

PT

PIW

PW

PF

PD

PM E

1
2
3
4
5

1.0000
1.4052
1.3112
1.2624
1.2224

1.0000
1.4015
1.3203
1.2723
1.2333

1.0000
1.4017
1.3207
1.2731
1.2304

1.0000
1.4011
1.3185
1.2689
1.2226

1.0000
1.4012
1.3193
1.2706
1.2270

1.0000
1.4010
1.3165
1.2651
1.2155

A quick glance at Table 12.11 shows that the combined eﬀect of using both the chain principle as well
as symmetrically weighted indices is to dramatically reduce the spread between all indexes constructed
using these two principles. The spread between all of the symmetrically weighted indexes in period
5 is only 1.2333/1.2155 = 1.015 or 1.5% and the spread between the 4 superlative indexes in period
5 is an even smaller 1.2333/1.2224 = 1.009 or about 0.1%. The spread in period 5 between the
two most commonly used superlative indexes, the Fisher PF and the Törnqvist PT , is truly tiny:
1.2226/1.2224 = 0.0002.*12
The results listed in Table 12.11 reinforce the numerical results tabled in Hill (2004)[326] and Diewert
(1978; 894)[128]: the most commonly used chained superlative indexes will generally give approximately the same numerical results.*13 In particular, the chained Fisher, Törnqvist and Walsh indexes
will generally approximate each other very closely.

12.4 Two Stage Aggregation
We now turn our attention to the diﬀerences between superlative indexes and their counterparts that
are constructed in two stages of aggregation; see chapter 10 above for a discussion of the issues and a
listing of the formulae used. In our artiﬁcial data set, we will ﬁrst aggregate the ﬁrst 4 commodities
into a goods aggregate and the last 2 commodities into a services aggregate. In the second stage of
aggregation, the goods and services components will be aggregated into an all items index.
We report the results in Table 12.12 for our two stage aggregation procedure using period 1 as the
ﬁxed base for the Fisher index PF , the Törnqvist index PT and the Walsh and implicit Walsh indexes,
PW and PIW .
Table. 12.12 Fixed Base Superlative Single Stage and Two Stage Indexes
Period t

PF

PF 2S

PT

PT 2S

PW

PW 2S

PIW

PIW 2S

1
2
3
4
5

1.0000
1.4011
1.2721
1.1762
1.0712

1.0000
1.4004
1.2789
1.2019
1.1286

1.0000
1.4052
1.2890
1.2268
1.2477

1.0000
1.4052
1.2872
1.2243
1.2441

1.0000
1.4017
1.2850
1.2193
1.1850

1.0000
1.4015
1.2868
1.2253
1.2075

1.0000
1.4015
1.2854
1.2174
1.2206

1.0000
1.4022
1.2862
1.2209
1.2240

Viewing Table 12.12, it can be seen that the ﬁxed base single stage superlative indexes generally
approximate their ﬁxed base two stage counterparts fairly closely with the exception of the Fisher
formula. The divergence between the single stage Fisher index PF and its two stage counterpart
PF 2S in period 5 is 1.1286/1.0712 = 1.05 or 5%. The other divergences are 2% or less.
*12
*13

However, in other periods the diﬀerences were larger. On average over the last 4 periods, the chain Fisher and
the chain Törnqvist indexes diﬀered by 0.0025 percentage points.
More precisely, the superlative quadratic mean of order r price indexes P r deﬁned and the implicit quadratic
mean of order r price indexes P r∗ deﬁned in chapter 5 will generally closely approximate each other provided
that r is in the interval 0 ≤ r ≤ 2.
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Using chain indexes, we report the results in Table 12.13 for our two stage aggregation procedure.
Again, the single stage and their two stage counterparts are listed for the Fisher index PF , the
Törnqvist index PT and the Walsh and implicit Walsh indexes, PW and PIW .
Table. 12.13 Chained Superlative Single Stage and Two Stage Indexes
Period t

PF

PF 2S

PT

PT 2S

PW

PW 2S

PIW

PIW 2S

1
2
3
4
5

1.0000
1.4011
1.3185
1.2689
1.2226

1.0000
1.4004
1.3200
1.2716
1.2267

1.0000
1.4052
1.3112
1.2624
1.2224

1.0000
1.4052
1.3168
1.2683
1.2300

1.0000
1.4017
1.3207
1.2731
1.2304

1.0000
1.4015
1.3202
1.2728
1.2313

1.0000
1.4015
1.3203
1.2723
1.2333

1.0000
1.4022
1.3201
1.2720
1.2330

Viewing Table 12.13, it can be seen that the chained single stage superlative indexes generally
approximate their ﬁxed base two stage counterparts very closely indeed. The divergence between
the chained single stage Törnqvist index PT and its two stage counterpart PT 2S in period 5 is
1.2300/1.2224 = 1.006 or 0.6%. The other divergences are all less than this. Given the large dispersion in period to period price movements, these two stage aggregation errors are not large.

12.5 Lloyd Moulton Indexes
The next formula that we illustrate using our artiﬁcial data set is the Lloyd Moulton index PLM
deﬁned by (5.68) in chapter 5. Recall that this formula requires an estimate for the parameter σ,
the elasticity of substitution between all commodities being aggregated. Recall also that if σ equals
0, then the Lloyd Moulton index collapses down to the ordinary Laspeyres index, PL . When σ
equals 1, the Lloyd Moulton index is not deﬁned but it can be shown that the limit of PLM σ as σ
approaches 1 is PGL , the geometric Laspeyres index or the logarithmic Laspeyres index with base
period shares as weights. This index uses the same basic information as the ﬁxed base Laspeyres
index PL and so it is a possible alternative index for CPI compilers to use. As was shown by Shapiro
and Wilcox (1997)[470]*14 , the Lloyd Moulton index may be used to approximate a superlative index
using the same information that is used in the construction of a ﬁxed base Laspeyres index provided
that we have an estimate for the parameter σ. We will test this methodology out using our artiﬁcial
data set. The superlative index that we choose to approximate is the chain Fisher index*15 (which
approximates the other chained superlative indexes listed in Table 12.11 very closely). The chained
Fisher index PF is listed in column 2 of Table 12.14 along with the ﬁxed base Lloyd Moulton indexes
PLM σ for σ equal to 0 (this reduces to the ﬁxed base Laspeyres index PL ), 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8
and 1 (which is the ﬁxed base geometric index PGL ). Note that the Lloyd Moulton indexes steadily
decrease as we increase the elasticity of substitution σ.*16
Viewing Table 12.14, it can be seen that no single choice of the elasticity of substitution σ will lead
to a Lloyd Moulton price index PLM σ that will closely approximate the chained Fisher index PF for
periods 2, 3, 4 and 5. To approximate PF in period 2, we should choose σ close to 0.1; to approximate
PF in period 3, we should choose σ close to 0.3; to approximate PF in period 4, we should choose σ
between 0.4 and 0.5 and to approximate PF in period 5, we should choose σ between 0.7 and 0.8.*17
*14
*15

*16
*17

Alterman, Diewert and Feenstra (1999)[10] also used this methodology in the context of estimating superlative
international trade price indices.
Since there is still a considerable amount of dispersion among the ﬁxed base superlative indices and practically
no dispersion between the chained superlative indices, we take the Fisher chain index as our target rather than
any of the ﬁxed base superlative indices.
This follows from Schlömilch’s (1858)[459] inequality again.
Unfortunately, for this data set, neither the ﬁxed base Laspeyres index PL = PLM 0 nor the ﬁxed base weighted
geometric index PGL = PLM 1 are very close to the chain Fisher index for all periods. For less extreme data
sets, the ﬁxed base Laspeyres and ﬁxed base geometric indexes will be closer to the chained Fisher index.
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Table. 12.14 Fixed Base Fisher and Fixed Base Lloyd Moulton Indexes
Period

PF

PLM 0

PLM.2

PLM.3

PLM.4

PLM.5

PLM.6

PLM.7

PLM.8

PLM 1

1
2
3
4
5

1.0000
1.4011
1.3185
1.2689
1.2226

1.0000
1.4200
1.3450
1.3550
1.4400

1.0000
1.4005
1.3287
1.3172
1.3940

1.0000
1.3910
1.3201
1.2970
1.3678

1.0000
1.3818
1.3113
1.2759
1.3389

1.0000
1.3727
1.3021
1.2540
1.3073

1.0000
1.3638
1.2927
1.2312
1.2726

1.0000
1.3551
1.2831
1.2077
1.2346

1.0000
1.3466
1.2731
1.1835
1.1932

1.0000
1.3300
1.2523
1.1331
1.0999

We repeat the computations for the Lloyd Moulton indexes that are listed in Table 12.14 except that
we now use the chain principle to construct the Lloyd Moulton indexes; see Table 12.15. Again, we
are trying to approximate the chained Fisher price index PF which is listed as column 2 in Table
12.15. In Table 12.15, PLM 0 is the chained Laspeyres index and PLM 1 is the chained geometric
Laspeyres or geometric index using the expenditure shares of the previous period as weights.
Table. 12.15 Chained Fisher and Chained Lloyd Moulton Indexes
Period

PF

PLM 0

PLM.2

PLM.3

PLM.4

PLM.5

PLM.6

PLM.7

PLM.8

PLM 1

1
2
3
4
5

1.0000
1.4011
1.3185
1.2689
1.2226

1.0000
1.4200
1.3646
1.3351
1.3306

1.0000
1.4005
1.3242
1.2882
1.2702

1.0000
1.3910
1.3039
1.2646
1.2400

1.0000
1.3818
1.2834
1.2409
1.2097

1.0000
1.3727
1.2628
1.2171
1.1793

1.0000
1.3638
1.2421
1.1932
1.1488

1.0000
1.3551
1.2212
1.1692
1.1183

1.0000
1.3466
1.2002
1.1452
1.0878

1.0000
1.3300
1.1578
1.0968
1.0266

Viewing Table 12.15, it can be seen that again no single choice of the elasticity of substitution σ will
lead to a Lloyd Moulton price index PLM σ that will closely approximate the chained Fisher index
PF for all periods. To approximate PF in period 2, we should choose σ close to 0.1; to approximate
PF in period 3, we should choose σ close to 0.2; to approximate PF in period 4, we should choose σ
between 0.2 and 0.3 and to approximate PF in period 5, we should choose σ between 0.3 and 0.4.
However, it should be noted that if we choose σ equal to 0.3 and use the chained Lloyd Moulton
index PLM.3 to approximate the chained Fisher index PF , we will have a much better approximation
than that provided by either the chained Laspeyres index (see PLM 0 in column 3 of Table 12.15)
or the ﬁxed base Laspeyres index (see PLM 0 in column 3 of Table 12.14).*18 Hence our tentative
conclusions on the use of the Lloyd Moulton index to approximate superlative indexes are:
• the elasticity of substitution parameter σ which appears in the Lloyd Moulton formula is
unlikely to remain constant over time and hence it will be necessary for statistical agencies to
update their estimates of σ at regular intervals and
• the use of the Lloyd Moulton index as a real time preliminary estimator for a chained superlative index seems warranted, provided that the statistical agency can provide estimates
for chained superlative indexes on a delayed basis. The Lloyd Moulton index would provide a
useful supplement to the traditional ﬁxed base Laspeyres price index.

12.6 Additive Decompositions for the Fisher Ideal Index
The ﬁnal formulae we illustrate using our artiﬁcial data set are the additive percentage change
decompositions for the Fisher ideal index that were discussed in section 4.9 of chapter 4. We will
*18

For this particular data set, the ﬁxed base or chained geometric indexes using either the expenditure weights of
period 1 (see the last column of Table 12.14) or using the weights of the previous period (see the last column
of Table 12.15) do not approximate the chained Fisher index very closely. However, for less extreme data sets,
the use of chained Laspeyres or geometric indexes may approximate a chained superlative index adequately.
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ﬁrst decompose the chain links for the Fisher price index using the formulae (4.44) to (4.46) in
chapter 4. The results of the decomposition are listed in Table 12.16. Thus PF − 1 is the percentage
change in the Fisher ideal chain link going from period t − 1 to t and the decomposition factor
vF i ∆pi = vF i (pti − pit−1 ) is the contribution to the total percentage change of the change in the ith
price from pit−1 to pti for i = 1, 2, . . . , 6.
Table. 12.16 An Additive Percentage Change Decomposition of the Fisher Index
Period t

PF − 1

vF 1 ∆p1

vF 2 ∆p2

vF 3 ∆p3

vF 4 ∆p4

vF 5 ∆p5

vF 6 ∆p6

2
3
4
5

0.4011
−0.0589
−0.0376
−0.0365

0.0176
−0.0118
−0.0131
0.0112

0.1877
−0.1315
−0.0345
0.0316

0.0580
0.0246
0.0111
0.0000

−0.0351
−0.0274
−0.0523
−0.0915

0.1840
0.0963
0.0635
0.0316

−0.0111
−0.0092
−0.0123
−0.0194

Viewing Table 12.16, it can be seen that the price index going from period 1 to 2 grew about 40%
and the major contributors to this change were the increases in the price of commodity 2, energy
(18.77%) and in commodity 5, traditional services (18.4%). The increase in the price of traditional
manufactured goods, commodity 3, contributed 5.8% to the overall increase of 40.11%. The decreases
in the prices of high technology goods (commodity 4) and high technology services (commodity 6)
oﬀset the other increases by −3.51% and −1.11% going from period 1 to 2. Going from period 2 to
3, the overall change in prices was negative: −5.89%. The reader can read across the third row of
Table 12.16 to see what was the contribution of the 6 component price changes to the overall price
change. It can be seen that a big price change in a particular component i combined with a big
expenditure share in the two periods under consideration will lead to a big decomposition factor,
vF i .
Our ﬁnal set of computations we illustrate using our artiﬁcial data set is the additive percentage
change decomposition for the Fisher ideal index that is due to Van IJzeren (1987; 6)[515] that was
mentioned in problem 9 of chapter 4. The price counterpart to the additive decomposition for a
quantity index, equation (4.41) in chapter 4, is:
0

1

0

1

∑N

PF (p , p , q , q ) = ∑i=1
N

qF∗ i p1i

∗ 0
i=1 qF i pi

(12.3)

where the reference quantities need to be deﬁned somehow. Van IJzeren (1987; 6)[515] showed that
the following reference weights provided an exact additive representation for the Fisher ideal price
index :
1
1
qi1
qF∗ i ≡ qi0 +
; i = 1, 2, . . . ., 6
(12.4)
2
2 QF (p0 , p1 , q 0 , q 1 )
where QF is the overall Fisher quantity index. Thus using the Van IJzeren quantity weights qF∗ i ,
we obtain the following Van IJzeren additive percentage change decomposition for the Fisher price
index :
∑6
q ∗ p1
0
1
0
1
PF (p , p , q , q ) − 1 = ∑6 i=1 ∗F i i − 1
0
m=1 qF m pm
∑6
∑6
∗ 1
∗
0
i=1 qF i pi −
m=1 qF m pm
=
∑6
∗
0
m=1 qF m pm
∑6
=
vF∗ i {p1k − p0k }
(12.5)
k=1
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where the Van IJzeren weight for commodity i, vF∗ i , is deﬁned as
vF∗ i ≡ ∑6

qF∗ i

∗ 0
m=1 qF i pm

;

i = 1, . . . , 6.

(12.6)

We will again decompose the chain links for the Fisher price index using the formulae (12.4) to
(12.6) listed above. The results of the decomposition are listed in Table 12.17. Thus PF − 1 is the
percentage change in the Fisher ideal chain link going from period t − 1 to t and the Van IJzeren
decomposition factor vF∗ i ∆pi is the contribution to the total percentage change of the change in the
ith price from pit−1 to pti for i = 1, 2, . . . , 6.
Table. 12.17 Van IJzeren’s Decomposition of the Fisher Price Index
Period t

PF − 1

∗
vF
1 ∆p1

∗
vF
2 ∆p2

∗
vF
3 ∆p3

∗
vF
4 ∆p4

∗
vF
5 ∆p5

∗
vF
6 ∆p6

2
3
4
5

0.4011
−0.0589
−0.0376
−0.0365

0.0178
−0.0117
−0.0130
0.0110

0.1882
−0.1302
−0.0342
0.0310

0.0579
0.0243
0.0110
0.0000

−0.0341
−0.0274
−0.0521
−0.0904

0.1822
0.0952
0.0629
0.0311

−0.0109
−0.0091
−0.0123
−0.0191

Comparing the entries in Tables 12.16 and 12.17, it can be seen that the diﬀerences between the
Diewert and Van IJzeren decompositions of the Fisher price index are very small. The maximum
absolute diﬀerence between the vF i ∆pi and vF∗ i ∆pi is only 0.0018 (about 0.2 percentage points)
and the average absolute diﬀerence is 0.0003. This is somewhat surprising given the very diﬀerent
nature of the two decompositions.*19 As was mentioned in section 4.9 of chapter 4, the Van IJzeren
decomposition of the chain Fisher quantity index is used by the Bureau of Economic Analysis in the
U.S.
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Chapter 13

The Treatment of Owner Occupied Housing
and Other Durables in a Consumer Price
Index
13.1 Introduction
When a durable good (other than housing) is purchased by a consumer*1 , national Consumer Price
Indexes typically attribute all of that expenditure to the period of purchase, even though the use of
the good extends beyond the period of purchase.*2 This is known as the acquisitions approach to the
treatment of consumer durables in the context of determining a pricing concept for the CPI. However,
if one takes a cost of living approach to the Consumer Price Index, then it may be more appropriate
to take the cost of using the services of the durable good during the period under consideration as
the pricing concept. There are two broad methods for estimating this imputed cost for using the
services of a durable good during a period:
• If rental or leasing markets for a comparable consumer durable exist, then this market rental
price could be used as an estimate for the cost of using the durable during the period. This
method is known as the rental equivalence approach.
• If used or second hand markets for the durable exist, then the imputed cost of purchasing a
durable good at the beginning of the period and selling it at the end could be computed and
this net cost could be used as a estimate for the cost of using the durable during the period.
This method is known as the user cost approach.
The major advantages of the acquisitions approach to the treatment of consumer durables are:
• It is conceptually simple and entirely similar to the treatment of nondurables and services and
*1

*2

This research was supported by Statistics Sweden and a Social Sciences and Humanities Research Council of
Canada grant. The author thanks Bert Balk, Kevin Fox, Rosmundur Gudnason, Peter Hill, Johannes Hoﬀman,
Arnold Katz, Anders Klevmarken, Timo Koskimäki, Alice Nakamura, Marshall Reinsdorf and Carmit Schwartz
for helpful comments on earlier versions of this paper. The above people and institutions are not responsible for
any errors or opinions expressed in this chapter.
This treatment of the purchases of durable goods dates back to Alfred Marshall (1898; 594-595)[400] at least:
“We have noticed also that though the beneﬁts which a man derives from living in his own house are commonly
reckoned as part of his real income, and estimated at the net rental value of his house; the same plan is not
followed with regard to the beneﬁts which he derives from the use of his furniture and clothes. It is best here
to follow the common practice, and not count as part of the national income or dividend anything that is not
commonly counted as part of the income of the individual.”
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• No complex imputations are required.

The major disadvantage of the acquisitions approach compared to the other two approaches is that
the acquisitions approach is not likely to reﬂect accurately the consumption services of consumer
durables in any period. Thus suppose that real interest rates in a country become very high due to
some sort of macroeconomic crisis. Under these conditions, typically purchases of automobiles and
houses and other long lived consumer durables drop dramatically, perhaps to zero. However, the
actual consumption of automobile and housing services of the country’s population will not fall to
zero under these circumstances: consumers will still be consuming the services of their existing stocks
of autos and houses. Thus for at least some purposes, rather than taking the cost of purchasing a
consumer durable as the pricing concept, it will be more useful to take the cost of using the services
of the durable good during the period under consideration as the pricing concept.
The above paragraphs provide a brief overview of the three major approaches to the treatment of
consumer durables. In the remainder of this introduction, we explore these approaches in a bit more
detail and give the reader an outline of the detailed discussion that will follow in subsequent sections.
We ﬁrst consider a formal deﬁnition of a consumer durable. By deﬁnition, a durable good delivers
services longer than the period under consideration.*3 The System of National Accounts 1993 deﬁnes
a durable good as follows:
“In the case of goods, the distinction between acquisition and use is analytically important. It
underlies the distinction between durable and non-durable goods extensively used in economic
analysis. In fact, the distinction between durable and non-durable goods is not based on
physical durability as such. Instead, the distinction is based on whether the goods can be used
once only for purposes of production or consumption or whether they can be used repeatedly,
or continuously. For example, coal is a highly durable good in a physical sense, but it can be
burnt only once. A durable good is therefore deﬁned as one which may be used repeatedly or
continuously over a period of more than a year, assuming a normal or average rate of physical
usage. A consumer durable is a good that may be used for purposes of consumption repeatedly
or continuously over a period of a year or more.” System of National Accounts 1993, (1993;
208)[255].
According to the above National Accounts deﬁnition, durability is more than the fact that a good can
physically persist for more than a year (this is true of most goods): a durable good is distinguished
from a nondurable good due to its property that it can deliver useful services to a consumer through
repeated use over an extended period of time.
Since the beneﬁts of using the consumer durable extend over more than one period, it does not seem
to be appropriate to charge the entire purchase cost of the durable to the initial period of purchase.
If this point of view is taken, then the initial purchase cost must be distributed somehow over the
useful life of the asset. This is a fundamental problem of accounting.*4 Hulten (1990)[348] explains
the consequences for accountants of the durability of a purchase as follows:
“Durability means that a capital good is productive for two or more time periods, and this,
*3

*4

An alternative deﬁnition of a durable good is that the good delivers services to its purchaser for a period
exceeding three years: “The Bureau of Economic Analysis deﬁnes consumer durables as those durables that
have an average life of at least 3 years.” Arnold J. Katz (1983; 422)[371].
“The third convention is that of the annual accounting period. It is this convention which is responsible for most
of the diﬃcult accounting problems. Without this convention, accounting would be a simple matter of recording
completed and fully realized transactions: an act of primitive simplicity.” Stephen Gilman (1939; 26)[286].
“All the problems of income measurement are the result of our desire to attribute income to arbitrarily
determined short periods of time. Everything comes right in the end; but by then it is too late to matter.”
David Solomons (1961; 378)[489]. Note that these authors do not mention the additional complications that are
due to the fact that future revenues and costs must be discounted to yield values that are equivalent to present
dollars.
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in turn, implies that a distinction must be made between the value of using or renting capital
in any year and the value of owning the capital asset. This distinction would not necessarily
lead to a measurement problem if the capital services used in any given year were paid for in
that year; that is, if all capital were rented. In this case, transactions in the rental market
would ﬁx the price and quantity of capital in each time period, much as data on the price
and quantity of labor services are derived from labor market transactions. But, unfortunately,
much capital is utilized by its owner and the transfer of capital services between owner and
user results in an implicit rent typically not observed by the statistician. Market data are thus
inadequate for the task of directly estimating the price and quantity of capital services, and
this has led to the development of indirect procedures for inferring the quantity of capital, like
the perpetual inventory method, or to the acceptance of ﬂawed measures, like book value.”
Charles R. Hulten (1990; 120-121)[348].
Thus the treatment of durable goods is more complicated than the treatment of nondurable goods and
services due to the simple fact that the period of time that a durable is used by the consumer extends
beyond the period of purchase. For nondurables and services, the price statistician’s measurement
problems are conceptually simple: prices for the same commodity need only be collected in each
period and compared. However, for a durable good, the periods of payment and use do not coincide
and so complex imputation problems arise if the goal of the price statistician is to measure and
compare the price of using the services of the durable in two time periods.
As mentioned above, there are 3 main methods for dealing with the durability problem:
• Ignore the problem of distributing the initial cost of the durable over the useful life of the
good and allocate the entire charge to the period of purchase. As noted above, this is known
as the acquisitions approach and it is the present approach used by Consumer Price Index
statisticians for all durables with the exception of housing.
• The rental equivalence approach. In this approach, a period price is imputed for the durable
which is equal to the rental price or leasing price of an equivalent consumer durable for the
same period of time.
• The user cost approach. In this approach, the initial purchase cost of the durable is decomposed
into two parts: one part which reﬂects an estimated cost of using the services of the durable
for the period and another part, which is regarded as an investment, which must earn some
exogenous rate of return.
These three major approaches will be discussed more fully in sections 13.2, 13.3 and 13.4 below.
However, there is a fourth approach to the treatment of consumer durables that has only been used
in the context of pricing owner occupied housing and that is the payments approach *5 . This is a
kind of a cash ﬂow approach, which is not entirely satisfactory. It will be brieﬂy discussed in section
13.12 after we have discussed the treatment of owner occupied housing in more detail.
The above three approaches to the treatment of durable purchases can be applied to the purchase
of any durable commodity. However, historically, it turns out that the rental equivalence and user
cost approaches have only been applied to owner occupied housing. In other words, the acquisitions
approach to the purchase of consumer durables has been universally used by statistical agencies, with
the exception of owner occupied housing. A possible reason for this is tradition; i.e., Marshall set the
standard and statisticians have followed his example for the past century. However, another possible
reason is that unless the durable good has a very long useful life, it usually will not make a great
deal of diﬀerence in the long run whether the acquisitions approach or one of the two alternative
approaches is used. This point is discussed in more detail in section 13.5 below.
A major component of the user cost approach to valuing the services of owner occupied housing is the
depreciation component. In section 13.6, a general model of depreciation for a consumer durable is
*5

This is the term used by Goodhart (2001; F350-F351)[290].
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presented and then it is specialized to the three most common models of depreciation that are in use.
The models presented in section 13.6 assume that homogeneous units of the durable are produced in
each period so that information on the prices of the various vintages of the durable at any point in
time can be used to determine the pattern of depreciation. However, many durables (like housing)
are custom produced and thus the methods for determining the form of depreciation explained in
section 13.6 are not applicable. The special problems caused by these uniquely produced consumer
durables are considered in section 13.7.
Sections 13.8, 13.9, 13.10 and 13.11 treat some of the special problems involved in implementing
the user cost and rental equivalence methods for valuing the services provided by Owner Occupied
Housing (OOH). Section 13.8 presents a derivation for the user cost of OOH and various approximations to it. Section 13.9 looks at some of the problems associated with obtaining constant quality
prices for housing. Section 13.10 considers some of the costs that are tied to home ownership while
section 13.11 considers how a landlord’s costs might diﬀer from a homeowner’s costs. This material
is relevant if the rental equivalence approach to valuing the services of OOH is used: care must be
taken to remove some costs that are imbedded in market rents that homeowners do not face.
Section 13.13 tries to bring together all of the material on the problems associated with pricing
Owner Occupied Housing and to outline possible CPI measurement strategies.

13.2 The Acquisitions Approach
The net acquisitions approach to the treatment of owner occupied housing is described by Goodhart
as follows:
“The ﬁrst is the net acquisition approach, which is the change in the price of newly purchased
owner occupied dwellings, weighted by the net purchases of the reference population. This is
an asset based measure, and therefore comes close to my preferred measure of inﬂation as a
change in the value of money, though the change in the price of the stock of existing houses
rather than just of net purchases would in some respects be even better. It is, moreover,
consistent with the treatment of other durables. A few countries, e.g., Australia and New
Zealand, have used it, and it is, I understand, the main contender for use in the Euro-area
Harmonized Index of Consumer Prices (HICP), which currently excludes any measure of the
purchase price of (new) housing, though it does include minor repairs and maintenance by
home owners, as well as all expenditures by tenants.” Charles Goodhart (2001; F350)[290].
Thus the weights for the net acquisitions approach are the net purchases of the household sector
of houses from other institutional sectors in the base period. Note that in principle, purchases of
second-hand dwellings from other sectors are relevant here; e.g., a local government may sell rental
dwellings to owner occupiers. However, typically, newly built houses form a major part of these types
of transactions. Thus the long term price relative for this category of expenditure will be primarily
the price of (new) houses (quality adjusted) in the current period relative to the price of new houses
in the base period.*6 If this approach is applied to other consumer durables, it is extremely easy to
implement: the purchase of a durable is treated in the same way as a nondurable or service purchase
is treated.
One additional implication of the net acquisition approach is that major renovations and additions
to owner occupied dwelling units could also be considered as being in scope for this approach. In
*6

This price index may or may not include the price of the land that the new dwelling unit sits on; e.g., a new house
price construction index would typically not include the land cost. The acquisitions approach concentrates on the
purchases by households of goods and services that are provided by suppliers from outside the household sector.
Thus if the land on which a new house sits was previously owned by the household sector, then presumably, the
cost of this land would be excluded from an acquisitions type new house price index.

13.3 The Rental Equivalence Approach
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practice, these costs typically are not covered in a standard consumer price index. The treatment of
renovations and additions will be considered in more detail in section 13.10.4 below.
Traditionally, the net acquisitions approach also includes transfer costs relating to the buying and
selling of second hand houses as expenditures that are in scope for an acquisitions type consumer
price index. These costs are mainly the costs of using a real estate agent’s services and asset transfer
taxes. These transfer costs will be further discussed in sections 13.10.2 and 13.10.5 below.
The major advantage of the acquisitions approach is that it treats durable and nondurable purchases in a completely symmetric manner and thus no special procedures have to be developed by
a statistical agency to deal with durable goods. As will be seen in section 13.5 below, the major
disadvantage of this approach is that the expenditures associated with this approach will tend to
understate the corresponding expenditures on durables that are implied by the rental equivalence
and user cost approaches.
Some diﬀerences between the acquisitions approach and the other approaches are:
• If rental or leasing markets for the durable exist and the durable has a long useful life, then the
expenditure weights implied by the rental equivalence or user cost approaches will typically be
much larger than the corresponding expenditure weights implied by the acquisitions approach;
see Section 13.5 below.
• If the base year corresponds to a boom year (or a slump year) for the durable, then the base
period expenditure weights may be too large or too small. Put another way, the aggregate
expenditures that correspond to the acquisitions approach are likely to be more volatile than
the expenditures for the aggregate that are implied by the rental equivalence or user cost
approaches.
• In making comparisons of consumption across countries where the proportion of owning versus
renting or leasing the durable varies greatly,*7 the use of the acquisitions approach may lead
to misleading cross country comparisons. The reason for this is that opportunity costs of
capital are excluded in the net acquisitions approach whereas they are explicitly or implicitly
included in the other two approaches.
More fundamentally, whether the acquisitions approach is the right one or not depends on the
overall purpose of the index number. If the purpose is to measure the price of current period
consumption services, then the acquisitions approach can only be regarded as an approximation to a
more appropriate approach (which would be either the rental equivalence or user cost approach). If
the purpose of the index is to measure monetary (or nonimputed) expenditures by households during
the period, then the acquisitions approach is preferable, since the rental equivalence and user cost
approaches necessarily involve imputations.

13.3 The Rental Equivalence Approach
The rental equivalence approach simply values the services yielded by the use of a consumer durable
good for a period by the corresponding market rental value for the same durable for the same period
of time (if such a rental value exists). This is the approach taken in the System of National Accounts:
1993 for owner occupied housing:
“As well-organized markets for rented housing exist in most countries, the output of ownaccount housing services can be valued using the prices of the same kinds of services sold
on the market with the general valuation rules adopted for goods and services produced on
own account. In other words, the output of housing services produced by owner-occupiers is
*7

From Hoﬀmann and Kurz (2002; 3-4)[342], about 60% of German households live in rented dwellings whereas
only about 11% of Spaniards rent their dwellings in 1999 (private communication).
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valued at the estimated rental that a tenant would pay for the same accommodation, taking
into account factors such as location, neighbourhood amenities, etc. as well as the size and
quality of the dwelling itself.” Eurostat and others (1993; 134)[255].

However, the System of National Accounts: 1993 follows Marshall (1898; 595)[400] and does not
extend the rental equivalence approach to consumer durables other than housing. This seemingly
inconsistent treatment of durables is explained in the SNA 1993 as follows:
“The production of housing services for their own ﬁnal consumption by owner-occupiers has
always been included within the production boundary in national accounts, although it constitutes an exception to the general exclusion of own-account service production. The ratio
of owner-occupied to rented dwellings can vary signiﬁcantly between countries and even over
short periods of time within a single country, so that both international and intertemporal
comparisons of the production and consumption of housing services could be distorted if no
imputation were made for the value of own-account services.” Eurostat and others (1993;
126).[255]
Eurostat’s (2001) Handbook on Price and Volume Measures in National Accounts also recommends
the rental equivalence approach for the treatment of the dwelling services for owner occupied housing:
“The output of dwelling services of owner occupiers at current prices is in many countries
estimated by linking the actual rents paid by those renting similar properties in the rented
sector to those of owner occupiers. This allows the imputation of a notional rent for the service
owner occupiers receive from their property.” Eurostat (2001; 99)[258].
The US statistical agencies, the Bureau of Labor Statistics and the Bureau of Economic Analysis,
both use the rental equivalence approach to value the services of owner occupied housing. Katz
describes the BEA procedures as follows:
“Basically, BEA measures the gross rent (space rent) of owner occupied housing from data on
the rent paid for similar housing with the same market value. To get the service value that is
added to GNP (gross housing product), the value of intermediate goods and services included
in this ﬁgure (e. g., expenditures for repair and maintenance, insurance, condominium fees,
and closing costs) are subtracted from the space rent. To obtain a net return (net rental
income), depreciation, taxes, and net interest are subtracted from, and subsidies added to,
the service value.” Arnold J. Katz (1983; 411)[371].
There are some problems with the above treatment of housing and they will be discussed in later
sections after the user cost approach to durables has been discussed.*8
To summarize the above material, it can be seen that the rental equivalence approach to the treatment of durables is conceptually simple: impute a current period rental or leasing price for a comparable product as the price for the purchase of a unit of a consumer durable. For existing stocks
of used consumer durables, the rental equivalence approach would entail ﬁnding rental prices for
comparable used units.*9 To date, as noted above, statistical agencies have not done this, with the
*8
*9

To anticipate the later results: the main problem is that the rental equivalence approach to valuing the services
of owner occupied housing may give a higher valuation for these services than the user cost approach.
Another method for determining rental price equivalents for stocks of consumer durables is to ask households
what they think their durables would rent for. This approach is used by the Bureau of Labor Statistics in order
to determine expenditure weights for owner occupied housing; i.e., homeowners are asked to estimate what their
house would rent for if it were rented to a third party; see the Bureau of Labor Statistics (1983)[73]. Lebow and
Rudd (2003; 169)[387] note that these consumer expenditure survey based estimates of imputed rents in the US
diﬀer considerably from the corresponding Bureau of Economic Analysis estimates for imputed rents, which are
based on applying a rent to value ratio for rented properties to the owner occupied stock of housing. Lebow
and Rudd feel that the expenditure survey estimates may be less reliable than ratio of rent to value method
due to the relatively small size of the consumer expenditure survey plus the diﬃculties households may have in
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single exception of owner occupied housing. However, note that in order to implement the rental
equivalence approach, it is necessary that the relevant rental or leasing markets exist and often this
will not be the case, particularly when it is recognized that vintage speciﬁc rental prices may be
required for all vintages of the durable held by households.*10

13.4 The User Cost Approach
The user cost approach to the treatment of durable goods is in some ways very simple: it calculates
the cost of purchasing the durable at the beginning of the period, using the services of the durable
during the period and then netting oﬀ from these costs the beneﬁt that could be obtained by selling
the durable at the end of the period. However, there are several details of this procedure that
are somewhat controversial. These details involve the use of opportunity costs, which are usually
imputed costs, the treatment of interest and the treatment of capital gains or holding gains.
Another complication with the user cost approach is that it involves making distinctions between
current period (ﬂow) purchases within the period under consideration and the holdings of physical
stocks of the durable at the beginning and the end of the accounting period. Up to this point, all
prices and quantity purchases were thought of as taking place at a single point in time, say the
middle of the period under consideration, and consumption was thought of as taking place within
the period as well. Thus, there was no need to consider the behavior (and valuation) of stocks of
consumer durables that households may have a their disposal. The rather complex problems involved
in accounting for stocks and ﬂows are unfamiliar to most price statisticians.
To determine the net cost of using the durable good during say period 0, assume that one unit of the
durable good is purchased at the beginning of period 0 at the price P 0 . The “used” or “second-hand”
durable good can be sold at the end of period 0 at the price PS1 . It might seem that a reasonable net
cost for the use of one unit of the consumer durable during period 0 is its initial purchase price P 0
less its end of period 0 “scrap value” PS1 . However, money received at the end of the period is not as
valuable as money that is received at the beginning of the period. Thus in order to convert the end
of period value into its beginning of the period equivalent value, it is necessary to discount the term
PS1 by the term 1 + r0 where r0 is the beginning of period 0 nominal interest rate that the consumer
faces. Hence the period 0 user cost u0 for the consumer durable*11 is deﬁned as
u0 ≡ P 0 − PS1 /(1 + r0 ).

(13.1)

There is another way to view the user cost formula (13.1): the consumer purchases the durable at
the beginning of period 0 at the price P 0 and charges himself or herself the rental price u0 . The
remainder of the purchase price, I 0 , deﬁned as
I 0 ≡ P 0 − u0

(13.2)

can be regarded as an investment, which is to yield the appropriate opportunity cost of capital r0
that the consumer faces. At the end of period 0, this rate of return could be realized provided that
I 0 , r0 and the selling price of the durable at the end of the period PS1 satisfy the following equation:
I 0 (1 + r0 ) = PS1 .
*10

*11

(13.3)

recalling or estimating expenditures.
However, if the form of depreciation is of the one hoss shay or light bulb type, then the rental price for the
durable will be the same for all vintages and hence a detailed knowledge of market rentals by vintage will not
be required. The light bulb model of depreciation dates back to Böhm-Bawerk (1891; 342)[62]. For more recent
material on this model, see section 13.6.4 below or Hulten (1990)[348] or Diewert (2003b)[186].
This approach to the derivation of a user cost formula was used by Diewert (1974b) who in turn based it on an
approach due to Hicks (1946; 326)[321].
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Given PS1 and r0 , (13.3) determines I 0 , which in turn, given P 0 , determines the user cost u0 via
(13.2)*12 .
It should be noted that some price statisticians object to the user cost concept as a valid pricing
concept for a Consumer Price Index:
“A suitable price concept for a CPI ought to reﬂect only a ratio of exchange of money for
other things, not a ratio at which money in one form or time period can be traded for money
in another form or time period. The ratio at which money today can be traded for money
tomorrow by paying an interest rate or by enjoying actual or expected holding gains on an
appreciating asset has no part in a measure of the current purchasing power of money.”
Marshall Reinsdorf (2003)[445].
Thus user costs are not like the prices of nondurables or services because the user cost concept
involves pricing the durable at two points in time rather than at a single point in time.*13 Because
the user cost concept involves prices at two points in time, money received or paid out at the ﬁrst
point in time is more valuable than money paid out or received at the second point in time and so
interest rates creep into the user cost formula. Furthermore, because the user cost concept involves
prices at two points in time, expected prices can be involved if the user cost is calculated at the
beginning of the period under consideration instead of at the end. With all of these complications, it
is no wonder that many price statisticians would like to avoid the using user costs as a pricing concept.
However, even for price statisticians who would prefer to use the rental equivalence approach to the
treatment of durables over the user cost approach, there is some justiﬁcation for considering the user
cost approach in some detail, since this approach gives insights into the economic determinants of
the rental or leasing price of a durable. As will be seen in section 13.11 below, the user cost for a
house can diﬀer substantially for a landlord compared to an owner and thus adjustments should be
made to market rents for dwelling units if these observed rents are to be used as imputations for
owner occupied rents.
The user cost formula (13.1) can be put into a more familiar form if the period 0 economic depreciation
rate δ and the period 0 ex post asset inﬂation rate i0 are deﬁned. Deﬁne δ by:
(1 − δ) ≡ PS1 /P 1

(13.4)

where PS1 is the price of a used asset at the end of period 0 and P 1 is the price of a new asset at the
end of period 0. The period 0 inﬂation rate for the new asset, i0 , is deﬁned by:
1 + i0 ≡ P 1 /P 0 .

(13.5)

Eliminating P 1 from equations (13.4) and (13.5) leads to the following formula for the end of period
0 used asset price:
PS1 = (1 − δ)(1 + i0 )P 0 .
(13.6)
Substitution of (13.6) into (13.1) yields the following expression for the period 0 user cost u0 :
u0 = [(1 + r0 ) − (1 − δ)(1 + i0 )]P 0 /(1 + r0 ).
*12
*13

(13.7)

This derivation for the user cost of a consumer durable was also made by Diewert (1974b; 504).
Woolford also suggested that interest should be excluded from an ideal price index that measured inﬂation. In
his view, interest is not a contemporaneous price; i.e., an interest rate necessarily refers to two points in time; a
beginning point when the capital is loaned and an ending point when the capital loaned must be repaid. Thus
if one wanted to restrict attention to a domain of deﬁnition that consisted of only contemporaneous prices,
interest rates would be excluded. Woolford (1999; 535)[546] noted that his ideal inﬂation measure “would be
contemporary in nature, capturing only the current trend in prices associated with transactions in goods and
services. It would exclude interest rates on the ground that they are intertemporal prices, representing the
relative price of consuming today rather than in the future.”
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Note that r0 − i0 can be interpreted as a period 0 real interest rate and δ(1 + i0 ) can be interpreted
as an inﬂation adjusted depreciation rate.
The user cost u0 is expressed in terms of prices that are discounted to the beginning of period 0.
However, it is also possible to express the user cost in terms of prices that are “discounted” to the
end of period 0.*14 Thus deﬁne the end of period 0 user cost p0 as:*15
p0 ≡ (1 + r0 )u0 = [(1 + r0 ) − (1 − δ)(1 + i0 )]P 0

(13.8)

where the last equation follows using (13.7). If the real interest rate r0∗ is deﬁned as the nominal
interest rate r0 less the asset inﬂation rate i0 and the small term δi0 is neglected, then the end of
the period user cost deﬁned by (13.8) reduces to:
p0 = (r0∗ + δ)P 0 .

(13.9)

Abstracting from transactions costs and inﬂation, it can be seen that the end of the period user cost
deﬁned by (13.9) is an approximate rental cost; i.e., the rental cost for the use of a consumer (or
producer) durable good should equal the (real) opportunity cost of the capital tied up, r0∗ P 0 , plus
the decline in value of the asset over the period, δP 0 . Formulae (13.8) and (13.9) thus cast some
light on what are the economic determinants of rental or leasing prices for consumer durables.
If the simpliﬁed user cost formula deﬁned by (13.9) above is used, then forming a price index for
the user costs of a durable good is not very much more diﬃcult than forming a price index for the
purchase price of the durable good, P 0 . The price statistician needs only to:
• Make a reasonable assumption as to what an appropriate monthly or quarterly real interest
rate r0∗ should be;
• Make an assumption as to what a reasonable monthly or quarterly depreciation rate δ should
be;*16
• Collect purchase prices P 0 for the durable and
• Make an estimate of the total stock of the durable which was held by the reference population
during the base period for quantities. In order to construct a superlative index, estimates of
the stock held will have to be made for each period.
If it is thought necessary to implement the more complicated user cost formula (13.8) in place of the
simpler formula (13.9), then the situation is more complicated. As it stands, the end of the period
*14

*15

*16

Thus the beginning of the period user cost u0 discounts all monetary costs and beneﬁts into their dollar equivalent
at the beginning of period 0 whereas p0 discounts (or appreciates) all monetary costs and beneﬁts into their
dollar equivalent at the end of period 0. This leaves open how ﬂow transactions that take place within the
period should be treated. Following the conventions used in ﬁnancial accounting suggests that ﬂow transactions
taking place within the accounting period be regarded as taking place at the end of the accounting period and
hence following this convention, end of period user costs should be used by the price statistician.
Christensen and Jorgenson (1969)[90] derived a user cost formula similar to (13.7) in a diﬀerent way using a
continuous time optimization model. If the inﬂation rate i equals 0, then the user cost formula (13.7) reduces
to that derived by Walras (1954; 269)[529] (ﬁrst edition 1874). This zero inﬂation rate user cost formula was
also derived by the industrial engineer A. Hamilton Church (1901; 907-908)[93], who perhaps drew on the work
of Matheson: “In the case of a factory where the occupancy is assured for a term of years, and the rent is a ﬁrst
charge on proﬁts, the rate of interest, to be an appropriate rate, should, so far as it applies to the buildings, be
equal (including the depreciation rate) to the rental which a landlord who owned but did not occupy a factory
would let it for.” Ewing Matheson (1910; 169)[401], ﬁrst published in 1884. Additional derivations of user cost
formulae in discrete time have been made by Katz (1983; 408-409)[371] and Diewert (2003b)[186]. Hall and
Jorgenson (1967)[301] introduced tax considerations into user cost formulae.
The geometric model for depreciation to be explained in more detail in section 13.6.2 below requires only a single
monthly or quarterly depreciation rate. Other models of depreciation may require the estimation of a sequence
of vintage depreciation rates. If the estimated annual geometric depreciation rate is δa , then the corresponding
monthly geometric depreciation rate δ can be obtained by solving the equation (1 − δ)12 = 1 − δa . Similarly,
if the estimated annual real interest rate is ra∗ , then the corresponding monthly real interest rate r ∗ can be
obtained by solving the equation (1 + r ∗ )12 = 1 + ra∗ .
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user cost formula (13.8) is an ex post (or after the fact) user cost: the asset inﬂation rate i0 cannot
be calculated until the end of period 0 has been reached. Formula (13.8) can be converted into an
ex ante (or before the fact) user cost formula if i0 is interpreted as an anticipated asset inﬂation
rate. The resulting formula should approximate a market rental rate for the asset under inﬂationary
conditions.*17
Note that in the user cost approach to the treatment of consumer durables, the entire user cost
formula (13.8) or (13.9) is the period 0 price. Thus in the time series context, it is not necessary to
deﬂate each component of the formula separately; the period 0 price p0 ≡ [r0 − i0 + δ(1 + i0 )]P 0 is
compared to the corresponding period 1 price, p1 ≡ [r1 − i1 + δ(1 + i1 )]P 1 and so on.
In principle, depreciation rates can be estimated using information on the selling prices of used
units of the durable good. In section 13.6 below, this methodology will be explained in more detail.
However, before this is done, it will be useful to use the material in this section to explain what the
relationship between the user cost and acquisition approaches to the treatment of durables is likely
to be. This topic is discussed in the following section.

13.5 The Relationship Between User Costs and Acquisition Costs
In this section, the user cost approach to the treatment of consumer durables will be compared to
the acquisitions approach. Obviously, in the short run, the value ﬂows associated with each approach
could be very diﬀerent. For example, if real interest rates, r0 − i0 , are very high and the economy is
in a severe recession or depression, then purchases of new consumer durables, Q0 say, could be very
low and even approach 0 for very long lived assets, like houses. On the other hand, using the user
cost approach, existing stocks of consumer durables would be carried over from previous periods and
priced out at the appropriate user costs and the resulting consumption value ﬂow could be quite
large. Thus in the short run, the monetary values of consumption under the two approaches could
be vastly diﬀerent. Hence, in what follows, a (hypothetical) longer run comparison is considered
where real interest rates are held constant.*18
Suppose that in period 0, the reference population of households purchased q 0 units of a consumer
durable at the purchase price P 0 . Then the period 0 value of consumption from the viewpoint of the
acquisitions approach is:
VA0 ≡ P 0 q 0 .
(13.10)
Recall that the end of period user cost for one new unit of the asset purchased at the beginning
of period 0 was p0 deﬁned by (13.8) above. In order to simplify the analysis, declining balance
depreciation is assumed*19 ; i.e., at the beginning of period 0, a one period old asset is worth (1−δ)P 0 ;
a two period old asset is worth (1 − δ)2 P 0 ; . . . ; a t period old asset is worth (1 − δ)t P 0 ; etc. Under
these hypotheses, the corresponding end of period 0 user cost for a new asset purchased at the
beginning of period 0 is p0 ; the end of period 0 user cost for a one period old asset at the beginning
of period 0 is (1 − δ)p0 ; the corresponding user cost for a two period old asset at the beginning of
period 0 is (1 − δ)2 p0 ; . . . ; the corresponding user cost for a t period old asset at the beginning of
period 0 is (1 − δ)t p0 ; etc.*20 The ﬁnal simplifying assumption is that household purchases of the
consumer durable have been growing at the geometric rate g into the indeﬁnite past. This means
*17

*18
*19
*20

Since landlords must set their rent at the beginning of the period (and in fact, they usually set their rent for an
extended period of time), if the user cost approach is used to model the economic determinants of market rental
rates, then the asset inﬂation rate i0 should be interpreted as an expected inﬂation rate rather than an after
the fact actual inﬂation rate. This use of ex ante prices in this price measurement context should be contrasted
with the preference of national accountants to use actual or ex post prices in the system of national accounts.
The following material is based on Diewert (2002a)[180].
This form of depreciation will be discussed in more detail in section 13.6.2 below.
For some consumer durables, the one hoss shay assumption for depreciation may be more realistic than the
declining balance model; see section 13.6.4 below or Hulten (1990)[348] or Diewert and Lawrence (2000)[225].
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that if household purchases of the durable were q 0 in period 0, then in the previous period they
purchased q 0 /(1 + g) new units; two periods ago, they purchased q 0 /(1 + g)2 new units; . . . ; t
periods ago, they purchased q 0 /(1 + g)t new units; etc. Putting all of these assumptions together, it
can be seen that the period 0 value of consumption from the viewpoint of the user cost approach is:
VU0 ≡ p0 q 0 + [(1 − δ)p0 q 0 /(1 + g)] + [(1 − δ)2 p0 q 0 /(1 + g)2 ] + · · ·
= (1 + g)p0 q 0 /(g + δ)
0

summing the inﬁnite series
0

0 0

= (1 + g)[(1 + r ) − (1 − δ)(1 + i )]P q /(g + δ) using (13.8).

(13.11)
(13.12)

Equation (13.12) can be simpliﬁed by letting the asset inﬂation rate i0 be 0 ( or by replacing r0 − i0
by the real interest rate r0∗ and by ignoring the small term δi0 ) and under these conditions, the ratio
of the user cost ﬂow of consumption (13.12) to the acquisitions measure of consumption in period 0,
(13.10) is:
VU0 /VA0 = (1 + g)(r0∗ + δ)/(g + δ).
(13.13)
Using formula (13.13), it can be seen that if 1 + g > 0 and δ + g > 0, then VU0 /VA0 will be greater
than unity if
r0∗ > g(1 − δ)/(1 + g),
(13.14)
a condition that will usually be satisﬁed.*21 Thus under normal conditions and over a longer time
horizon, household expenditures on consumer durables using the user cost approach will tend to exceed
the corresponding money outlays on new purchases of the consumer durable. The diﬀerence between
the two approaches will tend to grow as the life of the asset increases (i.e., as the depreciation rate
δ decreases).
To get a rough idea of the possible magnitude of the value ratio for the two approaches, VU0 /VA0 ,
equation (13.13) is evaluated for a “housing” example using annual data where the depreciation
rate is 2% (i.e., δ = .02), the real interest rate is 4% (i.e., r0∗ = .04) and the growth rate for the
production of new houses is 1% (i.e., g = .01). In this base case, the ratio of user cost expenditures
on housing to the purchases of new housing in the same period, VU0 /VA0 , is 2.02. If the depreciation
rate is increased to 3%, then VU0 /VA0 decreases to 1.77; if the depreciation rate is decreased to 1%,
then VU0 /VA0 increases to 2.53. Again looking at the base case, if the real interest rate is increased
to 5%, then VU0 /VA0 increases to 2.36 while if the real interest rate is decreased to 3%, then VU0 /VA0
decreases to 1.68. Finally, if the growth rate for new houses is increased to 2%, then VU0 /VA0 decreases
to 1.53 while if the growth rate is decreased to 0, then VU0 /VA0 increases to 3.00. Thus an acquisitions
approach to housing in the CPI is likely to give about one half the expenditure weight that a user cost
approach would give.
For shorter lived assets, the diﬀerence between the acquisitions approach and the user cost approach will not be so large and hence, this justiﬁes the acquisitions approach as being approximately
“correct” as a measure of consumption services.*22
*21

*22

Note that if the real interest rate r 0 equals g, the real rate of growth in the purchases of the durable, then from
(13.13), VU0 /VA0 = (1 + g) and the acquisitions approach will be more or less equivalent to the user cost approach
over the long run.
The simpliﬁed user cost approach can be used for other consumer durables as well. In formula (13.13), let
r 0∗ = .04, g = .01 and δ = .15 and under these conditions, VU0 /VA0 = 1.20; i.e., for a declining balance
depreciation rate of 15%, the user cost approach leads to an estimated value of consumption that is 20% higher
than the acquisitions approach under the conditions speciﬁed. Thus for consumer durable depreciation rates
that are lower than 15%, it would be useful for the statistical agency to produce user costs for these goods
and for the national accounts division to produce the corresponding consumption ﬂows as “analytic series”.
It should be noted that this extends the present national accounts treatment of housing to other long lived
consumer durables. Note also that this revised treatment of consumption in the national accounts would tend
to make rich countries richer, since poorer countries hold fewer long lived consumer durables on a per capita
basis.
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Here is a list of some of the problems and diﬃculties that might arise in implementing a user cost
approach to purchases of a consumer durable:*23
• It is diﬃcult to determine what the relevant nominal interest rate r0 is for each household. If
a consumer has to borrow to ﬁnance the cost of a durable good purchase, then this interest
rate will typically be much higher than the safe rate of return that would be the appropriate
opportunity cost rate of return for a consumer who had no need to borrow funds to ﬁnance
the purchase.*24 It may be necessary to simply use a benchmark interest rate that would be
determined by either the government, a national statistical agency or an accounting standards
board.
• It will generally be diﬃcult to determine what the relevant depreciation rate is for the consumer
durable.*25
• Ex post user costs based on formula (13.8) will be too volatile to be acceptable to users*26
(due to the volatility of the asset inﬂation rate i0 ) and hence an ex ante user cost concept
will have to be used. This creates diﬃculties in that diﬀerent national statistical agencies
will generally make diﬀerent assumptions and use diﬀerent methods in order to construct
forecasted structures and land inﬂation rates and hence the resulting ex ante user costs of the
durable may not be comparable across countries.*27
• The user cost formula (13.8) should be generalized to accommodate various taxes that may
be associated with the purchase of a durable or with the continuing use of the durable.*28
Some of the problems associated with estimating depreciation rates will be discussed in the next
section.

*23
*24

*25

*26

*27

*28

For additional material on diﬃculties with the user cost approach, see Diewert (1980; 475-479)[132] and Katz
(1983; 415-422)[371].
Katz (1983; 415-416)[371] comments on the diﬃculties involved in determining the appropriate rate of interest
to use: “There are numerous alternatives: a rate on ﬁnancial borrowings, on savings, and a weighted average of
the two; a rate on nonﬁnancial investments. e.g., residential housing, perhaps adjusted for capital gains; and the
consumer’s subjective rate of time preference. Furthermore, there is some controversy about whether it should
be the maximum observed rate, the average observed rate, or the rate of return earned on investments that have
the same degree of risk and liquidity as the durables whose services are being valued.”
It is not necessary to assume declining balance depreciation in the user cost approach: any pattern of depreciation
can be accommodated, including one hoss shay depreciation, where the durable yields a constant stream of
services over time until it is scrapped. See Diewert and Lawrence (2000)[225] for some empirical examples for
Canada using diﬀerent assumptions about the form of depreciation. For references to the depreciation literature
and for empirical methods for estimating depreciation rates, see Hulten and Wykoﬀ (1981a)[350] (1981b)[351]
(1996)[352] and Jorgenson (1996)[368].
Goodhart (2001; F351)[290] comments on the practical diﬃculties of using ex post user costs for housing as
follows: “An even more theoretical user cost approach is to measure the cost foregone by living in an owner
occupied property as compared with selling it at the beginning of the period and repurchasing it at the end
... But this gives the absurd result that as house prices rise, so the opportunity cost falls; indeed the more
virulent the inﬂation of housing asset prices, the more negative would this measure become. Although it has
some academic aﬁcionados, this ﬂies in the face of common sense; I am glad to say that no country has adopted
this method.” As will be seen later, Iceland has in fact adopted a simpliﬁed user cost framework.
For additional material on the diﬃculties involved in constructing ex ante user costs, see Diewert (1980; 475486)[132] and Katz (1983; 419-420)[371]. For empirical comparisons of diﬀerent user cost formulae, see Harper,
Berndt and Wood (1989)[309] and Diewert and Lawrence (2000)[225].
For example, property taxes are associated with the use of housing services and hence should be included in
the user cost formula; see section 13.10.2 below. As Katz (1983; 418)[371] noted, taxation issues also impact
the choice of the interest rate: “Should the rate of return be a before or after tax rate?” From the viewpoint
of a household that is not borrowing to ﬁnance the purchase of the durable, an after tax rate of return seems
appropriate but from the point of a leasing ﬁrm, a before tax rate of return seems appropriate. This diﬀerence
helps to explain why rental equivalence prices for the durable might be higher than user cost prices; see also
section 13.11.4 below.
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13.6 Alternative Models of Depreciation
13.6.1 A General Model of Depreciation for (Unchanging) Consumer Durables
In this subsection, a “general” model of depreciation for durable goods that appear on the market
each period without undergoing quality change will be presented. In three subsequent subsections,
this general model will be specialized to the three most common models of depreciation that appear
in the literature. In section 13.7 below, the additional problems that occur when the durable is built
as a unique good will be discussed.
The main tool that can be used to identify depreciation rates for a durable good is the (cross
sectional) sequence of vintage asset prices that units of the good sell for on the second hand market
at any point of time.*29
Some notation is required. Let P 0 be the price of a newly produced unit of the durable good at the
beginning of period 0 (this is the same notation as was used earlier). Let Pvt be the second hand
market price at the beginning of period t of a unit of the durable good that is v periods old.*30
Let δv0 be the period 0 depreciation rate for a unit of the durable good that is v periods old at the
beginning of period 0. These depreciation rates can be deﬁned recursively, starting with the period
0 depreciation rate for a brand new unit, δ00 , using the period 0 vintage asset prices Pv0 as follows:
1 − δ00 ≡ P10 /P 0 .

(13.15)

Once δ00 has been deﬁned by (13.15), the period 0 cross sectional depreciation rate for a unit of
the durable good that is one period old at the beginning of period 0, δ10 , can be deﬁned using the
following equation:
(1 − δ10 )(1 − δ00 ) ≡ P20 /P 0 .
(13.16)
Note that P20 is the beginning of period 0 asset price of a unit of the durable good that is 2 periods
old and it is compared to the price of a brand new unit of the durable, P 0 (which is equal to P00
using the vintage good notation).
Given that the period 0 cross sectional depreciation rates for units of the durable that are
0, 1, 2, . . . , v − 1 periods old at the beginning of period 0 are deﬁned (these are the depreciation
0
), then the period 0 cross sectional depreciation rate for units of the durable
rates δ00 , δ10 , δ20 , . . . , δv−1
that are v periods old at the beginning of period 0 can be deﬁned using the following equation:
0
(1 − δv0 ) · · · (1 − δ10 )(1 − δ00 ) ≡ Pv+1
/P 0 .

(13.17)

It should be clear how the sequence of period 0 vintage asset prices Pv0 can be converted into a
sequence of period 0 vintage depreciation rates. It should also be clear that the sequence of equations (13.15)-(13.17) can be repeated using the vintage asset price data pertaining to the beginning
of period t, Pvt , in order to obtain a sequence of period t vintage depreciation rates, δvt . In the
*29

*30

Another information source that could be used to identify depreciation rates for the durable good is the sequence
of vintage rental or leasing prices that might exist for some consumer durables. In the closely related capital
measurement literature, the general framework for an internally consistent treatment of capital services and
capital stocks in a set of vintage accounts was set out by Jorgenson (1989)[367] and Hulten (1990; 127-129)[348]
(1996; 152-160)[349].
Using this notation for vintages, it can be seen that the vintage v = 0 price at the beginning of period t = 0,
P00 , is equal to the price of a new unit of the good, P 0 . If these second hand vintage prices depend on how
intensively the durable good has been used in previous periods, then it will be necessary to further classify the
durable good not only by its vintage v but also according to the intensity of its use. In this case, think of the
sequence of vintage asset prices Pv0 as corresponding to the prevailing market prices of the various vintages of
the good at the beginning of period 0 for a assets that have been used at “average” intensities.
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depreciation literature, it is usually assumed that the sequence of vintage depreciation rates, δvt , is
independent of the period t so that:
δvt = δv

for all periods t and all vintages v.

(13.18)

The above material shows how the sequence of vintage or used durable goods prices at a point in
time can be used in order to estimate depreciation rates. This type of methodology, with a few extra
modiﬁcations to account for diﬀering ages of retirement, was pioneered by Beidelman (1973)[56]
(1976)[57] and Hulten and Wykoﬀ (1981a)[350] (1981b)[351] (1996)[352].*31
Recall the user cost formula for a new unit of the durable good under consideration deﬁned by (13.1)
above. The same approach can be used in order to deﬁne a sequence of period 0 user costs for all
1a
vintages v of the durable. Thus suppose that Pv+1
is the anticipated end of period 0 price of a unit
of the durable good that is v periods old at the beginning of period 0 and let r0 be the consumer’s
opportunity cost of capital. Then the discounted to the beginning of period 0 user cost of a unit of
the durable good that is v periods old at the beginning of period 0, u0v , is deﬁned as follows:
1a
/(1 + r0 );
u0v ≡ Pv0 − Pv+1

v = 0, 1, 2, . . .

(13.19)

It is now necessary to specify how the end of period 0 anticipated vintage asset prices Pv1a are related
to their counterpart beginning of period 0 vintage asset prices Pv0 . The assumption that is made now
is that the entire sequence of vintage asset prices at the end of period 0 is equal to the corresponding
sequence of asset prices at the beginning of period 0 times a general anticipated period 0 inﬂation
rate factor, (1 + i0 ), where i0 is the anticipated period 0 (general) asset inﬂation rate. Thus it is
assumed that
(13.20)
Pv1a = (1 + i0 )Pv0 ; v = 1, 2, . . .
Substituting (13.20) and (13.15)-(13.18) into (13.19) leads to the following beginning of period 0
sequence of vintage user costs:*32
u0v = (1 − δv−1 )(1 − δv−2 ) · · · (1 − δ0 )[(1 + r0 ) − (1 − δv )(1 + i0 )]P 0 /(1 + r0 )
= (1 − δv−1 )(1 − δv−2 ) · · · (1 − δ0 )[r0 − i0 + δv (1 + i0 )]P 0 /(1 + r0 );

v = 0, 1, 2, . . .

(13.21)

Note that if v = 0, then the u00 deﬁned by (13.21) agrees with the user cost formula for a new
purchase of the durable u0 that was derived earlier in (13.7).
The sequence of vintage user costs u0v deﬁned by (13.21) are expressed in terms of prices that are
discounted to the beginning of period 0. However, as was done in section 13.4 above, it is also
possible to express the user costs in terms of prices that are “discounted” to the end of period 0.
Thus deﬁne the sequence of vintage end of period 0 user cost p0v as follows:
p0v ≡ (1 + r0 )u0v
= (1 − δv−1 )(1 − δv−2 ) · · · (1 − δ0 )[r0 − i0 + δv (1 + i0 )]P 0 ;

v = 0, 1, 2, . . .

(13.22)

If the real interest rate r0∗ is deﬁned as the nominal interest rate r0 less the asset inﬂation rate i0
and the small terms δv i0 are neglected in (13.22), then the sequence of end of the period user costs
deﬁned by (13.22) reduces to:
p0v = (1 − δv−1 )(1 − δv−2 ) · · · (1 − δ0 )[r0∗ + δv ]P 0 ;
*31
*32

v = 0, 1, 2, . . .

(13.23)

See also Jorgenson (1996)[368] for a review of the empirical literature on the estimation of depreciation rates.
When v = 0, deﬁne δ−1 ≡ 1; i.e., the terms in front of the square brackets on the right hand side of (13.21) are
set equal to 1.
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Thus if the price statistician has estimates for the vintage depreciation rates δv and the real interest
rate r0∗ and is able to collect a sample of prices for new units of the durable good P 0 , then the
sequence of vintage user costs deﬁned by (13.23) can be calculated. To complete the model, the price
statistician should gather information on the stocks held by the household sector of each vintage of
the durable good and then normal index number theory can be applied to these p’s and Q’s, with
the p’s being vintage user costs and the Q’s being the vintage stocks pertaining to each period. For
some worked examples of this methodology under various assumptions about depreciation rates and
the calculation of expected asset inﬂation rates, see Diewert and Lawrence (2000)[225] and Diewert
(2003c)[187].*33
In the following three subsections, the general methodology described above is specialized by making
additional assumptions about the form of the vintage depreciation rates δv .

13.6.2 Geometric or Declining Balance Depreciation
The declining balance method of depreciation dates back to Matheson (1910; 55)[401] at least.*34 In
terms of the algebra presented in section 13.6.1 above, the method is very simple: all of the cross
sectional vintage depreciation rates δv0 deﬁned by (13.15)-(13.17) are assumed to be equal to the
same rate δ, where δ is a positive number less than one; i.e., for all time periods t and all vintages
v, it is assumed that
(13.24)
δvt = δ; v = 0, 1, 2, . . . .
Substitution of (13.24) into (13.22) leads to the following formula for the sequence of period 0 vintage
user costs:
p0v = (1 − δ)v [r0 − i0 + δv (1 + i0 )]P 0 ;
= (1 −

v = 0, 1, 2, . . .

δ)v p00 .

(13.25)

The second set of equations in (13.25) says that all of the vintage user costs are proportional to
the user cost for a new asset. This proportionality means that it is not necessary to use an index
number formula to aggregate over vintages to form a durable services aggregate. To see this, it is
useful to calculate the aggregate value of services yielded by all vintages of the consumer durable at
the beginning of period 0. Let q −v be the quantity of the durable purchased by the household sector
v periods ago for v = 1, 2, . . . and let q 0 be the new purchases of the durable during period 0. The
beginning of period 0 price for these vintages of age v will be p0v deﬁned by (13.25) above. Thus the
aggregate services of all vintages of the good, including those purchased in period 0, will have the
following value, S 0 :
S 0 = p00 q 0 + p01 q −1 + p02 q −2 + · · ·
= p00 q 0 + (1 − δ)p00 q −1 + (1 − δ)2 p00 q −2 + · · ·
=
=

p00 [q 0
p00 Q0

+ (1 − δ)q

−1

2 −2

+ (1 − δ) q

using (13.25)

+ ···]
(13.26)

where the period 0 aggregate (quality adjusted) quantity of durable services consumed in period 0,
Q0 , is deﬁned as
Q0 ≡ q 0 + (1 − δ)q −1 + (1 − δ)2 q −2 + · · · .
(13.27)
*33
*34

Additional examples and discussion can be found in two recent OECD Manuals on productivity measurement
and the measurement of capital; see OECD (2001a)[418] (2001b)[419].
A case for attributing the method to Walras (1954; 268-269)[529] could be made but he did not lay out all of
the details. Matheson (1910; 91)[401] used the term “diminishing value” to describe the method. Hotelling
(1925; 350)[343] used the term “the reducing balance method” while Canning (1929; 276)[77] used the term the
“declining balance formula”.
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Thus the period 0 services quantity aggregate Q0 is equal to new purchases of the durable in period
0, q 0 , plus one minus the depreciation rate δ times the purchases of the durable in the previous
period, q −1 , plus the square of one minus the depreciation rate times the purchases of the durable
two periods ago, q −2 , and so on. The service price that can be applied to this quantity aggregate is
p00 , the imputed rental price or user cost for a new unit of the durable purchased in period 0.
If the depreciation rate δ and the purchases of the durable in prior periods are known, then the
aggregate service quantity Q0 can readily be calculated using (13.27). Then using (13.26), it can be
seen that the value of the services of the durable (over all vintages), S t , decomposes into the price
term p00 times the quantity term Q0 . Hence, it is not necessary to use an index number formula to
aggregate over vintages using this depreciation model.

13.6.3 Straight Line Depreciation
Another very common model of depreciation is the straight line model.*35 In this model, a most
probable length of life for the durable is somehow determined, say L periods, so that after being
used for L periods, the durable is scrapped. In the straight line depreciation model, it is assumed
that the period 0 cross sectional vintage asset prices Pv0 follow the following pattern of linear decline
relative to the period 0 price of a new asset P 0 :
Pv0 /P 0 = [L − v]/L for v = 0, 1, 2, . . . , L − 1.

(13.28)

For v = L, L + 1, . . . ., it is assumed that Pv0 = 0. Now substitute (13.20) and (13.28) into the
beginning of the period user cost formula (13.19) in order to obtain the following sequence of period
0 vintage user costs for the durable:
0
u0v = Pv0 − (1 + i0 )Pv+1
/(1 + r0 ) for v = 0, 1, 2, . . . , L − 1

= [1/L][(L − v) − (L − v − 1){(1 + i0 )/(1 + r0 )}]P 0
= [(L − v)r0∗ + 1]P 0 /L(1 + r0∗ )

(13.29)

where the asset speciﬁc real interest rate for period 0, r0∗ , is deﬁned by
1 + r0∗ ≡ (1 + r0 )/(1 + i0 ).

(13.30)

The user costs for units of the durable good that are older than L periods are zero; i.e., u0v ≡ 0 for
v ≥ L. Looking at the terms in square brackets on the right hand side of (13.29), it can be seen that
the ﬁrst term is a real interest opportunity cost for holding and using the unit of the durable that
is v periods old (and this imputed interest cost declines as the durable good ages) and the second
term is a depreciation term that is equal to the constant rate 1/L.
In this model of depreciation, it is necessary to keep track of household purchases of the durable for
L periods and weight up each vintage quantity q −v of these purchases by the corresponding vintage
user cost u0v deﬁned by (13.29) or the end of period vintage user costs p0v deﬁned as (1 + r0 )u0v could
be used.*36

13.6.4 One Hoss Shay or Light Bulb Depreciation
The ﬁnal model of depreciation that is in common use is the “light bulb” or one hoss shay model
of depreciation.*37 In this model, the durable delivers the same services for each vintage: a chair
*35
*36
*37

This model of depreciation dates back to the late 1800’s; see Matheson (1910; 55)[401], Garcke and Fells (1893;
98)[284] or Canning (1929; 265-266)[77].
A worked example using this model of depreciation can be found in Diewert (2003b)[186].
This model can be traced back to Böhm-Bawerk (1891; 342)[62]. For a more comprehensive exposition, see
Hulten (1990; 124)[348] or Diewert (2003b)[186].
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is a chair, no matter what its age is (until it falls to pieces and is scrapped). Thus this model also
requires an estimate of the most probable life L of the consumer durable.*38 In this model, it is
assumed that the sequence of vintage beginning of the period user costs u0v deﬁned by the ﬁrst line
of (13.29) is constant for all vintages younger than the asset lifetime L; i.e., it is assumed that
0
u0 = u0v = Pv0 − (1 + i0 )Pv+1
/(1 + r0 ) for v = 0, 1, 2, . . . , L − 1
0
= Pv0 − γPv+1

(13.31)

where the discount factor γ is deﬁned as
γ ≡ (1 + i0 )/(1 + r0 ) = 1/(1 + r0∗ )

(13.32)

and the asset speciﬁc real interest rate r0∗ was deﬁned earlier by (13.30). Now the second equation
in (13.31) can be used to express the vintage v asset price Pv0 in terms of the common user cost u0
0
, so that
and the vintage v + 1 asset price, Pv+1
0
Pv0 = u0 + γPv+1
.

(13.33)

Now start out using equation (13.33) with v = 0, then substitute out P10 using (13.33) with v = 1,
then substitute out P20 using (13.33) with v = 2, etc. until ﬁnally the process ends after L such
substitutions when PL0 is reached and of course, PL0 equals zero. The following equation is obtained:
P 0 = u0 + γu0 + γ 2 u0 + · · · + γ L−1 u0
= u0 [1 + γ + γ 2 + · · · + γ L−1 ]
= {u0 /(1 − γ)} − {u0 γ L /(1 − γ)}

provided that γ < 1

= u0 (1 − γ L )/(1 − γ).

(13.34)

Now use the last equation in (13.34) in order to solve for the constant over vintages (beginning of
the period) user cost for this model, u0 , in terms of the period 0 price for a new unit of the durable,
P 0 , and the discount factor γ deﬁned by (13.32):
u0 = (1 − γ)P 0 /(1 − γ L ).

(13.35)

The end of period 0 user cost, p0 , is as usual, equal to the beginning of the period 0 user cost, u0 ,
times the nominal interest rate factor, 1 + r0 :
p0 ≡ (1 + r0 )u0 .

(13.36)

The aggregate services of all vintages of the good, including those purchased in period 0, will have
the following value, S 0 :
S 0 = p00 q 0 + p01 q −1 + p02 q −2 + · · · + p0L−1 q −(L−1)
= p0 [q 0 + q −1 + q −2 + · · · + q −(L−1) ]
= p0 Q0
*38

(13.37)

The assumption of a single life L for a durable can be relaxed using a methodology due to Hulten: “We have thus
far taken the date of retirement T to be the same for all assets in a given cohort (all assets put in place in a given
year). However, there is no reason for this to be true, and the theory is readily extended to allow for diﬀerent
retirement dates. A given cohort can be broken into components, or subcohorts, according to date of retirement
and a separate T assigned to each. Each subcohort can then be characterized by its own eﬃciency sequence,
which depends among other things on the subcohort’s useful life Ti .” Charles R. Hulten (1990; 125)[348].
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where the period 0 aggregate (quality adjusted) quantity of durable services consumed in period 0,
Q0 , is deﬁned as follows for this one hoss shay depreciation model:
Q0 ≡ q 0 + q −1 + q −2 + · · · + q −(L−1) .

(13.38)

Thus in this model of depreciation, the vintage quantity aggregate is the simple sum of household
purchases over the last L periods. As was the case with the geometric depreciation model, the
one hoss shay model does not require index number aggregation over vintages: there is a constant
service price p0 and the associated period 0 quantity Q0 is a weighted sum of past purchases for
the geometric model and a simple sum over the purchases of the last L periods for the light bulb
model.*39

13.6.5 The Empirical Estimation of Depreciation Rates
How can the diﬀerent models of depreciation be distinguished empirically? For durable goods that
do not change in quality over time, there are three possible methods for determining the sequence of
vintage depreciation rates:*40
• By making a rough estimate of the average length of life L for the durable good and then by
assuming a depreciation model that seems most appropriate.*41
• By using cross sectional information on used durable prices at a single point in time and then
using equations (13.15)-(13.17) above to determine the corresponding sequence of vintage
depreciation rates.
• By using cross sectional information on the rental or leasing prices of the durable as a function
of the age of the durable and then equations (13.21) or (13.22), along with information on
the appropriate nominal interest rate and expected durables inﬂation rate, can be used to
determine the corresponding sequence of vintage depreciation rates.
In practice, the third method listed above has not been used (except for rental housing) because the
rental markets do not exist or due to diﬃculties in obtaining the required information on rents by
the age of the asset.
Typically, the second method for determining depreciation rates is also not used as described above
due to missing information; i.e., not all vintages of the durable are sold on the marketplace at any
one point in time. Under these circumstances, an econometric model is constructed that makes
use of the limited information on used durable prices but allows the econometrician to estimate the
vintage depreciation rates.*42

13.7 Unique Durable Goods and the User Cost Approach
In the previous sections, it was assumed that a newly produced unit of the durable good remained
the same from period to period. This means that the various vintages of the durable good repeat
themselves going from period to period and hence a particular vintage of the good in the current
period can be compared with the same vintage in the next period. In particular, consider the period
0 user cost of a new unit of a durable good p00 deﬁned earlier by (13.8). For convenience, the formula
*39
*40
*41
*42

Thus (13.38) is the quantity aggregate counterpart to (13.27).
These three classes of methods were noted in Malpezzi, Ozanne and Thibodeau (1987; 373-375)[397] in the
housing context.
A length of life L is usually converted into an equivalent geometric depreciation rate δ by setting δ equal to a
number between 1/L and 2/L.
See Hall (1971)[300], Beidelman (1973)[56] (1976)[57] and Hulten and Wykoﬀ (1981a)[350] (1981b)[351]. See also
the discussion of alternative methods for estimating housing depreciation in Malpezzi, Ozanne and Thibodeau
(1987; 373)[397].
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is repeated here:
p00 = [(1 + r0 ) − (1 − δ0 )(1 + i0 )]P 0 = [r0 − i0 + δ0 (1 + i0 )]P 0 .

(13.39)

Recall that P 0 is the beginning of period 0 purchase price for the durable, r0 is the nominal opportunity cost of capital that the household faces in period 0, i0 is the anticipated period 0 inﬂation rate
for the durable good and δ0 is the one period depreciation rate for a new unit of the durable good. In
previous sections, it was assumed that the period 0 user cost p00 for a new unit of the durable could
be compared with the corresponding period 1 user cost p10 for a new unit of the durable purchased
in period 1. This period 1 user cost can be deﬁned as follows:
p10 = [(1 + r1 ) − (1 − δ0 )(1 + i1 )]P 0 = [r1 − i1 + δ0 (1 + i1 )]P 0 .

(13.40)

However, many durable goods are produced as one of a kind models. For example, a new house may
have many features that are speciﬁc to that particular house. An exact duplicate of it is unlikely
to be built in the following period. Thus if the user cost for the house is constructed for period
0 using formula (13.39) where the new house price P 0 plays a key role, then since there will not
necessarily be a comparable new house price for the same type of unit in period 1, it will not be
possible to construct the period 1 user cost for a house of the same type, p10 deﬁned by (13.40), since
the comparable new house price P 1 will not be available.
Recall the notation that was introduced in section 13.6.1 above where Pvt was the second hand market
price at the beginning of period t of a unit of a durable good that is v periods old. Deﬁne δv to
be the depreciation rate for a unit of the durable good that is v periods old at the beginning of the
period under consideration. Using this notation, the user cost of the house (which is now one period
old) for period 1, p11 can be deﬁned as follows:
p11 ≡ (1 + r1 )P11 − (1 − δ1 )(1 + i1 )P11

(13.41)

where P11 is the beginning of period 1 price for the house that is now one period old, r1 is the
nominal opportunity cost of capital that the household faces in period 1, i1 is the anticipated period
1 inﬂation rate for the durable good and δ1 is the one period depreciation rate for a house that is one
period old. For a unique durable good, there is no beginning of period 1 price for a new unit of the
durable, P 1 , but it is natural to impute this price as the potentially observable market price for the
used durable, P11 , divided by one minus the period 0 depreciation rate, δ0 ; i.e., deﬁne an imputed
period 1 price for a new unit of the unique durable as follows:
P 1 ≡ P11 /(1 − δ0 ).

(13.42)

If (13.42) is solved for P11 and the solution is substituted into the user cost deﬁned by (13.41), then
the following expression is obtained for p11 , the period 1 user cost of a one period old unique consumer
durable:
p11 ≡ (1 − δ0 )[(1 + r1 ) − (1 − δ1 )(1 + i1 )]P 1
(13.43)
If it is further assumed that the unique consumer durable follows the geometric model of depreciation,
then
δ ≡ δ0 = δ1 .
(13.44)
Substituting (13.44) into (13.43) and (13.40) leads to the following relationship between the imputed
rental cost in period 1 of a new unit of the consumer durable, p10 , and the period 1 user cost of the
one period old consumer durable, p11 :
p10 = p11 /(1 − δ).
(13.45)
Thus in order to obtain an imputed rental price for the unique consumer durable for period 1, p10 ,
that is comparable to the period 0 rental price for a new unit of the consumer durable, p00 , it is
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necessary to make a quality adjustment to the period 1 rental price for the one period old durable,
p11 , by dividing this latter price by one minus the one period geometric depreciation rate, δ. This
observation has implications for the quality adjustment of observed market rents of houses. Without
this type of quality adjustment, observed dwelling unit rents will have a downward bias, since the
observed rents do not adjust for the gradual lowering of the quality of the unit due to depreciation
of the unit.*43
Note also that in order to obtain an imputed purchase price for the unique consumer durable for
period 1, P 1 , that is comparable to the period 0 purchase price for a new unit of the consumer
durable, P 0 , it is necessary to make a quality adjustment to the period 1 used asset price for the one
period old durable, P11 , by dividing this latter price by one minus the period 0 depreciation rate, δ0 ;
recall equation (13.42) above.*44
This section is concluded with some observations on the diﬃculties for economic measurement that
occur when it is attempted to determine depreciation rates empirically for unique assets. Consider
again equation (13.42), which allows one to express the potentially observable market price of the
unique asset at the beginning of period 1, P11 , as being equal to (1−δ0 )P 1 , where P 1 is a hypothetical
period 1 price for a new unit of the unique asset. If it is assumed that this hypothetical period 1
new asset price is equal to the period 0 to 1 inﬂation rate factor (1 + i0 ) times the observable period
0 asset price P 0 , then the following relationship between the two observable asset prices is obtained:
P11 = (1 − δ0 )(1 + i0 )P 0 .

(13.46)

Thus the potentially observable period 1 used asset price P11 is equal to the period 0 new asset price
P 0 times the product of two factors: (1 − δ0 ), a quality adjustment factor that takes into account
the eﬀects of aging on the unique asset, and (1 + i0 ), a period to period pure price change factor
holding quality constant. The problem with unique assets is that cross sectional information on
used asset prices at any point in time is no longer available to enable one to sort out the separate
eﬀects of these two factors. Thus there is a fundamental identiﬁcation problem with unique assets;
without extra information or assumptions, it will be impossible to distinguish the separate eﬀects
of asset deterioration and asset inﬂation.*45 In practice, this identiﬁcation problem is solved by
making somewhat arbitrary assumptions about the form of depreciation that the asset is expected
to experience.*46
Housing is the primary example of a unique asset. But in addition to the problems outlined in this
section, there are other major problems associated with this particular form of unique asset. These
problems will be discussed in the following sections.
*43

*44

*45

*46

There is an exception to this general observation: if housing depreciation is of the one hoss shay type, then there
is no need to quality adjust observed rents for the same unit over time. However, one hoss shay depreciation is
empirically unlikely in the housing market since renters are generally willing to pay a rent premium for a new
unit over an older unit of the same type. For empirical evidence of this age premium, see Malpezzi, Ozanne and
Thibodeau (1987; 378)[397] and Hoﬀman and Kurz (2002; 19)[342].
This type of quality adjustment to the asset prices for unique consumer durables will always be necessary; i.e.,
there is no exception to this rule as was the case for one hoss shay depreciation in the context of quality adjusting
rental prices.
Special cases of this fundamental identiﬁcation problem have been noted in the context of various econometric
housing models: “For some purposes one might want to adjust the price index for depreciation. Unfortunately,
a depreciation adjustment cannot be readily estimated along with the price index using our regression method.
. . . In applying our method, therefore, additional information would be needed in order to adjust the price index
for depreciation.” Martin J. Bailey, Richard F. Muth and Hugh O. Nourse (1963; 936)[19]. “The price index
and depreciation are perfectly collinear, so if one cares about the price index, it is necessary to use external
information on the geometric depreciation rate of houses.” Raymond B. Palmquist (2003; 43)[423].
For example, if the unique asset is a painting by a master, then the depreciation rate can be assumed to be very
close to zero. As another example, a reasonable guess at the likely length of life L of the unique asset could be
made and then the one hoss shay or straight line depreciation models could be implemented. Alternatively, the
length of life L could be converted into an equivalent geometric depreciation rate δ using the conversion rule
δ = n/L where n is a number between 1 and 2.
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13.8 The User Cost of Owner Occupied Housing
Owner occupied housing is typically an example of a unique consumer durable so that the material
on the quality adjustment of both stock and rental prices developed in the previous section applies to
this commodity. However, owner occupied housing is also an example of a composite good; i.e., two
distinct commodities are bundled together and sold (or rented) at a single price. The two distinct
commodities are:
• the structure and
• the land that the structure sits on.
To model this situation, consider a particular newly constructed dwelling unit that is purchased at
the beginning of period 0. Suppose that the purchase price is V 0 . This value can be regarded as
the sum of a cost of producing the structure, PS0 Q0S , where Q0S is the number of square meters of
ﬂoor space in the structure and PS0 is the beginning of period 0 price of construction per square
meter, and the cost of the land, PL0 Q0L , where Q0L is the number of square meters of the land that
the structure sits on and the associated yard and PL0 is the beginning of period 0 price of the land
per square meter.*47 Thus at the beginning of period 0, the value of the dwelling unit is V 0 deﬁned
as follows:
V 0 = PS0 Q0S + PL0 Q0L .
(13.47)
Suppose that the anticipated price of a unit of a new structure at the beginning of period 1 is PS1a
and that the anticipated price of a unit of land at the beginning of period 1 is PL1a . Deﬁne the period
0 anticipated inﬂation rates for new structures and land, i0S and i0L respectively, as follows:
1 + i0S ≡ PS1a /PS0 ;

(13.48)

1 + i0L ≡ PL1a /PL0 .

(13.49)

Let δ0 be the period 0 depreciation rate for the structure. Then the anticipated beginning of period
1 value for the structure and the associated land is equal to
V 1a = PS1a (1 − δ0 )Q0S + PL1a Q0L .

(13.50)

Note the presence of the depreciation term (1 − δ0 ) on the right hand side of (13.50). Should this
term be associated with the expected beginning of period 1 price for a new unit of structures PS1a
or with the structures quantity term Q0S ? On the principle that like should be compared to like for
prices, it seems preferable to associate (1 − δ0 ) with the quantity term Q0S . This is consistent with
the treatment of unique assets that was suggested in the previous section; i.e., the initial quantity
of structures Q0S should be quality adjusted downwards to the amount (1 − δ0 )Q0S at the beginning
of period 1.
Now calculate the cost (including the imputed opportunity cost of capital r0 ) of buying the dwelling
unit at the beginning of period 0 and (hypothetically) selling it at the end of period 0. The following
end of period 0 user cost or imputed rental cost R0 for the dwelling unit is obtained using (13.47)-

*47

If the dwelling unit is part of a multiple unit structure, then the land associated with it will be the appropriate
share of the total land space.
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(13.50):
R0 ≡ V 0 (1 + r0 ) − V 1a
= [PS0 Q0S + PL0 Q0L ](1 + r0 ) − [PS1a (1 − δ0 )Q0S + PL1a Q0L ]
= [PS0 Q0S + PL0 Q0L ](1 + r0 ) − [PS0 (1 + i0S )(1 − δ0 )Q0S + PL0 (1 + i0L )Q0L ]
= p0S Q0S + p0L Q0L

(13.51)

where separate period 0 user costs of structures and land, p0S and p0L , are deﬁned as follows:
p0S = [(1 + r0 ) − (1 + i0S )(1 − δ0 )]PS0 = [r0 − i0S + δ0 (1 + i0S )]PS0 ;

(13.52)

p0L

(13.53)

0

= [(1 + r ) − (1 +

i0L )]PL0

0

= [r −

i0L ]PL0 .

Note that the above algebra indicates some of the major determinants of market rents for rental
properties. The user cost formulae deﬁned by (13.52) and (13.53) can be further simpliﬁed if the
same approximations that were made in section 13.4 above are made here (recall equation (13.9)
above); i.e., assume that the terms r0 − i0S and r0 − i0L can be approximated by a real interest rate
r0∗ and neglect the small term δ0 times i0S in (13.52). Then the user costs deﬁned by (13.52) and
(13.53) simplify to:
p0S = [(r0∗ + δ0 )]PS0 ;

(13.54)

p0L = r0∗ PL0 .

(13.55)

Thus the imputed rent for an owner occupied dwelling unit is made up of three main costs:
• The real opportunity cost of the ﬁnancial capital tied up in the structure;
• The real opportunity cost of the ﬁnancial capital tied up in the land;
• The depreciation cost of the structure.
The above simpliﬁed approach to the user cost of housing can be even further simpliﬁed by assuming that the ratio of the quantity of land to structures is ﬁxed and so the aggregate user cost of
0
housing is equal to [r0∗ + δ]PH
, where PH is a quality adjusted housing price index that is based
on all properties sold in the country to households during the period under consideration and δ
is a geometric depreciation rate that applies to the composite of household structures and land.
This super simpliﬁed approach is used by Iceland; see Gudnason (2003; 28-29)[299].*48 A variant of
this approach is used by the Bureau of Economic Analysis: Lebow and Rudd (2003; 168)[387] note
that the US national accounts imputation for the services of owner occupied housing is obtained by
applying rent to value ratios for tenant occupied housing to the stock of owner occupied housing.
The rent to value ratio can be regarded as an estimate of the applicable real interest rate plus the
depreciation rate.*49
Returning to the period 0 imputed rental cost model for a new structure deﬁned by (13.47)-(13.53),
now calculate the cost (including the imputed opportunity cost of capital r1 ) of buying the used
dwelling unit at the beginning of period 1 and (hypothetically) selling it at the end of period 1.
Thus at the beginning of period 1, the value of the depreciated dwelling unit is V 1 deﬁned as follows:
V 1 = PS1 (1 − δ0 )Q0S + PL1 Q0L
*48

*49

(13.56)

The real interest rate that is used is approximately 4% per year and the combined depreciation rate for land
and structures is assumed to equal 1.25% per year. The depreciation rate for structures alone is estimated to
be 1.5% per year. Property taxes are accounted for separately in the Icelandic CPI. Housing price information
is provided by the State Evaluation Board based on property sales data of both new and old housing. The SEB
also estimates the value of the housing stock and land in Iceland, using a hedonic regression model based on
property sales data. The value of each household’s dwelling is collected in the Household Budget Survey.
However, as will be seen in sections 13.10 and 13.11 below, this method of imputing the value of Owner Occupied
Housing services is likely to give a weight to OOH that is too large.
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where PS1 is the beginning of period 1 construction price for building a new dwelling unit of the same
type and PL1 is the beginning of period 1 price of land for the dwelling unit. Note that (13.56) is an
end of period 0 ex post or actual value of the dwelling unit whereas the similar expression (13.50)
deﬁned a beginning of period 0 ex ante or anticipated value of the dwelling unit.
Suppose that the anticipated price of a unit of a new structure at the beginning of period 2 is PS2a
and that the anticipated price of a unit of land at the beginning of period 2 is PL2a . Deﬁne the period
1 anticipated inﬂation rates for new structures and land, i1S and i1L respectively, as follows:
1 + i1S ≡ PS2a /PS1 ;

(13.57)

1 + i1L ≡ PL2a /PL1 .

(13.58)

Let δ1 be the period 1 depreciation rate for the structure. Then the anticipated beginning of period
2 value for the structure and the associated land is equal to
V 2a = PS2a (1 − δ0 )(1 − δ1 )Q0S + PL2a Q0L .

(13.59)

The following end of period 1 user cost or imputed rental cost R11 for a one period old dwelling unit
is obtained using (13.56)-(13.59):
R11 ≡ V 1 (1 + r1 ) − V 2a
= [PS1 (1 − δ0 )Q0S + PL1 Q0L ](1 + r1 ) − [PS2a (1 − δ0 )(1 − δ1 )Q0S + PL2a Q0L ]
= [PS1 (1 − δ0 )Q0S + PL1 Q0L ](1 + r1 ) − [PS1 (1 + i1S )(1 − δ0 )(1 − δ1 )Q0S + PL1 (1 + i1L )Q0L ]
= p1S1 (1 − δ0 )Q0S + p1L Q0L

(13.60)

where the period 1 user costs of one period old structures and land, p1S1 and p1L , are deﬁned as
follows:
p1S1 = [(1 + r1 ) − (1 + i1S )(1 − δ1 )]PS1 = [r1 − i1S + δ1 (1 + i1S )]PS1 ;
p1L

1

= [(1 + r ) − (1 +

i1L )]PL1

1

= [r −

i1L ]PL1 .

(13.61)
(13.62)

Comparing the period 0 user cost of land p0L deﬁned by (13.53) with the period 1 user cost of land
p1L deﬁned by (13.62), it can be seen that these user costs have exactly the same form and hence are
comparable. However, comparing the period 0 user cost for a new structure p0S deﬁned by (13.52)
with the period 1 user cost for a one period old structure p1S1 deﬁned by (13.61), it can be seen
that these user costs are not quite comparable unless the period 0 depreciation rate δ0 is equal to
the period 1 depreciation rate δ1 . If declining balance depreciation for structures is assumed, then
δ0 = δ1 = δ, where δ is the common depreciation rate across all periods. Under this assumption,
p1S1 is comparable to the period 0 user cost for a new unit of structures p0S since p1S1 turns out to
equal the user cost for the services of a new structure during period 1.*50 However, even under the
assumption of geometric depreciation, it can be seen that the period 1 imputed rent for a one period
old dwelling unit R11 deﬁned by (13.60) is not comparable to the corresponding period 0 imputed
rent for a new dwelling unit R0 deﬁned by (13.51). The imputed rent R1 that would be comparable
to R0 can be deﬁned as follows:
R1 ≡ p1L Q0L + p1S Q0S = R11 + p1S δQ0S
*50

(13.63)

Thus when δ0 = δ1 = δ, a constant quality price index for the services of the structure over the two periods is
p1S1 /p0S = p1S /p0S . Note that the corresponding constant quality quantity index for the services of the structure
is equal to (1 − δ)Q0S /Q0S = 1 − δ. Thus depreciation of the structure is regarded as an eﬀect on the quantity
of structure services and not on the price of structure services.
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where the period 1 user cost of structures p1S is deﬁned by the right hand side of (13.61) but with δ1
equal to the common depreciation rate δ and the period 1 user cost of land p1L is deﬁned by (13.62).
Equation (13.63) has the following implication for the quality adjustment of the price of a rental
property: if R0 is the observed rent of the unit in period 0 and R11 is the observed rent for the same
dwelling unit in period 1, then the observed rent R11 is too low compared to R0 and so the period
1 observed rent should be quality adjusted upwards by the period 1 rental price for structures p1S
times the amount of physical depreciation δQ0S in the structure that occurred in the previous period.
This is the same point that was made in section 13.7 but in this section, the complications due to
fact that housing services are a mixture of structure and land services are taken into account.
It is evident that the main drivers for the user costs of structures and land are a price index for
new dwelling construction, PSt , and a price index for residential land, PLt . Most statistical agencies
have a constant quality price index for new residential structures, since this index is required in the
national accounts in order to deﬂate investment expenditures on residential structures. This index
could be used as an approximation to PSt .*51 The national accounts also require an imputation
for the services of owner occupied housing and thus the constant quality price component of this
imputation may be suitable for Consumer Price Index purposes.*52 If the national accounts division
also computes quarterly real balance sheets for the economy, then a price index for residential land
may be available to the prices division. However, even if this is the case, there will be problems
in producing this price index for land on a timely basis and at a monthly frequency.*53 Another
possible source of information on land prices may be found in land title registry oﬃces and in the
records of real estate ﬁrms.
In the following section, the problems involved in obtaining a constant quality price index for either
rents or the purchase price of a housing unit are examined in a bit more detail.

13.9 The Empirical Estimation of Housing Price Indexes
There are two broad approaches to constructing constant quality price indexes for the purchase price
of a housing unit:
• The repeat sales approach;
• The hedonic regression approach.
Both of these approaches will be discussed below. The hedonic regression approach can also be
applied to the problem of constructing constant quality indexes of rent.
We discuss ﬁrst the repeat sales approach, due to Bailey, Muth and Nourse (1963)[19], who saw their
procedure as a generalization of the chained matched model methodology that was used by the early
pioneers in the construction of real estate price indexes like Wyngarden (1927)[547] and Wenzlick
(1952)[539]. We ﬁrst describe this matched model methodology for the case of three periods, which
will suﬃce to illustrate the general case.

*51
*52

*53

This index may only be an approximation since it covers the construction of rental properties as well as owner
occupied dwellings.
However, the national accounts imputation for the services of Owner Occupied Housing will only be produced
on a quarterly basis and so some additional work will be required to produce a price deﬂator on a monthly
basis. Also even though the SNA93 recommends that the imputation for the services of OOH be based on the
rental equivalent method, it may be the case that the imputation covers only the imputed depreciation on the
structures part of OOH. As was pointed out above, there are two other important additional components that
should also be included in OOH services; namely, the imputed real interest on the structures and the land on
which the structures sit. These latter two components of imputed expenditures are likely to be considerably
larger than the depreciation component.
Another source of information on the value of residential land may be available from the local property tax
authorities, particularly if properties are assessed at market values.
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Suppose that there is a certain set of housing units S(0, 1) that are in scope for the index and are sold
in both periods 0 and 1. Denote the sales price for property n sold in period t by Vnt for n ∈ S(0, 1)
and t = 0, 1. Let P 0,1 be the property price index going from period 0 to 1. Then a reasonable
stochastic model that relates the ratio of the sales prices of the properties, Vn1 /Vn0 , to the price index
P 0,1 is:
Vn1 /Vn0 = P 0,1 exp un0,1 ; n ∈ S(0, 1)
(13.64)
where u0,1
n is an independently distributed error term with mean 0 and constant variance. Taking
logarithms of both sides of (13.64) leads to the following linear regression model:
ln[Vn1 /Vn0 ] = π 0,1 + u0,1
n ;

n ∈ S(0, 1)

(13.65)

where the single parameter π 0,1 is deﬁned as the logarithm of the price index P 0,1 ; i.e.,
π 0,1 ≡ ln P 0,1 .

(13.66)

The least squares estimator for π 0,1 is the arithmetic average of the logarithms of the sales price
ratios. Exponentiating this estimator leads to the following estimator for the property price index
going from period 0 to 1:*54
∏
[Vn1 /Vn0 ]1/N (0,1)
(13.67)
P 0,1∗ ≡
n∈S(0,1)

where N (0, 1) is the number of houses in the sample that sold in both periods 0 and 1; i.e., it is the
number of houses in the set S(0, 1). Thus the estimated property price index is simply the equally
weighted geometric mean of sales price ratios Vn1 /Vn0 for all the properties that sold in both periods
0 and 1. This is a typical matched model estimator for an elementary price index.
The above model can be repeated for sales of houses in the target population that sold in both
periods 1 and 2. The equations that correspond to (13.65)-(13.67) above are (13.68)-(13.70) below:
ln[Vn2 /Vn1 ] = π 1,2 + u1,2
n ;

n ∈ S(1, 2)

(13.68)

where S(1, 2) is the set of houses that sold in both periods 1 and 2 and the parameter π 1,2 is deﬁned
as the logarithm of the property price index going from period 1 to 2, P 1,2 ; i.e.,
π 1,2 ≡ ln P 1,2 .

(13.69)

The least squares estimator for π 1,2 is the arithmetic average of the logarithms of the sales price
ratios. Exponentiating this estimator leads to the following estimator for the property price index
going from period 1 to 2:
∏
P 1,2∗ ≡
[Vn2 /Vn1 ]1/N (1,2)
(13.70)
n∈S(1,2)

where N (1, 2) is the number of sales of houses in the sample that sold in both periods 1 and 2.
Using the above regression estimates, the levels of the property price index, P t , for periods t = 0, 1, 2
can be deﬁned as follows:
P 0 ≡ 1; P 1 = P 0,1∗ ; P 2 = P 0,1∗ P 1,2∗ .
(13.71)
Thus the price index level P t is set equal to 1 in the base period 0; in period 1, it is equal to the
estimated matched model price index going from period 0 to 1, and in period 2, it is equal to the
product of the period 1 level times the estimated matched model price index going from period 1 to
2.
*54

There will be a (typically small) bias associated with exponentiating an unbiased estimator; i.e., P 0,1∗ will be
biased. See Goldberger (1968)[288].

292

Chapter 13 The Treatment of Owner Occupied Housing and Other Durables

The above material explains the chained matched model method that was used prior to the work
of Bailey, Muth and Nourse. The innovation made by Bailey, Muth and Nourse (1963)[19] was to
reparameterize the regression model deﬁned by (13.65) and (13.68) and to add an additional set of
estimating equations for repeat sales that took place in periods 0 and 2. Thus the Bailey, Muth and
Nourse estimating equations for the case where there are three periods of data on repeat sales are
the following ones:
ln[Vn1 /Vn0 ] = π 1 − π 0 + u0,1
n ;

n ∈ S(0, 1);

(13.72)

ln[Vn2 /Vn1 ]
ln[Vn2 /Vn0 ]

n ∈ S(1, 2);

(13.73)

n ∈ S(0, 2)

(13.74)

2

1

2

0

=π −π +
=π −π +

u1,2
n ;
0,2
un ;

where S(0, 2) is the set of housing units in the target population that sold in periods 0 and 2 and
the π t are the logarithms of the housing price levels P t in each period; i.e.,
π 0 ≡ ln P 0 ; π 1 ≡ ln P 1 ; π 2 ≡ ln P 2 .

(13.75)

It turns out that not all of the parameters π 0 , π 1 and π 2 in (13.72)-(13.74) can be identiﬁed*55 and
hence, it is necessary to impose a normalization on the π t . The natural normalization is
π 0 = 0 or P 0 = 1.

(13.76)

Substituting the normalization (13.76) into (13.72)-(13.74) leads to a simple linear regression model
that can be used to obtain least squares estimates for the parameters π 1 and π 2 , which we denote by
π 1∗ and π 2∗ . Exponentiating these estimates leads to estimates for the period 1 and 2 price levels,
P 1∗ and P 2∗ respectively. Hence the Bailey Muth and Nourse estimates for the housing price levels
in the three periods are deﬁned as follows:
P 0 ≡ 1; P 1∗ ≡ exp π 1∗ ; P 2∗ ≡ exp π 2∗ .

(13.77)

It is clear that the Bailey, Muth and Nourse repeat sales model is a big improvement over the original
chained repeat sales model since it utilizes the available information on house sales in a statistically
more eﬃcient manner.*56
The above three period model generalizes readily to the general case of T periods considered by
Bailey, Muth and Nourse (1963)[19] but the details will be left to the reader to work out.
We now begin our discussion of the hedonic regression approach to constructing constant quality
price indexes for housing. Hedonic regression models work with price levels rather than price ratios
as dependent variables. Before we discuss a general hedonic regression model for housing, it will be
useful to put the above repeat sales model into a levels framework so that the diﬀerences between
the repeat sales model and a general hedonic model can be assessed.
Consider the three period case again but now suppose that there is a sample of N houses that sold
in each of the three periods. Then a reasonable stochastic model for the prices of the houses Vnt in
each period t might be the following one:
Vnt = αn P t exp utn ;

n = 1, 2, . . . , N ; t = 0, 1, 2

(13.78)

where P t is the housing price index level for period t, αn is a parameter that reﬂects the quality of
housing unit n relative to “average” quality and utn is an independently distributed error term with
*55
*56

Adding a constant to each π t leaves the regression unchanged.
The Bailey, Muth and Nourse regression model has not increased the number of parameters to be estimated
(two) but it has added an extra N (0, 2) degrees of freedom to the regression model.
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mean zero and constant variance. Taking logarithms of both sides of (13.78) leads to the following
system of estimating equations:
ln Vnt = βn + π t + utn ;

n = 1, 2, . . . , N ; t = 0, 1, 2

(13.79)

n = 1, 2, . . . , N ;

(13.80)

t = 0, 1, 2.

(13.81)

where the βn and π t are deﬁned as follows:
βn ≡ ln αn ;
t

t

π ≡ ln P ;

Equations (13.79) deﬁne a linear regression model in the unknown parameters βn and π t . However,
as in the previous model, these parameters are not all identiﬁed*57 and so a normalization must be
imposed. A natural normalization is (13.76); i.e., we set π 0 equal to 0.
It turns out that the linear regression model deﬁned by (13.79) and (13.76) is precisely the same as
the country product dummy model (with complete data) for three countries that was invented by
Robert Summers (1973)[495] in the context of making price comparisons between countries. It is
also a special case of the product dummy hedonic regression model proposed by Aizcorbe, Corrado
and Doms (2001)[6].
It is possible to obtain an explicit formula for the least squares estimators for π 1 and π 2 in the linear
regression model deﬁned by (13.76) and (13.79). The vector of dependent variables in the regression
model can be written as the sum of the vectors of exogenous variables times their corresponding least
squares estimates plus the vector of least squares residuals. It is well known that the inner product
of each exogenous vector with the vector of least squares residuals is zero.*58 This means that the
least squares estimators for the unknown parameters in the regression model satisfy the following
N + 2 equations:
∑N
n=1
∑N

ln Vn0 +

n=1
ln Vn1 +

ln Vn1 =
ln Vn2 =
ln Vn2 =

∑N
n=1
∑N

βn∗ + N π 1∗ ;

βn∗
n=1
3βn∗ + π 1∗

(13.82)

+ N π 2∗ ;
+ π 2∗ ;

(13.83)
n = 1, 2, . . . , N.

(13.84)

Use equations (13.84) to eliminate the βn∗ from equations (13.82) and (13.83) and the resulting two
linear equations involving the unknowns π 1∗ and π 2∗ can readily be solved. The solutions are:
π 1∗ = (1/N )

∑N
n=1

ln[Vn1 /Vn0 ]; π 2∗ = (1/N )

∑N
n=1

ln[Vn2 /Vn0 ].

(13.85)

Using the inverses of equations (13.81), the π t∗ deﬁned by equations (13.85) translate into the
following estimates for the period 1 and 2 price levels, P 1∗ and P 2∗ respectively:
P 1∗ =

∏N
n=1

[Vn1 /Vn0 ]1/N ; P 2∗ =

∏N
n=1

[Vn2 /Vn0 ]1/N .

(13.86)

Thus this complete information country product dummy model leads to the geometric mean of the
∏N
period 1 values relative to the corresponding period 0 values, n=1 [Vn1 /Vn0 ]1/N , as the estimate for
the period 1 housing price level P 1∗ , and to the geometric mean of the period 2 values relative to the
∏N
corresponding period 0 values, n=1 [Vn2 /Vn0 ]1/N , as the estimate for the period 2 housing price level
*57
*58

A constant can be added to each βn and subtracted from each π t without changing the regression model.
Write the regression model as y = Xβ + u. The vector of least squares estimates β ∗ for β is deﬁned as
β ∗ ≡ (XT X)−1 XT y. Hence β ∗ satisﬁes the system of equations XT (Xβ ∗ ) = XT y or XT [y − Xβ ∗ ] = 0K
where X has K linearly independent columns. Thus taking the inner product of the kth column of X with
y − Xβ ∗ gives us 0 for each column k.
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P 2∗ . Note that this result is very similar to that of the chained matched model originally proposed
by Wyngarden (1927)[547] and Wenzlick (1952)[539], except that instead of using the chain principle,
the country product dummy method ends up using the ﬁxed base principle.
We now consider a more realistic model where not every house in the sample trades in each period.
In order to minimize notational complexities, we will consider only the case of two periods. Using
our earlier notation, let S(0, 1) be the set of housing units that sold in both periods 0 and 1. Taking
into account the normalization (13.76), the estimating equations corresponding to these houses are:
ln Vn0 = βn + u0n ;

n ∈ S(0, 1);

ln Vn1 = βn + π 1 + u1n ;

n ∈ S(0, 1).

(13.87)
(13.88)

Let S(0 ∼ 1) denote the set of housing units in the target population that sold in period 0 but not
in period 1. The estimating equations for these observations are:
ln Vm0 = γm + u0m ;

m ∈ S(0 ∼ 1)

(13.89)

where γm is the logarithm of the quality adjustment factor for the mth housing unit that sold in
period 0 but not in period 1. Similarly, let S(1 ∼ 0) denote the set of housing units in the target
population that sold in period 1 but not in period 0. The estimating equations for these observations
are:
ln Vk1 = δk + u0k ; k ∈ S(1 ∼ 0)
(13.90)
where δk is the logarithm of the quality adjustment factor for the kth housing unit that sold in period
1 but not in period 0. The linear regression model deﬁned by equations (13.87)-(13.90) is the same
as the two country version of Summer’s (1973)[495] country product dummy model (with incomplete
information); it is also identical to the two period case of the Aizcorbe, Corrado and Doms (2001)[6]
dummy product hedonic regression model.
∗
Let π 1∗ , βn∗ , γm
and δk∗ denote the least squares estimates of the parameters π 1 , βn , γm and δk that
appear in (13.87)-(13.90). The stacked vector of dependent variables in equations (13.87)-(13.90) can
be written as the sum of the vectors of exogenous variables times their corresponding least squares
estimates plus the vector of least squares residuals. As noted above, the inner product of each
exogenous vector with the vector of least squares residuals is zero. This means that the least squares
estimators for the unknown parameters in the regression model satisfy the following equations:*59
∑
∑
ln Vn1 +
ln Vk1
n∈S(0,1)
k∈S(1∼0)
∑
∑
(13.91)
δk∗ + N (1 ∼ 0)π 1∗ ;
βn∗ + N (0, 1)π 1∗ +
=
ln Vn0

+ ln Vn1
ln Vm0
ln Vk1

=
=
=

k∈S(1∼0)

n∈S(0,1)
∗
2βn + π 1∗ ; n ∈ S(0, 1);
∗
γm
; m ∈ S(0 ∼ 1);
δk∗ ; k ∈ S(1 ∼ 0)

(13.92)
(13.93)
(13.94)

where N (0, 1) is the number of housing units that traded in both periods and N (1 ∼ 0) is the number
of housing units that sold in period 1 but not period 0.
Use equations (13.94) to eliminate the δk∗ in equation (13.91) and use equations (13.92) to eliminate
the βn∗ from equation (13.91). The resulting equation shows that π 1∗ is equal to:
∑
ln[Vn1 /Vn0 ]
(13.95)
π 1∗ = [1/N (0, 1)]
n∈S(0,1)

*59

This technique of proof was used by Diewert (2003a)[185] in the context of a hedonic regression model.
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which is the arithmetic average of the logarithms of the sales price ratios for the matched models
in the two periods. Exponentiating (13.95) shows that this simple hedonic regression model, where
each housing unit has only a single dummy variable characteristic, leads to a period 0 to 1 price
index that is equal to the equally weighted geometric mean of the selling prices in period 1 divided
by the geometric mean of the corresponding selling prices of the matched models in period 0. Thus
in the two period case, the dummy variable hedonic regression model and the country product dummy
model give exactly the same result as the matched model method that is used by statistical agencies.
We now consider more general hedonic regression models*60 . A more general hedonic regression
model is the following one:
ln Vnt = π t +

∑K
k=1

t
βk + utn ;
znk

t = 0, 1, 2, . . . , T ; n ∈ S(t)

(13.96)

where S(t) is the set of housing units in the target population that sold (or were rented) in period
t. As usual, utn is an independently distributed error term with mean 0 and constant variance,
t
Vnt is the observed selling price (or rent) of housing unit n in period t and znk
is the amount of
t
characteristic k that this housing unit possesses. The parameter π is equal to the logarithm of the
constant quality price index for period t, P t , so that π t = ln P t for t = 0, 1, . . . , T . The unknown
parameter βk transforms amounts of the kth characteristic zk into constant quality utility units for
k = 1, . . . , K.*61
What are the advantages and disadvantages of the general hedonic regression model deﬁned by
(13.96) compared to the Bailey, Muth and Nourse repeat sales model or to the closely related
product dummy hedonic regression models of Summers and Aizcorbe, Corrado and Doms?
The main advantage of the general hedonic regression model is that it uses all of the information
on housing sales in each sample period in a nontrivial way whereas the repeat sales model does not
use any information at all on isolated sales that take place in only one of the sample periods. We
showed that in the two period case, the product dummy regression model led to an estimator of
quality adjusted price change that did not use any information on unmatched sales. This feature
of the product dummy hedonic regression model carries over to the case of many time periods;
i.e., it is intuitively obvious that when an observation has its very own dummy variable in a linear
regression model, then this observation will not be used to determine any of the other parameters in
the model. Thus if the unmatched prices in the sample of housing prices behave diﬀerently than the
matched prices, it can be seen that a general hedonic regression model can generate quite diﬀerent
price indexes than models that rely only on matched prices.*62 Put another way, a general hedonic
regression model uses all of the sample data in a nontrivial way and not just the data that can be
matched.
The main disadvantage of the general hedonic regression model compared to the repeat sales model
and the product dummy hedonic regression model is the diﬃculty in determining just which characteristics should be included in the model. A closely related issue is that it is diﬃcult to determine
what the appropriate functional form for the hedonic regression is.*63 In section 13.10.4 below,
some of the functional form problems associated with hedonic regression models for housing will be
*60

*61

*62
*63

The main features of a general hedonic regression model were laid out in Court (1939)[99]. This publication
was not readily available to researchers and so the technique was not used widely until the work of Griliches
(1971a)[293] (1971b)[294] popularized the technique. For a recent survey of the hedonic regression technique for
making quality adjustments, see Triplett (2002)[506].
If the vector of characteristics contains a constant term, then there will be exact multicollinearity between this
constant term and the time dummy variables, the π t . Under these conditions, it will be necessary to make a
normalization on the parameters such as π 0 = 0.
For empirical evidence on this point, see the hedonic regression studies of Silver and Heravi (2001)[482]
(2002)[483] (2003)[486].
Functional form problems for hedonic regressions are discussed in Diewert (2003a)[185] (2003c)[187].
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discussed in more detail.*64 But in general, hedonic regression models suﬀer from a lack of reproducibility; i.e., diﬀerent statisticians and econometricians will collect data on diﬀerent characteristics
of housing and assume diﬀerent functional forms for the hedonic regression model (13.96) and thus
come up with diﬀerent measures of quality adjusted price change.
We summarize the advantages and disadvantages of the repeat sales model as compared to a general
hedonic regression model as follows.
The main advantage of the repeat sales model is:
• Reproducibility; i.e., diﬀerent statisticians given the same data on the sales of housing units
will come up with the same estimate of quality adjusted price change.
The main disadvantages of the repeat sales model are:
• It does not use all of the available information on housing unit sales; it uses only information
on housing units that have sold more than once during the sample period.
• It cannot deal adequately with depreciation of the housing structure; i.e., depreciation is
exactly collinear with the time dummy variables π t and thus cannot be distinguished from
the eﬀects of price change. Conversely, a general hedonic regression model for housing can
adjust for the eﬀects of depreciation if the age of the structure is known at the time of sale
(or rental).
• It cannot deal adequately with housing units that have undergone major repairs or renovations.*65 Conversely, a general hedonic regression model for housing can adjust for the eﬀects
of renovations and extensions if (real) expenditures on renovations and extensions are known
at the time of sale (or rental).*66
Both the repeat sales and general hedonic regression approaches to the construction of constant
quality price indexes for housing suﬀer from another problem that has not been mentioned up
to now and that is that both of these methods do not allow the prices to be weighted according
to their economic importance. Thus if the statistical agency adopts a superlative index*67 as its
target index, then prices should be weighted by either quantities or by expenditure shares and from
this perspective, equally weighted geometric means of price relatives are not necessarily close to
their superlative counterparts. The regression models discussed in this section have not made any
mention of weights so the resulting measures of quality adjusted price change could be diﬀerent from
their weighted counterparts.*68 Another problem that has not been discussed is the possibility that
*64

*65

*66

*67

*68

In particular, many hedonic regression studies use the logarithm of a transaction price as the dependent variable.
This speciﬁcation of the hedonic model is usually not consistent with the additive nature of the structure and
land components of a property and the multiplicative nature of the depreciation adjustment as appears in
equations (13.47) and (13.56) which deﬁned the value of a speciﬁc property in successive periods.
Case and Shiller (1989)[82] use a variant of the repeat sales method using US data on house sales in four major
cities over the years 1970-1986. They attempt to deal with the depreciation and renovation problems as follows:
“The tapes contain actual sales prices and other information about the homes. We extracted from the tapes
for each city a ﬁle of data on houses sold twice for which there was no apparent quality change and for which
conventional mortgages applied.” Karl E. Case and Robert J. Shiller (1989; 125-126)[82].
However, usually information on maintenance and renovation expenditures is not available in the context of
estimating a hedonic regression model for housing. Malpezzi, Ozanne and Thibodeau (1987;375-6)[397] comment
on this problem as follows: “If all units are identically constructed, inﬂation is absent, and the rate of maintenance
and repair expenditures is the same for all units, then precise measurement of the rate of depreciation is possible
by observing the value or rent of two or more units of diﬀerent ages. . . . To accurately estimate the eﬀects
of aging on values and rents, it is necessary to control for inﬂation, quality diﬀerences in housing units, and
location. The hedonic technique controls for diﬀerences in dwelling quality and inﬂation rates but cannot control
for most diﬀerences in maintenance (except to the extent that they are correlated with location).”
Superlative indexes were initially introduced as approximations to economic cost of living indexes; see Diewert
(1976)[127] (1978)[128]. But it turns out that various superlative indexes emerge as useful target indexes from the
perspectives of the ﬁxed basket, axiomatic and stochastic approaches as well; see Diewert (2002a; 565-581)[180].
Diewert (2002b)[181] (2003c)[187] discusses how weights can be introduced into both the product dummy and
general hedonic regression models.
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house sales prices might exhibit seasonal ﬂuctuations.*69 The general hedonic regression model cold
accommodate seasonal prices by having seasonal dummy variables as explanatory variables.
Our conclusion at this point is that there is no completely satisfactory solution to the problems
involved in constructing constant quality price indexes for the stock of owner occupied housing. The
hedonic regression approach seems to be superior in principle to the repeat sales approach since the
latter approach cannot deal adequately with depreciation and renovations to the structure part of a
housing unit. However, in practice, the hedonic regression approach has limitations due to its lack
of reproducibility and the lack of information on repairs and renovations.
There are many other diﬃculties associated with measuring the price and quantity of Owner Occupied Housing services. The following section discusses some of the problems involved in modeling
the costs of certain expenditures that are tied to the ownership of a home.

13.10 The Treatment of Costs Tied to Owner Occupied Housing
There are many costs that are quite directly tied to home ownership. However, it is not always
clear how these costs can be decomposed into price and quantity components. Several of these cost
components are listed below and some suggestions for forming their associated prices are suggested.

13.10.1 The Treatment of Mortgage Interest Costs
The derivation of the user cost or expected rental price that an owner of a home should charge for the
use of the dwelling unit for one period implicitly assumed that the owner had no mortgage interest
costs so that the interest rate r0 referred to the owner’s opportunity cost of equity capital. In this
section, the case where the owner has a mortgage on the property is considered.
Recall the notation in the previous section where the user cost or imputed rental cost, R0 , for an
equity ﬁnanced dwelling unit was obtained; see (13.51). Suppose now that the property purchase is
partly ﬁnanced by a mortgage of M 0 dollars at the beginning of period 0. Let f 0 be the fraction of
the beginning of period 0 market value of the property that is ﬁnanced by the mortgage so that
M 0 = f 0 V 0 = f 0 [PS0 Q0S + PL0 Q0L ].

(13.97)

0
Let the one period nominal mortgage interest rate be rM
. The owner’s period 0 beneﬁts of owning the
dwelling unit remain the same as in section 13.8 and are equal to V 1a deﬁned by (13.50). However,
0
the period 0 costs are now made up of an explicit mortgage interest cost equal to M 0 (1+rM
) plus an
0
0
0
imputed equity cost equal to (1 − f )V (1 + r ). Thus the new imputed rent for using the property
during period 0 is now
0
) − V 1a
R0 ≡ (1 − f 0 )V 0 (1 + r0 ) + M 0 (1 + rM
0
= (1 − f 0 )[PS0 Q0S + PL0 Q0L ](1 + r0 ) + f 0 [PS0 Q0S + PL0 Q0L ](1 + rM
)

− [PS1a (1 − δ0 )Q0S + PL1a Q0L ]
0
0∗ 0
= p0∗
S QS + pL QL

(13.98)

0∗
where the new mortgage interest adjusted period 0 user costs of structures and land, p0∗
S and pL ,

*69

Case and Shiller (1989; 127)[82] note that US house prices tend to have a seasonal peak in July.
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are deﬁned as follows:
0
0
0
0
0
0
p0∗
S ≡ [(1 + r )(1 − f ) + (1 + rM )f − (1 + iS )(1 − δ0 )]PS
0
= [(r0 − i0S )(1 − f 0 ) + (rM
− i0S )f 0 + δ0 (1 + i0S )]PS0 ;

(13.99)

0
0
0
0
0
0
p0∗
L ≡ [(1 + r )(1 − f ) + (1 + rM )f − (1 + iL )]PL
0
= [(r0 − i0L )(1 − f 0 ) + (rM
− i0L )f 0 ]PL0 .

(13.100)

Comparing the new user costs for structures and land deﬁned by (13.99) and (13.100) with the
corresponding equity ﬁnanced user costs deﬁned by (13.52) and (13.53) in the previous section, it
can be seen that the old equity opportunity cost of capital r0 is now replaced by a weighted average
0
of this equity opportunity cost and the mortgage interest rate, r0 (1 − f 0 ) + rM
f 0 , where f 0 is the
fraction of the beginning of period 0 value of the dwelling unit that is ﬁnanced by the mortgage.
Central bankers often object to the inclusion of mortgage interest in a Consumer Price Index. However, examination of the last equation in (13.99) and in (13.100) shows that the nominal mortgage
0
interest rate rM
has an oﬀsetting beneﬁt due to anticipated price inﬂation in the price of structures,
0
iS in (13.99), and in the price of land, i0L in (13.100), so as usual, what counts in these user cost
formulae are real interest costs rather than nominal ones.

13.10.2 The Treatment of Property Taxes
Recall the user costs of structures and land deﬁned by (13.52) and (13.53) in section 13.8 above. It
is now supposed that the owner of the housing unit must pay the property taxes TS0 and TL0 for the
use of the structure and land respectively during period 0.*70 Deﬁne the period 0 structures tax rate
τS0 and land tax rate τL0 as follows:
τS0 ≡ TS0 /PS0 Q0S ;

(13.101)

τL0

(13.102)

≡

TL0 /PL0 Q0L .

The new imputed rent for using the property during period 0, R0 , including the property tax costs,
is deﬁned as follows:
R0 ≡ V 0 (1 + r0 ) + TS0 + TL0 − V 1a
= [PS0 Q0S + PL0 Q0L ](1 + r0 ) + τS0 PS0 Q0S + τL0 PL0 Q0L
− [PS0 (1 + i0S )(1 − δ0 )Q0S + PL0 (1 + i0L )Q0L ]
= p0S Q0S + p0L Q0L

(13.103)

where separate period 0 tax adjusted user costs of structures and land, p0S and p0L , are deﬁned as
follows:
p0S ≡ [(1 + r0 ) − (1 + i0S )(1 − δ0 ) + τS0 ]PS0
= [r0 − i0S + δ0 (1 + i0S ) + τS0 ]PS0 ;
p0L

≡
=

*70

0

[(1 + r ) − (1 + i0L )
[r0 − i0L + τL0 ]PL0 .

+

(13.104)

τL0 ]PL0
(13.105)

If there is no breakdown of the property taxes into structures and land components, then just impute the overall
tax into structures and land components based on the beginning of the period values of both components.
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Thus the property tax rates, τS0 and τL0 deﬁned by (13.101) and (13.102), enter the user costs of
structures and land, p0S and p0L deﬁned by (13.104) and (13.105), in a simple additive manner; i.e.,
these terms are additive to the previous depreciation and real interest rate terms.*71

13.10.3 The Treatment of Property Insurance
At ﬁrst glance, it would seem that property insurance could be treated in the same manner as the
treatment of property taxes in the previous subsection. Thus let CS0 be the cost of insuring the
structure at the beginning of period 0 and deﬁne the period 0 structures premium rate γS0 as follows:
γS0 ≡ CS0 /PS0 Q0S .

(13.106)

The new imputed rent for using the property during period 0, R0 , including property tax and
insurance costs, is deﬁned as follows:
R0 ≡ V 0 (1 + r0 ) + TS0 + TL0 + CS0 − V 1a
= [PS0 Q0S + PL0 Q0L ](1 + r0 ) + τS0 PS0 Q0S + τL0 PL0 Q0L + γS0 PS0 Q0S
− [PS0 (1 + i0S )(1 − δ0 )Q0S + PL0 (1 + i0L )Q0L ]
= p0S Q0S + p0L Q0L

(13.107)

where separate period 0 tax and insurance adjusted user costs of structures and land, p0S and p0L , are
deﬁned as follows:
p0S ≡ [(1 + r0 ) − (1 + i0S )(1 − δ0 ) + τS0 + γS0 ]PS0
= [r0 − i0S + δ0 (1 + i0S ) + τS0 + γS0 ]PS0 ;
p0L

≡
=

0

[(1 + r ) − (1 + i0L )
[r0 − i0L + τL0 ]PL0 .

+

(13.108)

τL0 ]PL0
(13.109)

Thus the insurance premium rate γS0 appears in the user cost of structures, p0S deﬁned by (13.108),
in an additive manner, analogous to the additive property tax rate term.*72 If it is desired to have
a separate CPI price component for insurance, then the corresponding period 0 and 1 prices can
be deﬁned as γS0 PS0 and γS1 PS1 respectively while the corresponding period 0 and 1 expenditures can
be deﬁned as γS0 PS0 Q0S and γS1 PS1 (1 − δ)Q0S respectively.*73 Of course, if this separate treatment is
implemented, then these terms have to be dropped from the corresponding user costs of structures.
The above treatment of property taxation and insurance assumes that the property taxes and the
premium payments are made at the end of the period under consideration; see (13.107) above. While
this may be an acceptable approximation for the payment of property taxes, it is not acceptable for
the payment of insurance premiums: the premium must be paid at the beginning of the period of
protection rather than at the end. When this complication is taken into account, the user cost of
structures becomes
p0S ≡ [(1 + r0 ) − (1 + i0S )(1 − δ0 ) + τS0 + γS0 (1 + r0 )]PS0
= [r0 − i0S + δ0 (1 + i0S ) + τS0 + γS0 (1 + r0 )]PS0 .

(13.110)

There are some additional problems associated with the modeling of property insurance:
*71
*72
*73

If the price statistician uses the national accounts imputation for the value of owner occupied housing services,
care should be taken to ensure that the value of property taxes is included in this imputation.
This treatment of property insurance dates back to Walras (1954; 268-269)[529].
Similarly, if it is desired to have a separate CPI price component for property taxes on structures, then the
corresponding period 0 and 1 prices can be deﬁned as τS0 PS0 and τS1 PS1 respectively while the corresponding
period 0 and 1 expenditures can be deﬁned as τS0 PS0 Q0S and τS1 PS1 (1 − δ)Q0S respectively.
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• The above user cost derivations assume that the risk of property damage remains constant
from period to period. If the risk of damage changes, then an argument can be made for
quality adjustment of the premium to hold constant the risk so that like can be compared
with like.
• The gross premium approach to insurance is taken in the above treatment; i.e., it is assumed
that dwelling owners pay premiums for property protection services, no matter whether they
have a claim or not. In the net premium approach, payments to settle claims are subtracted
from the gross premium payments.
• The property protection may not be complete; i.e., the insurance policy may have various
limitations on the type of claim that is allowed and there may be a deductible or damage
threshold, below which no claim is allowed. If the deductible changes from period to period,
then the price statistician is faced with a rather complex quality adjustment problem.

Thus it can be seen that there are many diﬃcult problems that remain to be resolved in this area.

13.10.4 The Treatment of Maintenance and Renovation Expenditures
Another problem associated with home ownership is the treatment of maintenance expenditures,
major repair expenditures and expenditures associated with renovations or additions.
Empirical evidence suggests that the normal decline in a structure due to the eﬀects of aging and use
can be oﬀset by maintenance and renovation expenditures. How exactly should these expenditures
be treated in the context of modeling the costs and beneﬁts of home ownership?
A common approach in the national accounts literature is to treat major renovation and repair
expenditures as capital formation and smaller routine maintenance and repair expenditures as current
expenditures. If this approach is followed in the CPI context, then these smaller routine maintenance
expenditures can be treated in the same manner as other nondurable goods and services. The major
renovation and repair expenditures do not enter the CPI in the period that they are made but
these expenditures are capitalized and added to expenditures on new structures for the period under
consideration, so that period 0 investment in structures in constant dollars, IS0 say*74 , would include
both types of expenditures. Let Q0S and Q1S be the stocks (in constant quality units) of owner
occupied structures in the reference population at the beginning of period 0 and 1 respectively. Then
if the geometric model of depreciation is used, so that the constant period to period depreciation
rate δ is applicable, then the beginning of period 1 stock of owner occupied structures Q1S is related
to the beginning of period 0 stock of structures Q0S and the period 0 investment in structures IS0
according to the following equation:
Q1S = (1 − δ)Q0S + IS0 .

(13.111)

Thus if declining balance depreciation is assumed for structures, then the treatment of major repair
and renovation expenditures does not pose major conceptual problems using a conventional capital
accumulation model: it is only necessary to have an estimate for the monthly or quarterly depreciation rate δ, a starting value for the stock of owner occupied structures for some period, information
on new purchases of residential housing structures by the household sector, information on expenditures by owners on major repairs and renovations and a construction price index for new residential
structures. With this information on a timely basis, up to date CPI weights for the stock of owner
occupied structures could be constructed.*75
*74

*75

Let V IS0 be the nominal value of investment in new owner occupied structures in period 0 plus the value of
major renovation expenditures made during period 0. Then the constant dollar quantity of investment could be
deﬁned as IS0 ≡ V IS0 /PS0 where PS0 is the period 0 construction price index for new structures.
However, the practical problems involved in obtaining all of this information on a timely basis are not trivial.
Variants of this approach were used by Christensen and Jorgenson (1969)[90] and Leigh (1980)[389] in order to
construct estimates of the stock of residential structures in the US.
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We now look at how major repair and renovation expenditures could be treated in a repeat sales
regression model that used transactions data on the sale of the same housing unit in two or more
periods. In order to minimize notational complexities, consider a highly simpliﬁed situation where
data on the sale of N houses of a relatively homogeneous type for two consecutive periods are
available. Suppose these sale prices are Vn0 for period 0 and Vn1 for period 1, for n = 1, 2, . . . , N .
Suppose that a price index for structures of this type of property in period 0, PS0 , and a corresponding
price index for land in period 0, PL0 , have been constructed.*76 The price statistician’s problem is
to use the data on the matched sales for the two periods in order to construct estimates of these two
indices for period 1; i.e., the problem is to construct PS1 and PL1 .
The period 0 dwelling unit values for the N properties can be decomposed into the structure and
land components as follows:
0
0
Vn0 = VSn
+ VLn
= αn PS0 Q0Sn + βn PL0 Q0Ln ;

n = 1, 2, . . . , N

(13.112)

0
0
where VSn
and VLn
are the estimated period 0 values of the structure and land of property n in
0
period 0, PS and PL0 are the (known) price index values for structures and land for all properties of
this type in period 0 and Q0Sn and Q0Ln are (known) estimates of the quantity of structures and land
for property n. The numbers αn and βn are property n quality adjustment factors that convert the
property standardized values of structures and land, PS0 Q0Sn and PL0 Q0Ln respectively, into the period
0
0
0 actual market values, VSn
and VLn
respectively; i.e., if estimates of the period 0 market values of
the structures and land for property n are available, then αn and βn can be deﬁned as follows:
0
0
αn ≡ VSn
/PS0 Q0Sn ; βn ≡ VLn
/PL0 Q0Ln ;

n = 1, . . . , N.

(13.113)

Suppose that information on the dollar amount of major repairs and renovations made to property
n during period 0, V Rn0 , is also available for each property n in the sample of properties. Then the
period 1 value for property n, Vn1 , should be approximately equal to
Vn1 = αn PS1 (1 − δ)Q0Sn + V Rn0 + βn PL1 Q0Ln ;

n = 1, 2, . . . , N

(13.114)

where δ is the geometric depreciation rate for structures. All of the variables on the right hand side of
(13.114) are assumed to be known with the exception of the period 1 price index values for structures
and land, PS1 and PL1 respectively, and the one period geometric depreciation rate, δ. If the number
of observations N is greater than three, then it would appear that these three parameters, PS1 , PL1
and δ, could be estimated by a linear regression using the N equations in (13.114) as estimating
equations. However, it turns out that this is not quite correct. The problem is that the parameters
PS1 and (1 − δ) appear in (13.114) in a multiplicative fashion so that while the product of these two
terms will be nicely identiﬁed by the regression, the individual terms cannot be uniquely identiﬁed.
This is just a reappearance of the same problem that was discussed earlier in section 13.7 on unique
consumer durables: the separate eﬀects of aging of the asset (depreciation or capital consumption)
and price appreciation over time cannot be separately identiﬁed using just market data on resales if
the housing unit is regarded as a unique asset.*77
There are three possible solutions to this identiﬁcation problem:
*76
*77

If these period 0 indices are not available, then set PS0 and PL0 equal to 1.
Recall equation (13.46) above. This fundamental identiﬁcation problem was recognized by Bailey, Muth and
Nourse (1963; 936)[19] in the original repeat sales housing article but it was ignored by them and subsequent
users of the repeat sales methodology. Another problem with the housing hedonic regression literature is that
usually, the logarithm of the purchase price is taken as the dependent variable in the regression. While this
speciﬁcation has some advantages, it does not recognize properly the additive nature of the structure and land
components of the housing property. A ﬁnal problem with the traditional hedonic housing literature is that
usually, separate price indices for land and structures are not estimated. It is important to allow for separate
price indices for these two components since usually, the price of land is more volatile and tends to increase
faster than the price of structures over long periods of time.
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• Use an external estimate of the depreciation rate δ;
• Use an external construction price index PS1 instead of estimating it as a parameter in equations
(13.114);
• Abandon the repeat sales approach and use a hedonic regression approach instead.

What would a hedonic regression model look like, taking into account the approximate additivity
of the value of the housing structure and the value of the land that the structure sits on? If the
renovations problem is ignored and geometric depreciation of the structure is assumed, then the
value of a housing unit n in period t that is v periods old, Vnt , should be approximately equal to the
depreciated value of the structure plus the value of the land plus an error term; i.e., the following
relationship should hold approximately:
Vnt = PSt (1 − δ)v QSn + PLt QL + utn

(13.115)

where δ is the one period geometric depreciation rate, QSn is the number of square meters of ﬂoor
space of the original structure for housing unit n, QL is the number of square meters of land that
the housing structure sits on and utn is an error term. PSt is the beginning of period t price level for
structures of this type and PLt is the corresponding price of land for this class of housing units. As
long as there is more than one vintage of structure in the sample (i.e., more than one v), then the
parameters PSt , PLt and δ can be identiﬁed by running a nonlinear regression model using equations
(13.115). Why can the price levels be identiﬁed in the present hedonic regression model whereas they
could not be identiﬁed in the repeat sales model? The answer is that the hedonic model (13.115)
does not assume property speciﬁc quality adjustment factors for each housing unit; instead, all of
the housing units in the sample are assumed to be of comparable quality once prices are adjusted
for the age of the unit and the quantity (in square meters) of original structure and the quantity of
land.
Unfortunately, many housing structures that may have started their lives as identical structures do
not remain the same over time, due to diﬀering standards of maintenance as well as major renovations
and additions to some of the structures. To model this phenomenon, let Rnt be real maintenance,
repair and renovation expenditures on housing unit n during period t and suppose that these real
expenditures depreciate at the geometric rate δR . It is reasonable to assume that these expenditures
add to the value of the housing unit and so equations (13.115) should be replaced by the following
equations:
Vnt = PSt (1 − δ)v QSn + PRt [Rnt + (1 − δR )Rnt−1 + (1 − δR )2 Rnt−2 + · · · + (1 − δR )v Rnt−v ]
+ PLt QL + utn

(13.116)

where PRt is the period t price level for real maintenance, repair and renovation expenditures
on this class of housing units. If information on these real renovation and repair expenditures,
Rnt , Rnt−1 , Rnt−2 , . . . , Rnt−v , is available for each housing unit in the sample of housing units that sold
in period t, then the parameters PSt , PLt , PRt , δ and δR can be identiﬁed by running a nonlinear
regression model using equations (13.116).*78
However, a major practical problem with implementing a hedonic regression model along the above
lines is that usually accurate data on renovation and repair expenditures on a particular dwelling
unit between the construction of the initial housing unit and the present period are not available.
Without accurate data on repairs and renovations, it will be impossible to obtain accurate estimates
of the unknown parameters in the hedonic regression model.
A ﬁnal practical problem with the above hedonic regression model will be mentioned. Theoretically,
“normal” maintenance expenditures could be included in the renovation expenditure terms Rnt in
*78

t from construction price indexes, then these parameters
Alternatively, if price levels are available for PSt and PR
do not have to be estimated.
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(13.116). If this is done, then including normal maintenance expenditures in Rnt will have the eﬀect
of increasing the estimated depreciation rates δ and δR . Thus diﬀerent statistical agencies that have
diﬀerent criteria for deciding where to draw the line between “normal” maintenance and “major”
repair and renovations will produce diﬀerent estimated depreciation rates.
It can be seen that there are many unresolved issues in this area: statistical agency best practice
has not yet emerged.

13.10.5 The Treatment of the Transactions Costs of Home Purchase
Another cost of home ownership needs to be discussed. Normally, when a family purchases a dwelling
unit, they have to pay certain fees and costs, which can include:
• The commissions of real estate agents who help the family ﬁnd the “right” property.
• Various transactions taxes that governments can impose on the sale of the property.
• Various legal fees that might be associated with the transfer of title for the property.
Should the above fees be immediately expensed in the period of purchase or should they simply
be regarded as part of the purchase price of the property and hence be depreciated over time in a
manner analogous to the treatment of structures in the national accounts?
An argument can be made for either treatment. From the viewpoint of the opportunity cost treatment of purchases of durable goods, the relevant price of the dwelling unit in the periods following the
purchase of the property is the after tax and transactions fees value of the property. This viewpoint
suggests that the transactions costs of the purchaser should be immediately expensed in the period
of purchase. However, from the viewpoint of a landlord who has just purchased a dwelling unit
for rental purposes, it would not be sensible to charge the tenant the full cost of these transactions
fees in the ﬁrst month of rent. The landlord would tend to capitalize these costs and recover them
gradually over the time period that the landlord expects to own the property. Thus either treatment
could be justiﬁed and the statistical agency will have to decide which treatment is most convenient
from their particular perspective.

13.11 User Costs for Landlords versus Owners
In the previous section, the various costs associated with home ownership were discussed. Both
home owners and landlords face these costs. Thus they will be reﬂected in market rents and this
“fact” must be kept in mind if the imputed rent approach is used to value the services of Owner
Occupied Housing. If some or all of these associated costs of OOH are covered elsewhere in the CPI
(e.g., home insurance could be separately covered), then the value of imputed rents for OOH must
be reduced by the amount of these expenditures covered elsewhere.
However, in addition to the costs of home ownership that were covered in the previous section,
landlords face a number of additional costs compared to the home owner. These additional costs will
be reﬂected in market rents and thus if market rents are used to impute the services provided by the
ownership of a dwelling unit, then these extra costs should also be removed from the market rents
that are used for imputation purposes, since they will not be relevant for owner occupiers. These
additional landlord speciﬁc costs will be discussed in sections 13.11.1 to 13.11.5 below.

13.11.1 Damage Costs
Tenants do not have the same incentive to take care of a rental property compared to an owned
property and so depreciation costs for a rental property are likely to exceed depreciation rates for
comparable owned properties. Usually, landlords demand damage deposits but often these deposits
are not suﬃcient to cover the costs of the actual damages that some tenants inﬂict.
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13.11.2 Nonpayment of Rent and Vacancy Costs
At times, tenants run into ﬁnancial diﬃculties and are unable to pay landlords the rent that is
owned. Usually, eviction is a long drawn out process and so landlords can lose several months of
rent before a nonpaying tenant ﬁnally leaves. The landlord also incurs extra costs compared to a
homeowner when a rental property remains vacant due to lack of demand.*79 These extra costs will
be reﬂected in market rents but should not be reﬂected in the user costs of OOH.

13.11.3 Billing and Maintenance Costs
A (large) landlord may have to rent oﬃce space and employ staﬀ to send out monthly bills to tenants
and employ staﬀ to respond to requests for maintenance. A homeowner who provides his or her time
in order to provide maintenance services*80 provides this time at his or her after income tax wage
rate which may be lower than the before income tax wage rate that a landlord must pay his or her
employees. The net eﬀect of these factors leads to higher market rents compared to the corresponding
owner occupied user cost.

13.11.4 The Opportunity Cost of Capital
The homeowner’s after tax opportunity cost of capital that appeared in the various user cost formulae
considered earlier in this Chapter will typically be lower than the landlord’s before tax opportunity
cost of capital. Put another way, the landlord has an extra income tax cost compared to the
homeowner. In addition, the landlord may face a higher risk premium for the use of capital due to
the risks of damage and nonpayment of rent. However, care must be taken so that these additional
landlord costs are not counted twice; i.e., in the present subsection as well as in subsections 13.11.1
and 13.11.2 above.

13.11.5 The Supply of Additional Services for Rental Properties
Often, rental properties will contain some major consumer durables that homeowners have to provide
themselves, such as refrigerators, stoves, washing machines, driers and air conditioning units. In
addition, landlords may pay for electricity or fuel in some rental apartments. Thus to make the
market rental comparable to an owner occupied imputed rent, the market rental should be adjusted
downwards to account for the above factors (which will appear elsewhere in the expenditures of
owner occupiers).
The factors listed above will tend to make observed market rental prices higher than the corresponding user cost for an owner occupier of a property of the same quality. Thus if the imputed rental
approach is used to value the services of OOH, then these market based rents should be adjusted
downward to account for the above factors.
Although all of the above factors will tend to lead to an upward bias if unadjusted market rental
rates are used to impute the services of OOH, there is another factor not discussed thus far that
could lead to a large downward bias. That factor is rent controls.

*79

*80

The demand for rental properties can vary substantially over the business cycle and this can lead to depressed
rents or very high rents compared to the user costs of home ownership. Thus imputed rents based on market
rents of similar properties can diﬀer substantially from the corresponding user costs of OOH over the business
cycle.
Typically, these imputed maintenance costs will not appear in the CPI but if the user cost of an owned dwelling
unit is to be comparable with the market rent of a similar property, these imputed labour costs should be
included.
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Under normal conditions, the acquisitions approach to the treatment of OOH will give rise to the
smallest expenditures, the user cost approach will give rise to the next highest level of expenditures
and the use of imputed market rentals will give the largest level of expenditures for owner occupied
housing. For the ﬁrst two approaches, a main driver of the price of OOH is the price of new housing
construction. For the user cost approach, another main driver is the price of land. For the imputed
rent approach, the main driver of the price of OOH is the rental price index.
The above discussion is far from being complete and deﬁnitive but it does illustrate that it is not
completely straightforward to impute market rental rates to owner occupied dwelling units. Care
must be taken to ensure that the “correct” expenditure weights are constructed.*81
As can be seen from the material above, the treatment of owner occupied housing presents special
diﬃculties. Astin discussed some of the diﬃculties that the European Union encountered in trying
to ﬁnd the “best” approach to use in its Harmonized Index of Consumer Prices as follows:
“A special coverage problem concerns owner-occupied housing. This has always been one of
the most diﬃcult sectors to deal with in CPIs.
Strictly, the price of housing should not be included in a CPI because it is classiﬁed as
capital. On the other hand, the national accounts classiﬁes imputed rents of owner-occupiers
as part of consumers’ expenditure. This is a reasonable thing to do if the aim is to measure
the volume of consumption of the capital resource of housing. But that is not what a CPI is
measuring.
Some countries, following the compensation index concept, would prefer to have mortgage
interest included in the HICP. This approach could indeed be defended for a compensation
index, because there is no doubt that the monthly mortgage payment is an important element
in the budget of many households: a rise in the interest rate acts in exactly the same way as
a price increase from the point of view of the individual household. But this is not acceptable
for a wider inﬂation index.
So, after many hours of debate, the Working Party came to the conclusion that there were
just two options. The ﬁrst was to simply exclude owner-occupied housing from the HICP. One
could at least argue that this was a form of harmonization, although it is worrying that there
are such large diﬀerences between Member States in the percentages of the population which
own or rent their dwellings. Exclusion also falls in line with the international guideline issued
10 years ago by the ILO. Furthermore, it would be possible to supplement the HICP with a
separate house price index, which could be used by analysts as part of a battery of inﬂation
indicators.
The second option was to include owner-occupied housing on the basis of acquisition costs,
essentially treating them like any other durable. Most secondhand housing would be excluded:
in practice the index would include new houses plus a small volume of housing new to the
household sector (sales from the company or government sectors to the household sector).
The main problem here is practical: several countries do not have new house price indices
and their construction could be diﬃcult and costly. A Task Force is at present examining
these matters. Final recommendations are due at the end of 1999.” John Astin (1999; 5)[16].
Due to the complexities involved in modeling the treatment of OOH, ﬁnal recommendations have
*81

Crone, Nakamura and Voith (2000)[101] have a very useful paper using hedonic techniques to estimate both a
rent index and a selling price index for housing in the U.S. They also suggest that capitalization rates (i.e., the
ratio of the market rent of a housing property to its selling price) can be applied to an index of housing selling
prices in order to obtain an imputed rent index for OOH. This is adequate as a ﬁrst approximation but as the
authors note, capitalization rates can change over time (due to changes in nominal interest rates, depreciation
rates and expected housing inﬂation rates). Also, as we have seen in this section and the previous section, actual
market housing rents can be expected to be considerably higher than the corresponding imputed rents for owner
occupied units of the same quality and hence the use of unadjusted capitalization rates to convert the value of
the owner occupied stock of housing into imputed rents can lead to a considerable weighting bias.
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still not emerged for the HICP.
A fourth approach to the treatment of housing will be studied in the following section. Since this
approach has only been applied to owner occupied dwellings, it is not as “universal” as the other 3
approaches.*82

13.12 The Payments Approach
A fourth possible approach to the treatment of owner occupied housing, the payments approach, is
described by Goodhart as follows:
“The second main approach is the payments approach, measuring actual cash outﬂows, on
down payments, mortgage repayments and mortgage interest, or some subset of the above.
This approach always, however, includes mortgage interest payments. This, though common,
is analytically unsound. First, the procedure is not carried out consistently across purchases.
Other goods bought on the basis of credit, e.g., credit card credit, are usually not treated
as more expensive on that account (though they have been in New Zealand). Second, the
treatment of interest ﬂows is not consistent across persons. If a borrower is worse oﬀ in some
sense when interest rates rise, then equivalently a lender owning an interest bearing asset
is better oﬀ; why measure one and not the other? If I sell an interest earning asset, say a
money market mutual fund holding, to buy a house, why am I treated diﬀerently to someone
who borrows on a (variable rate) mortgage? Third, should not the question of the price of
any purchase be assessed separately from the issue of how that might be ﬁnanced? Imports,
inventories and all business purchases tend to be purchased in part on credit. Should we regard
imports as more expensive, when the cost of trade credit rises? Money, moreover, is fungible.
As we know from calculations of mortgage equity withdrawal, the loan may be secured on
the house but used to pay for furniture. When interest rates rise, is the furniture thereby
more expensive? Moreover, the actual cash out-payments totally ignore changes in the on
going value of the house whether by depreciation, or capital loss/gain, which will often dwarf
the cash ﬂow. Despite its problems, such a cash payment approach was used in the United
Kingdom until 1994 and still is in Ireland.” Charles Goodhart (2001; F350-F351)[290].
Thus the payments approach to owner occupied housing is a kind of a cash ﬂow approach to the costs
of operating an owner occupied dwelling. Possible objections to this approach are that it ignores the
opportunity costs of holding the equity in the owner occupied dwelling, it ignores depreciation and
it uses nominal interest rates without any oﬀset for inﬂation. However, if the payments approach is
adjusted for these imputed costs, then the result is a rather complicated user cost approach to the
treatment of housing. Nevertheless, as was mentioned in Chapter 11, under some conditions, the
payments approach to the treatment of owner occupied housing may be a reasonable compromise.
In general, the payments approach will tend to lead to much smaller monthly expenditures on owner
occupied housing than the other 3 main approaches, except during periods of high inﬂation, when
the nominal mortgage rate term becomes very large without any oﬀsetting item for inﬂation.*83

13.13 Alternative Approaches for Pricing Owner Occupied Housing
For consumer durables that have long useful lives, the usual acquisitions approach will not be adequate for CPI users who desire prices that measure the service ﬂows that consumer durables generate.
*82

*83

The acquisitions, user cost and rental equivalence approaches can be applied to any consumer durable but of
course, to apply the rental equivalence approach, appropriate rental or leasing markets for the durable must
exist.
If there is high inﬂation, then the statistical agency using the payments approach may want to consider adjusting
nominal mortgage interest rates for the inﬂation component as was done in section 13.10.1 above.
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This is particularly true for owner occupied housing. Hence it will be useful to many users if, in
addition to the acquisitions approach, the statistical agency implements a variant of either the rental
equivalence approach or the user cost approach for long lived consumer durables and for owner occupied housing in particular. Users can then decide which approach best suits their purposes. Any one
of the three main approaches could be chosen as the approach that would be used in the “headline”
CPI. The other two approaches could be made available to users as “analytic tables”.
We conclude this paper by outlining some of the problems involved in implementing the three main
approaches to the measurement of price change for Owner Occupied Housing.

13.13.1 The Acquisitions Approach
In order to implement the acquisitions approach, a constant quality price index for the sales of new
residential housing units will be required.

13.13.2 The Rental Equivalence Approach
Option 1: Using Home Owner’s Estimates of Rents
In this option, homeowners would be surveyed and asked to estimate a rental price for their housing
unit. Problems with this approach are:
• Homeowners may not be able to provide very accurate estimates for the rental value of their
dwelling unit.
• The statistical agency should make an adjustment to these estimated rents over time in order
to take into account the eﬀects of depreciation, which causes the quality of the unit to slowly
decline over time (unless this eﬀect is oﬀset by renovation and repair expenditures).*84
• Care must be taken to determine exactly what extra services are included in the homeowner’s
estimated rent; i.e., does the rent include insurance, electricity and fuel or the use of various
consumer durables in addition to the structure? If so, these extra services should be stripped
out of the rent, since they are covered elsewhere in the consumer price index.*85
Option 2: Using a Hedonic Regression Model of the Rental Market to Impute Rents
In this option, the statistical agency would collect data on rental properties and their characteristics
and then use this information to construct a hedonic regression model for the housing rental market.*86 Then this model would be used to impute prices for owner occupied properties. Problems
with this approach are:
• It is information intensive; in addition to requiring information on the rents and characteristics
of rental properties, information on the characteristics of owner occupied properties would also
be required.
• The characteristics of the owner occupied population could be quite diﬀerent from the characteristics of the rental population. In particular, if the rental market for housing is subject
to rent controls, this approach is not recommended.
• Hedonic regression models suﬀer from a lack of reproducibility in that diﬀerent researchers
will have diﬀerent characteristics in the model and use diﬀerent functional forms.
*84
*85

*86

Recall section 13.8 above.
However, it could be argued that these extra services that might be included in the rent are mainly a weighting
issue; i.e., it could be argued that the trend in the homeowner’s estimated rent would be a reasonably accurate
estimate of the trend in the rents after adjusting for the extra services included in the rent.
See Crone, Nakamura and Voith (2000)[101] and Hoﬀmann and Kurz (2002)[342] for example of such hedonic
models that try to cope with the heterogeneity in the rental market.
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• From the discussion in section 13.11, it was seen that market rents can be considerably higher
than the opportunity costs of home owners and hence using market rents to impute rents for
owner occupiers may lead to rents that are too high.*87 On the other hand, if there are rent
controls or a temporary glut of rental properties, then market rents could be too low compared
to the opportunity costs of home owners.
• There is some evidence that depreciation is somewhat diﬀerent for rental units compared to
owner occupied housing units.*88 If this is so, then the imputation procedure will be somewhat
incorrect. However, all studies that estimate depreciation for owner occupied housing suﬀer
from biases due to the inadequate treatment of land and due to the lack of information on
repair, renovation and maintenance expenditures over the life of the dwelling unit. Hence, it
is not certain that depreciation for rental units is signiﬁcantly diﬀerent than that for owner
occupied units.

13.13.3 The User Cost Approach
It is ﬁrst necessary to decide whether an ex ante or ex post user cost of housing is to be calculated.
It seems that the ex ante approach is the more useful one for CPI purposes; these are the prices that
should appear in economic models of consumer choice. Moreover, the ex post approach will lead to
user costs that ﬂuctuate too much to suit the needs of most users. Of course, the problem with the
ex ante approach is that it will be diﬃcult to estimate anticipated inﬂation rates for house prices.
Option 3: The Rent to Value Approach
In this option, the statistical agency collects information on market rents paid for a sample of rental
properties but it also collects information on the sales price of these rental properties when they
are sold. Using these two pieces of information, the statistical agency can form an estimated rent
to value ratio for rental properties of various types. It can be seen that this rent to value ratio
represents an estimate of all the terms that go into an ex ante user cost formula, except the asset
price of the property; i.e., the rent to value ratio for a particular property can be regarded as an
estimate of the interest rate less anticipated housing inﬂation plus the depreciation rate plus the
other miscellaneous rates that were discussed in section 13.10, such as insurance and property tax
rates. Under the assumption that these rates remain reasonably constant over the short run, changes
in user costs are equal to changes in the price of owner occupied housing. Thus this approach can
be implemented if a constant quality price index for the stock value of owner occupied housing can
be developed. It may be decided to approximate the comprehensive price index for owner occupied
housing by a new housing price index, and if this is done, the approach essentially reduces down
to the acquisitions approach, except that the weights will generally be larger using this user cost
approach than those obtained using the acquisitions approach.*89 Problems with this approach
include:
• It will require considerable amount of resources to construct a constant quality price index for
the stock of owner occupied housing units. If a hedonic regression model is used, there are
problems associated with the reproducibility of the results.
• Rent to value ratios can change considerably over time. Hence it will be necessary to keep
collecting information on rents and selling prices of rental properties on an ongoing basis.
*87
*88

*89

Again, it could argued that this is a mainly a weighting issue; i.e., it could be argued that the trend in market
rents would be a reasonably accurate estimate for the trend in home owner’s opportunity costs.
“The average depreciation rate for rental property is remarkably constant, ranging from 0.58% to 0.60% over
the 25 year period. Depreciation rates for owner occupied units show more variation than the estimated rates
for renter occupied units. The average depreciation rate for owner occupied housing ranges from 0.9% in year
1 to 0.28% in year 20.” Stephen Malpezzi, Larry Ozanne and Thomas G. Thibodeau (1987; 382)[397].
Recall the discussion in section 13.5 above.
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• As was noted in section 13.11 above, the user cost structure of rental properties can be quite
diﬀerent from the corresponding user cost structure of owner occupied properties. Hence, the
use of rent to value ratios can give misleading results.*90
Option 4: The Simpliﬁed User Cost Approach
This approach is similar to that of Option 3 above but instead of using the rent to value ratio to
estimate the sum of the various rates in the user cost formula, direct estimates are made of these
rates. If the simpliﬁed Icelandic user cost approach discussed in section 13.8 is used, all that is
required is a constant quality owner occupied housing price index, an estimated real interest rate
and an estimated composite depreciation rate on the structure and land together. Problems with
this approach are:
• As was the case with Option 3 above, it will require a considerable amount of resources to
construct a constant quality price index for the stock of owner occupied housing units. If a
hedonic regression model is used, there are problems associated with the reproducibility of the
results.
• It is not known with any degree of certainty what the appropriate real interest rate should be.
• Similarly, it is diﬃcult to determine what the “correct” depreciation rate should be.*91 Moreover, this problem is complicated by the fact that over time, the price of land tends to increase
faster than the price of building a residential structure and so the land price component of an
owner occupied housing unit will tend to increase in importance which in turn will tend to
decrease the composite depreciation rate.
Option5: A National Accounting Approach
This approach makes use of the fact that the national accounts division of the statistical agency
will usually collect data on investment in residential housing as well as on repair and renovation
expenditures on housing. In addition, many statistical agencies will also construct estimates for
the stock of residential dwelling units so that estimates for the structures depreciation rates are
available. Finally, if the statistical agency also constructs a national balance sheet, then estimates
for the value of residential land will also be available. Thus all of the basic ingredients that are
necessary to construct stocks for residential structures and the associated land stocks are available.
If in addition, assumptions about the appropriate nominal interest rate and about expected prices for
structures and land are made*92 , then aggregate user costs of residential structures and residential
land can be constructed. The proportion of these stocks that is rented can be deducted and estimates
for the user costs and corresponding values for owner occupied residential land and structures can
be made. Of course, it would be almost impossible to do all of this on a current basis, but all of the
above computations can be done for a base period in order to obtain appropriate weights for owner
occupied structures and land. Then, it can be seen that the main drivers for the monthly user costs
are the price of a new structure and the price of residential land. Hence if timely monthly indicators
for these two prices can be developed, the entire procedure is feasible. Problems with this approach
include:
• As was the case with Option 4 above, it will be diﬃcult to determine what the “correct”
*90
*91

*92

However, this is primarily a weighting issue so that the trend in the constant quality stock of owner occupied
housing price index should be an adequate approximation to the trend in owner occupied user costs.
Due to the lack of information on repairs and renovations, estimated housing depreciation rates vary widely:
“One striking feature with the results of all three approaches used in these and related studies is their variability:
estimates range from about a half percent per year to two and a half percent.” Stephen Malpezzi, Larry Ozanne
and Thomas G. Thibodeau (1987; 373-375)[397].
Alternatively, an appropriate real interest rate can be assumed.
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depreciation rates and real interest rates are.*93
• It will be diﬃcult to construct a monthly price of residential land index.
• It may be diﬃcult to convert the residential housing investment price deﬂator from a quarterly
to a monthly basis.

All of the above 5 options have their advantages and disadvantages; there does not appear to be
clear “winning” option.*94 Thus each statistical agency will have to decide whether they have the
resources to implement any of these ﬁve options in addition to the usual acquisitions approach to
the treatment of owner occupied housing. From the viewpoint of the cost of living approach to the
Consumer Price Index, any one of the 5 options would be an adequate approximation to the ideal
treatment from the perspective of measuring the ﬂow of consumption services in each period.
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Chapter 14

The Economic Approach to the Producer
Price Index
14.1 Introduction
Producer Price Indexes provide price indexes to deﬂate parts of the system of national accounts. As
is well known*1 , there are three distinct approaches to the measurement of Gross Domestic Product:
• the production approach;
• the expenditure or ﬁnal demand approach; and
• the income approach.
The production approach*2 to the calculation of nominal GDP involves calculating the value of
outputs produced by an industry and subtracting the value of intermediate inputs (or intermediate
consumption to use the national accounting term) used in the industry. This diﬀerence in value
is called the industry’s value added. Summing these industry estimates of value added leads to
an estimate of national GDP. Producer Price Indexes are used to separately deﬂate both industry
outputs and industry intermediate inputs. A Producer Price Index (PPI) is also used to deﬂate an
industry’s nominal value added into value added at constant prices.
The economic approach to the PPI begins not at the industry level, but at the establishment level.
An establishment is the PPI counterpart to a household in the theory of the Consumer Price Index.
An establishment is an economic entity that undertakes production or productive activity at a speciﬁc
geographic location in the country and has the capability of providing basic accounting information
on the prices and quantities of the outputs it produces and the inputs it uses during an accounting
period. In this chapter, attention will be restricted to establishments that undertake production
under a for proﬁt motivation.
Production is an activity that transforms or combines material inputs into other material outputs
(e.g., agricultural, mining, manufacturing or construction activities) or transports materials from one
location to another. Production also includes storage activities, which in eﬀect transport materials
in the same location from one time period to another. Finally, production also includes the creation
of services of all types.*3

*1
*2
*3

See Eurostat, IMF, OECD, UN and the World Bank (1993)[256] or Bloem, Dippelsman and Maehle (2001;
17)[61].
Early contributors to this approach include Bowley (1922; 2)[69], Rowe (1927; 173)[453], Burns (1930; 247250)[75] and Copeland (1932; 3-5)[98].
See Hill (1999)[338] for a taxonomy for services.
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There are two major problems with the above deﬁnition of an establishment. The ﬁrst problem is
that many production units at a speciﬁc geographic locations do not have the capability of providing
basic accounting information on their inputs used and outputs produced. These production units
may simply be a division or a single plant of a large ﬁrm and detailed accounting information on prices
may only be available at the head oﬃce (or not be available at all). If this is the case, the deﬁnition
of an establishment is modiﬁed to include production units at a number of speciﬁc geographic
locations in the country instead of just one location. The important aspect of the deﬁnition of an
establishment is that it be able to provide accounting information on prices and quantities.*4 A
second problem is that while the establishment may be able to report accurate quantity information,
its price information may be based on transfer prices that are set by a head oﬃce. These transfer
prices are imputed prices and may not be very closely related to market prices.*5
Thus the problems involved in obtaining the “correct” commodity prices for an establishment are
generally more diﬃcult than the corresponding problems associated with obtaining market prices
for households. However, in this chapter, these problems will be ignored and it will be assumed that
representative market prices are available for each output produced by an establishment and for each
intermediate input used by the same establishment for at least two accounting periods.*6
The economic approach to PPIs requires that establishment output prices exclude any indirect taxes
that the various layers of government might levy on the outputs produced by the establishment.
The reason for excluding these indirect taxes is that ﬁrms do not get to keep these tax revenues
even though they may collect them for governments. Thus these taxes are not part of establishment
revenue streams. On the other hand, the economic approach to PPIs requires that establishment
intermediate input prices include any indirect taxes that governments might levy on these inputs
used by the establishment. The reason for including these taxes is that they are actual costs that
are paid for by the establishment.
For the ﬁrst sections of this chapter, an output price index, an intermediate input price index and
a value added deﬂator will be deﬁned for a single establishment from the economic perspective.
In subsequent sections, aggregation will take place over establishments in order to deﬁne national
counterparts to these establishment price indexes.
Some notation is required. Consider the case of an establishment that produces N commodities
during 2 periods, say periods 0 and 1. Denote the period t output price vector by pty ≡ [pty1 , ..., ptyN ]
t
] for t = 0, 1. Assume
and the corresponding period t output quantity vector by y t ≡ [y1t , ..., yN
that the establishment uses M commodities as intermediate inputs during periods 0 and 1. An
intermediate input is an input which is produced by another establishment in the country or is
an imported (nondurable) commodity.*7 The period t intermediate input price vector is denoted
by ptx ≡ [ptx1 , ..., ptxM ] and the corresponding period t intermediate input quantity vector by xt ≡
*4

*5

*6

*7

In this modiﬁed deﬁnition of an establishment, an establishment is generally a smaller collection of production
units than a ﬁrm since a ﬁrm may be multinational. Thus another way of deﬁning an establishment for our
purposes is as follows: an establishment is the smallest aggregate of national production units that is able to
provide accounting information on its inputs and outputs for the time period under consideration.
For many highly specialized intermediate inputs in a multistage production process using proprietary technologies, market prices may simply not exist. Furthermore, there are several alternative concepts that could be used
to deﬁne transfer prices; see Diewert (1985)[140] and Eden (1998)[245].
As was argued in Chapter 2, the most reasonable concept for the market price for each commodity produced by
an establishment during the accounting period under consideration is the value of production for that commodity
divided by the quantity produced during that period; i.e., the price should be a narrowly deﬁned unit value for
that commodity.
However, capital inputs or durable inputs are excluded from the list of intermediate inputs. A durable input is
an input whose contribution to production lasts more than one accounting period. This makes the deﬁnition of
a durable input dependent on the length of the accounting period. However, by convention, an input is classiﬁed
as being durable if it lasts longer than 2 or 3 years. Thus an intermediate input is a nondurable input which
is also not a primary input. Durable inputs are classiﬁed as primary inputs even if they are produced by other
establishments. Other primary inputs include labor, land and natural resource inputs.
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[xt1 , ..., xtM ] for t = 0, 1. Finally, it is assumed that that the establishment utilizes the services
of K primary inputs during periods 0 and 1. The period t primary input vector utilized by the
t
establishment during period t is denoted by z t ≡ [z1t , ..., zK
] for t = 0, 1.
Note that it is assumed that the list of commodities produced by the establishment and the list of
inputs used by the establishment remains the same over the two periods for which a price comparison
is wanted. In real life, the list of commodities used and produced by an establishment does not remain
constant over time. New commodities appear and old commodities disappear. The reasons for this
churning of commodities include the following ones:
• Producers substitute new processes for older ones in response to changes in relative prices and
some of these new processes use new inputs.
• Technical progress creates new processes or products and the new processes use inputs that
were not used in previous periods.
• There are seasonal ﬂuctuations in the demand (or supply) of commodities and this causes
some commodities to be unavailable in certain periods of the year.
The introduction of new commodities will be discussed in a later chapter as will seasonal commodities. In the present chapter, these complications are ignored and it is assumed that the list of
commodities remains the same over the two periods under consideration. It will also be assumed
that all establishments are present in both periods under consideration; i.e., there are no new or
disappearing establishments.*8
When convenient, the above notation will be simpliﬁed to match up with our previous notation used
in earlier chapters. Thus when studying the output price index, pty and y t will be replaced by pt
and q t ; when studying the input price index, ptx and xt will be replaced by pt and q t and when
studying the value added deﬂator, the composite vector of output and input prices, [pty , ptx ], will be
replaced by pt and the vector of net outputs, [y t , −xt ] by q t . Thus the appropriate deﬁnition for pt
and q t depends on the context.
To most practitioners in the ﬁeld, our basic framework, which assumes that detailed price and
quantity data are available for each of the possibly millions of establishments in the economy, will
seem to be utterly unrealistic. However, two answers can be directed back at this very valid criticism:
• The spread of the computer and the ease of storing transaction data has made the assumption
that the statistical agency has access to detailed price and quantity data less unrealistic. With
the cooperation of businesses, it is now possible to calculate price and quantity indices of the
type studied in chapters 4 and 5 above using very detailed data on prices and quantities.*9
• Even if it is not realistic to expect to obtain detailed price and quantity data for every transaction made by every establishment in the economy on a monthly or quarterly basis, it is still
*8

*9

Rowe (1927; 174-175)[453] was one of the ﬁrst economists to appreciate the diﬃculties faced by statisticians when
attempting to construct price or quantity indexes of production: “In the construction of an index of production
there are three inherent diﬃculties which, inasmuch as they are almost insurmountable, impose on the accuracy
of the index, limitations, which under certain circumstances may be somewhat serious. The ﬁrst is that many of
the products of industry are not capable of quantitative measurement. This diﬃculty appears in its most serious
form in the case of the engineering industry. ... The second inherent diﬃculty is that the output of an industry,
even when quantitatively measurable, may over a series of years change qualitatively as well as quantitatively.
Thus during the last twenty years there has almost certainly been a tendency towards an improvement in the
average quality of the yarn and cloth produced by the cotton industry .... The third inherent diﬃculty lies
in the inclusion of new industries which develop importance as the years go on.” These three diﬃculties are
still with us today: think of the diﬃculties involved in measuring the outputs of the insurance and gambling
industries; an increasing number of industries produce outputs that are one of a kind and hence price and
quantity comparisons are necessarily diﬃcult if not impossible and ﬁnally, the huge increases in research and
development expenditures by ﬁrms and governments have led to ever increasing numbers of new products and
industries.
An early study that computed Fisher ideal indexes for a distribution ﬁrm in Western Canada for 7 quarters
aggregating over 76,000 inventory items is Diewert and Smith (1994)[227].
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necessary to accurately specify the universe of transactions in the economy. Once the target
universe is known, sampling techniques can be applied in order to reduce data requirements.

14.2 An Overview of the Chapter
In this section, a brief overview of the contents of this chapter will be given. In sections 14.3-14.6, the
economic theory of the output price index for an establishment is outlined. This theory is primarily
due to Fisher and Shell (1972)[271] and Archibald (1977)[11]. Various bounds to the output price
index are developed along with some useful approximations to the theoretical output price index.
After reviewing some mathematics in section 14.7, in section 14.8, Diewert’s (1976)[127] theory of
superlative indexes is outlined. A superlative index is one that can be evaluated using observable
price and quantity data but under certain conditions, it can give exactly the same answer that the
theoretical output price index studied in section 14.3 would give.
In later sections, the theory of the output price index outlined in section 14.3 is adapted to apply to
intermediate input price indexes (section 14.10) and to value added deﬂators (section 14.11). All of
these theoretical economic indexes are developed for a single establishment or production unit that
can provide detailed price and quantity data.
In section 14.12, aggregation over establishments is undertaken to obtain in the national output
price index, which will typically be the country’s ﬂagship PPI.*10 In section 14.13, the national
intermediate input price index is studied and in section 14.14, aggregation over establishments or
industries takes place to obtain the national value added deﬂator.
In section 14.15, relationships between the output price index, the intermediate input price index and
the value added deﬂator are studied in more detail while section 14.16 looks at the double deﬂation
method for constructing a real value added deﬂator. In section 14.17, the problem of aggregating
establishment value added deﬂators into a national value added deﬂator is studied.
In section 14.18, the national value added deﬂator is related to the GDP deﬂator for components of
ﬁnal demand. In particular, we look for conditions that will imply that the two deﬂators are exactly
equal to each other.
Finally, section 14.19 concludes this chapter with some additional material on midyear indexes.
Recall that this type of index was introduced in the consumer context in section 8.5 of chapter 8.

14.3 The Fisher Shell Output Price Index and Observable Bounds
In this subsection, we present an outline of the theory of the output price index for a single establishment that was developed by Fisher and Shell (1972)[271] and Archibald (1977)[11]. This theory
is the producer theory counterpart to the theory of the cost of living index for a single consumer
(or household) that was ﬁrst developed by the Russian economist, A. A. Konüs (1924)[380]. These
economic approaches to price indexes rely on the assumption of (competitive) optimizing behavior
on the part of economic agents (consumers or producers). Thus in the case of the output price index,
given a vector of output prices pt that the agent faces in a given time period t, it is assumed that
the corresponding hypothetical quantity vector q t is the solution to a revenue maximization problem
that involves the producer’s production function f or production possibilities set. (Hereafter the
terms value of output and revenue are used interchangeably, inventory changes being ignored).
In contrast to the axiomatic approach to index number theory, the economic approach does not
assume that the two quantity vectors q 0 and q 1 are independent of the two price vectors p0 and p1 .
*10

Since we aggregate only over establishments that have a for proﬁt motivation (which can include publicly owned
enterprises), a better term for the national aggregate might be the business sector output price index.
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In the economic approach, the period 0 quantity vector q 0 is determined by the producer’s period 0
production function and the period 0 vector of prices p0 that the producer faces and the period 1
quantity vector q 1 is determined by the producer’s period 1 production function f and the period 1
vector of prices p1 .
Before the output price index is deﬁned for an establishment, it is ﬁrst necessary to describe the
establishment’s technology in period t. In the economics literature, it is traditional to describe
the technology of a ﬁrm or industry in terms of a production function, which tells us what the
maximum amount of output that can be produced using a given vector of inputs. However, since most
establishments produce more than one output, it is more convenient to describe the establishment’s
technology in period t by means of a production possibilities set, S t . The set S t describes what output
vectors q can be produced in period t if the establishment has at its disposal the vector of inputs
v ≡ [x, z], where x is a vector of intermediate inputs and z is a vector of primary inputs. Thus if
[q, v] belongs to S t ,*11 then the nonnegative output vector q can be produced by the establishment
in period t if it can utilize the nonnegative vector v of inputs.
Let p ≡ (p1 , . . . pN ) denote a vector of positive output prices that the establishment might face
in period t and let v ≡ [x, z] be a nonnegative vector of inputs that the establishment might have
available for use during period t. Then the establishment’s revenue function using period t technology
is deﬁned as the solution to the following revenue maximization problem:
{∑
}
N
Rt (p, v) ≡ max
pn qn : (q, v) ∈ S t .
(14.1)
q

n=1

∑N
Thus Rt (p, v) is the maximum value of output, n=1 pn qn , that the establishment can produce,
given that it faces the vector of output prices p and given that the vector of inputs v is available for
use, using the period t technology.*12
The period t revenue function Rt can be used to deﬁne the establishment’s period t technology output
price index P t between any two periods, say period 0 and period 1, as follows:
P t (p0 , p1 , v) =

Rt (p1 , v)
Rt (p0 , v)

(14.2)

where p0 and p1 are the vectors of output prices that the establishment faces in periods 0 and 1
respectively and v is a reference vector of intermediate and primary inputs.*13 If N = 1 so that there
is only one output that the establishment produces, then it can be shown that the output price index
collapses down to the single output price relative between periods 0 and 1, p11 /p01 . In the general
case, note that the output price index deﬁned by (14.2) is a ratio of hypothetical revenues that the
establishment could realize, given that it has the period t technology and the vector of inputs v to
work with. The numerator in (14.2) is the maximum revenue that the establishment could attain if
*11
*12

*13

We write this as [q, v] ∈ S t in what follows.
The function Rt is known as the GDP function or the national product function in the international trade
literature (see Kohli (1978)[375] (1991)[377] or Woodland (1982)[545]. It was introduced into the economics
literature by Samuelson (1953)[457]. Alternative terms for this function include: (i) the gross proﬁt function;
see Gorman (1968)[291]; (ii) the restricted proﬁt function; see Lau (1976)[385] and McFadden (1978)[402]; and
(iii) the variable proﬁt function; see Diewert (1973)[122] (1974a)[124] (1993)[154]. The mathematical properties
of the revenue function are laid out in these references and in Diewert (1974b)[126].
This concept of the output price index (or a closely related variant) was deﬁned by Fisher and Shell (1972; 5658)[271], Samuelson and Swamy (1974; 588-592)[458], Archibald (1977; 60-61)[11], Diewert (1980; 460-461)[132]
(1983; 1055)[135] and Balk (1998; 83-89)[38]. Readers who are familiar with the theory of the true cost of living
index will note that the output price index deﬁned by (14.2) is analogous to the true cost of living index which
is a ratio of cost functions, say C(u, p1 )/C(u, p0 ) where u is a reference utility level: R replaces C and the
reference utility level u is replaced by the vector of reference variables (t, v). For references to the theory of the
true cost of living index, see Konüs (1924)[380], Pollak (1983)[433] or the earlier chapters.
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it faced the output prices of period 1, p1 , while the denominator in (14.2) is the maximum revenue
that the establishment could attain if it faced the output prices of period 0, p0 . Note that all of the
variables in the numerator and denominator functions are exactly the same, except that the output
price vectors diﬀer. This is a deﬁning characteristic of an economic price index : all environmental
variables are held constant with the exception of the prices in the domain of deﬁnition of the price
index.
Note that there are a wide variety of price indexes of the form (14.2) depending on which reference
technology t and reference input vector v that is chosen. Thus there is not a single economic price
index of the type deﬁned by (14.2): there is an entire family of indexes.
Usually, interest lies in two special cases of the general deﬁnition of the output price index (14.2):
(i) P 0 (p0 , p1 , v 0 ) which uses the period 0 technology set and the input vector v 0 that was actually
used in period 0 and (ii) P 1 (p0 , p1 , v 1 ) which uses the period 1 technology set and the input vector
v 1 that was actually used in period 1. Let q 0 and q 1 be the observed output vectors for the
establishment in periods 0 and 1 respectively. If there is revenue maximizing behavior on the part
of the establishment in periods 0 and 1, then observed revenue in periods 0 and 1 should be equal
to R0 (p0 , v 0 ) and R1 (p1 , v 1 ) respectively; i.e., the following equalities should hold:
R0 (p0 , v 0 ) =

∑N
n=1

p0n qn0

and R1 (p1 , v 1 ) =

∑N
n=1

p1n qn1 .

(14.3)

Under these revenue maximizing assumptions, Fisher and Shell (1972; 57-58)[271] and Archibald
(1977; 66)[11] have shown that the two theoretical indexes, P 0 (p0 , p1 , v 0 ) and P 1 (p0 , p1 , v 1 ) described in (i) and (ii) above, satisfy the following inequalities (14.4) and (14.5):
R0 (p1 , v 0 )
R0 (p0 , v 0 )

P 0 (p0 , p1 , v 0 ) ≡

R0 (p1 , v 0 )
= ∑N
0 0
n=1 pn qn
∑N
p1n qn0
≥ ∑n=1
N
0 0
n=1 pn qn

using deﬁnition (14.2)
using (14.3)
since q 0 is feasible for the maximization

problem which deﬁnes R0 (p1 , v 0 ) and so R0 (p1 , v 0 ) ≥
≡ PL (p0 , p1 , q 0 , q 1 )

∑N
n=1

p1n qn0
(14.4)

where PL is the Laspeyres (1871)[384] price index. Similarly,:
R1 (p1 , v 1 )
using deﬁnition (14.2)
R1 (p0 , v 1 )
∑N
p1 q 1
= 1n=10 n 1 n using (14.3)
R (p , v )
∑N
p1n qn1
≤ ∑n=1
since q 1 is feasible for the maximization
N
0
1
n=1 pn qn

P 1 (p0 , p1 , v 1 ) ≡

problem which deﬁnes R1 (p0 , v 1 ) and so R1 (p0 , v 1 ) ≥
≡ PP (p0 , p1 , q 0 , q 1 )

∑N
n=1

p0n qn1
(14.5)

where PP is the Paasche (1874)[421] price index. Thus the inequality (14.4) says that the observable Laspeyres index of output prices PL is a lower bound to the theoretical output price index
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P 0 (p0 , p1 , v 0 ) and the inequality (14.5) says that the observable Paasche index of output prices PP
is an upper bound to the theoretical output price index P 1 (p0 , p1 , v 1 ). Note that these inequalities
are in the opposite direction compared to their counterparts in the theory of the true cost of living
index.*14
It is possible to illustrate the two inequalities (14.4) and (14.5) if there are only two commodities;
see Figure 14.1 below, which is based on diagrams due to Hicks (1940; 120)[318] and Fisher and
Shell (1972; 57)[271].

Fig. 14.1 Bounds to the Paasche and Laspeyres Output Price Indexes

In Figure 14.1, the inequality (14.4) is illustrated for the case of two outputs that are both produced
in both periods. The solution to the period 0 revenue maximization problem is the vector q 0 and
the straight line through B represents the revenue line that is just tangent to the period 0 output
production possibilities set, S 0 (v 0 ) ≡ {(q1 , q2 , v 0 ) ∈ S 0 }. The curved line through q 0 and A is the
frontier to the producer’s period 0 output production possibilities set S 0 (v 0 ). The solution to the
period 1 revenue maximization problem is the vector q 1 and the straight line through H represents
the revenue line that is just tangent to the period 1 output production possibilities set, S 1 (v 1 ) ≡
{(q1 , q2 , v 1 ) ∈ S 1 }. The curved line through q 1 and F is the frontier to the producer’s period 1
output production possibilities set S 1 (v 1 ). The point q 0∗ solves the hypothetical maximization
problem of maximizing revenue when facing the period 1 price vector p1 = (p11 , p12 ) but using the
period 0 technology and input vector. This is given by R0 (p1 , v 0 ) = p11 q10∗ +p12 q20∗ and the dotted line
through D is the corresponding isorevenue line p11 q1 + p12 q2 = R0 (p1 , v 0 ). Note that the hypothetical
revenue line through D is parallel to the actual period 1 revenue line through H. From (14.4), the
hypothetical Fisher Shell output price index, P 0 (p0 , p1 , v 0 ), is R0 (p1 , v 0 )/[p01 q10 + p02 q20 ] while the
ordinary Laspeyres output price index is [p11 q10 + p12 q20 ]/[p01 q10 + p02 q20 ]. Since the denominators for
these two indexes are the same, the diﬀerence between the indexes is due to the diﬀerences in their
numerators. In Figure 14.1, this diﬀerence in the numerators is expressed by the fact that the dotted
revenue line through C lies below the parallel revenue line through D. Now if the producer’s period
*14

This is due to the fact that the optimization problem in the cost of living theory is a cost minimization problem
as opposed to our present revenue maximization problem. The method of proof used to derive (14.4) and (14.5)
dates back to Konüs (1924)[380], Hicks (1940)[318] and Samuelson (1950)[456].
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0 output production possibilities set were block shaped with vertex at q 0 , then the producer would
not change his or her production pattern in response to a change in the relative prices of the two
commodities while using the period 0 technology and inputs. In this case, the hypothetical vector
q 0∗ would coincide with q 0 , the dotted line through D would coincide with the dotted line through
C and the true output price index P 0 (p0 , p1 , v 0 ), would coincide with the ordinary Laspeyres price
index. However, block shaped production possibilities sets are not generally consistent with producer
behavior; i.e., when the price of a commodity increases, producers generally supply more of it. Thus
in the general case, there will be a gap between the points C and D. The magnitude of this gap
represents the amount of substitution bias between the true index and the corresponding Laspeyres
index; i.e., the Laspeyres index will generally be less than the corresponding true output price index,
P 0 (p0 , p1 , v 0 ).
Figure 14.1 can also be used to illustrate the inequality (14.5) for the two output case. Note that
technical progress or increases in input availability have caused the period 1 output production possibilities set S 1 (v 1 ) ≡ {(q1 , q2 ) : [q1 , q2 , v 1 ] belongs to S 1 } to be much bigger than the corresponding
period 0 output production possibilities set S 0 (v 0 ) ≡ {(q1 , q2 ) : [q1 , q2 , v 0 ] belongs to S 0 }.*15 Secondly, note that the dashed lines through E and G are parallel to the period 0 isorevenue line
through B. The point q 1∗ solves the hypothetical revenue maximization problem of maximizing revenue using the period 1 technology and inputs when facing the period 0 price vector p0 = (p01 , p02 ).
This is given by R1 (p0 , v 1 ) = p01 q11∗ + p02 q21∗ and the dashed line through G is the corresponding
isorevenue line p11 q1 + p12 q2 = R1 (p0 , v 1 ). From (14.5), the theoretical output price index using the
period 1 technology and inputs is [p11 q11 + p12 q21 ]/R1 (p0 , v 1 ) while the ordinary Paasche price index is
[p11 q11 + p12 q21 ]/[p01 q11 + p02 q21 ]. Since the numerators for these two indexes are the same, the diﬀerence
between the indexes is due to the diﬀerences in their denominators. In Figure 14.1, this diﬀerence
in the denominators is expressed by the fact that the revenue line through E lies below the parallel
cost line through G. The magnitude of this diﬀerence represents the amount of substitution bias between the true index and the corresponding Paasche index; i.e., the Paasche index will generally be
greater than the corresponding true output price index using current period technology and inputs,
P 1 (p0 , p1 , v 1 ). Note that this inequality goes in the opposite direction to the previous inequality,
(14.4). The reason for this change in direction is due to the fact that one set of diﬀerences between
the two indexes takes place in the numerators of the two indexes (the Laspeyres inequalities) while
the other set takes place in the denominators of the two indices (the Paasche inequalities).
There are two problems with the inequalities (14.4) and (14.5):
• There are two equally valid economic price indexes, P 0 (p0 , p1 , v 0 ) and P 1 (p0 , p1 , v 1 ), that
could be used to describe the amount of price change that took place between periods 0 and 1
whereas the public will demand that the statistical agency produce a single estimate of price
change between the two periods.
• Only one sided observable bounds to these two theoretical price indexes*16 result from this
analysis and what are required for most practical purposes are two sided bounds.
In the following section, it will be shown how a possible solution to these two problems can be found.

*15

*16

However, validity of the inequality (14.5) does not depend on the relative position of the two output production
possibilities sets. To obtain the strict inequality version of (14.5), we need two things: (i) we need the frontier of
the period 1 output production possibilities set to be “curved” and (ii) we need relative output prices to change
going from period 0 to 1 so that the two price lines through G and H in Figure 14.1 are tangent to diﬀerent
points on the frontier of the period 1 output production possibilities set.
The Laspeyres output price index is a lower bound to the theoretical index P 0 (p0 , p1 , v 0 ) while the Paasche
output price index is an upper bound to the theoretical index P 1 (p0 , p1 , v 1 ).
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14.4 The Fisher Ideal Index as an Approximation to an Economic
Output Price Index
It is possible to deﬁne a theoretical output price index that falls between the observable Paasche
and Laspeyres price indices. To do this, ﬁrst deﬁne a hypothetical revenue function, R(p, α), that
corresponds to the use of an α weighted average of the technology sets S 0 and S 1 for periods 0 and 1
as the reference technology and that uses an α weighted average of the period 0 and period 1 input
vectors v 0 and v 1 as the reference input vector:
{∑
}
N
0
1
0
1
R(p, α) ≡ max
pn qn : [q, (1 − α)v + αv ] ∈ [(1 − α)S + αS ] .
(14.6)
q

n=1

Thus the revenue maximization problem in (14.6) corresponds to the use of a weighted average
of the period 0 and 1 input vectors v 0 and v 1 where the period 0 vector gets the weight 1 − α
and the period 1 vector gets the weight α and an “average” is used of the period 0 and period 1
technology sets where the period 0 set gets the weight 1 − α and the period 1 set gets the weight
α , where α is a number between 0 and 1.*17 The meaning of the weighted average technology set
in deﬁnition (14.6) can be explained in terms of Figure 14.1 as follows. As α changes continuously
from 0 to 1, the output production possibilities set changes in a continuous manner from the set
S 0 (v 0 ) (whose frontier is the curve which ends in the point A) to the set S 1 (v 1 ) (whose frontier is
the curve which ends in the point F). Thus for any α between 0 and 1, a hypothetical establishment
output production possibilities set is obtained which lies between the base period set S 0 (v 0 ) and the
current period set S 1 (v 1 ). For each α, this hypothetical output production possibilities set can be
used as the constraint set for a theoretical output price index.
The new revenue function deﬁned by (14.6) is now used in order to deﬁne the following family
(indexed by α) of theoretical net output price indexes:
P (p0 , p1 , α) ≡

R(p1 , α)
.
R(p0 , α)

(14.7)

The important advantage that theoretical output price indexes of the form deﬁned by (14.2) or
(14.7) have over the traditional Laspeyres and Paasche output price indexes PL and PP is that these
theoretical indexes deal adequately with substitution eﬀects; i.e., when an output price increases,
the producer supply should increase, holding inputs and the technology constant.*18
Diewert (1983; 1060-1061)[135] showed that, under certain conditions*19 , there exists an α between
0 and 1 such that the theoretical output price index deﬁned by (14.7) lies between the observable
*17
*18

*19

When α = 0, R(p, 0) = R0 (p, v 0 ) and when α = 1, R(p, 1) = R1 (p, v 1 ).
This is a normal output substitution eﬀect. However, empirically, it will often happen that observed period to
period decreases in price are not accompanied by corresponding decreases in supply. However, these abnormal
“substitution” eﬀects can be rationalized as the eﬀects of technological progress. For example, suppose the price
of computer chips decreases substantially going from period 0 to 1. If the technology were constant over these two
periods, we would expect domestic producers to decrease their supply of chips going from period 0 to 1. In actual
fact, the opposite happens but what has happened is that technological progress has led to a sharp reduction in
the cost of producing chips which is passed on to demanders of chips. Thus the eﬀects of technological progress
cannot be ignored in the theory of the output price index. The counterpart to technological change in the theory
of the cost of living index is taste change, which is often ignored!
The proof is essentially the same as the proof of Proposition 1 in chapter 5. Diewert adapted a method of
proof due originally to Konüs (1924)[380] in the consumer context. Suﬃcient conditions on the period 0 and 1
technology sets for the result to hold are given in Diewert (1983; 1105)[135]. Our exposition of the material in
this chapter also draws on Chapter 2 in Alterman, Diewert and Feenstra (1999)[10].
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(in principle) Paasche and Laspeyres output indexes, PP and PL ; i.e., there exists an α such that
PL ≤ P (p0 , p1 , α) ≤ PP

or PP ≤ P (p0 , p1 , α) ≤ PL .

(14.8)

The fact that the Paasche and Laspeyres output price indexes provide upper and lower bounds to a
“true” output price P (p0 , p1 , α) in (14.8) is a more useful and important result than the one sided
bounds on the “true” indices that were derived in (14.4) and (14.5) above. If the observable (in
principle) Paasche and Laspeyres indexes are not too far apart, then taking a symmetric average
of these indexes should provide a good approximation to an economic output price index where
the reference technology is somewhere between the base and current period technologies. Using an
axiomatic approach, Proposition 2 in chapter 2 suggested that the geometric average was “best” and
this result led to the geometric mean, the Fisher price index, PF :
[
]1/2
PF (p0 , p1 , q 0 , q 1 ) ≡ PL (p0 , p1 , q 0 , q 1 )PP (p0 , p1 , q 0 , q 1 )
.

(14.9)

Thus the Fisher ideal price index receives a fairly strong justiﬁcation as a good approximation to an
unobservable theoretical output price index.*20
The bounds given by (14.4), (14.5) and (14.8) are the best bounds that can be obtained on economic
output price indexes without making further assumptions. In the next subsection, further assumptions are made on the two technology sets S 0 and S 1 or equivalently, on the two revenue functions,
R0 (p, v) and R1 (p, v). With these extra assumptions, it is possible to determine the geometric
average of the two theoretical output price indices that are of primary interest, P 0 (p0 , p1 , v 0 ) and
P 1 (p0 , p1 , v 1 ).

14.5 The Törnqvist Index as an Approximation to an Economic Output
Price Index
An alternative to the Laspeyres and Paasche indexes deﬁned above in (14.4) and (14.5) or the Fisher
index deﬁned by (14.9) above is to use the Törnqvist (1936)[509] (1937)[510] Theil (1967)[500] price
index PT , whose natural logarithm is deﬁned as follows:
ln PT (p0 , p1 , q 0 , q 1 ) =

∑N
n=1

(1/2)(s0n + s1n ) ln(p1n /p0n )

(14.10)

∑N
where stn = ptn qnt / k=1 ptk qkt is the revenue share of commodity n in the total value of sales in period
t.
Recall the deﬁnition of the period t revenue function, Rt (p, v), deﬁned earlier by (14.1) above. Now
assume that the period t revenue function has the following translog functional form *21 ; i.e., for
t = 0, 1, assume that:
∑N
∑M +K
∑N ∑N
t
t
ln Rt (p, v) = α0t +
αnt ln pn +
βm
ln vm + (1/2)
αnj
ln pn ln pj
n=1
m=1
n=1
j=1
∑N ∑M +K
∑M +K ∑M +K
t
t
+
βnm
ln pn ln vm + (1/2)
γmk
ln vm ln vk
(14.11)
n=1

*20

*21

m=1

m=1

k=1

It should be noted that Fisher (1922)[274] constructed Laspeyres, Paasche and Fisher output price indexes for
his U.S. data set. Fisher also adopted the view that the product of the price and quantity index should equal
the value ratio between the two periods under consideration, an idea that he already formulated in Fisher (1911;
403)[272]. He did not consider explicitly the problem of deﬂating value added but by 1930, his ideas on deﬂation
and the measurement of quantity growth being essentially the same problem had spread to the problem of
deﬂating nominal value added; see Burns (1930)[75].
This functional form was introduced and named by Christensen, Jorgenson and Lau (1971)[92]. It was adapted
to the revenue function or proﬁt function context by Diewert (1974a)[124].
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where the αnt coeﬃcients satisfy the restrictions:
∑N
n=1

αnt = 1

for t = 0, 1

(14.12)

t
t
and the αnj
and the βnm
coeﬃcients satisfy the following restrictions:*22

∑N

αt = 0
n=1 nj
∑N
t
βnm
=0
n=1

for t = 0, 1 and j = 1, 2, . . . , N ;
for t = 0, 1 and m = 1, 2, . . . , M.

(14.13)

The restrictions (14.12) and (14.13) are necessary to ensure that Rt (p, v) is linearly homogeneous
in the components of the output price vector p (which is a property that a revenue function must
satisfy*23 ). Note that at this stage of our argument the coeﬃcients that characterize the technology
in each period (the α’s, β’s and γ’s) are allowed to be completely diﬀerent in each period. It should
also be noted that the translog functional form is an example of a ﬂexible functional form*24 ; i.e., it
can approximate an arbitrary technology to the second order.
A result in Caves, Christensen and Diewert (1982; 1410)[86] can now be adapted to the present
context: if the quadratic price coeﬃcients in (14.11) are equal across the two periods of the index
1
0
for all n, j), then the geometric mean of the economic output
= αnj
number comparison (i.e., αnj
price index that uses period 0 technology and the period 0 input vector v 0 , P 0 (p0 , p1 , v 0 ), and
the economic output price index that uses period 1 technology and the period 1 input vector v 1 ,
P 1 (p0 , p1 , v 1 ), is exactly equal to the Törnqvist output price index PT deﬁned by (14.10) above; i.e.,
[
]1/2
PT (p0 , p1 , q 0 , q 1 ) = P 0 (p0 , p1 , v 0 )P 1 (p0 , p1 , v 1 )
.

(14.14)

The assumptions required for this result seem rather weak; in particular, there is no requirement that
the technologies exhibit constant returns to scale in either period and our assumptions are consistent
with technological progress occurring between the two periods being compared. Because the index
number formula PT is exactly equal to the geometric mean of two theoretical economic output price
indices and it corresponds to a ﬂexible functional form, the Törnqvist output price index number
formula is said to be superlative, following the terminology used by Diewert (1976)[127].
In the following sections, additional superlative output price formulae are derived. However, this
section concludes with a few words of caution on the applicability of the economic approach to
Producer Price Indexes.
The above economic approaches to the theory of output price indexes have been based on the
assumption that producers take the prices of their outputs as given ﬁxed parameters that they
cannot aﬀect by their actions. However, a monopolistic supplier of a commodity will be well aware
that the average price that can be obtained in the market for their commodity will depend on the
number of units supplied during the period. Thus under noncompetitive conditions when outputs
are monopolistically supplied (or when intermediate inputs are monopsonistically demanded), the
economic approach to producer price indexes breaks down. The problem of modeling noncompetitive
behavior does not arise in the economic approach to consumer price indexes because, usually, a single
household does not have much control over the prices it faces in the marketplace.
The economic approach to producer output price indexes can be modiﬁed to deal with certain
monopolistic situations. The basic idea is due to Frisch (1936; 14-15)[281] and it involves linearizing
*22
*23
*24

t
t
for all
= γkm
It is also assumed that the symmetry conditions αtnj = αtjn for all n, j and for t = 0, 1 and γmk
m, k and for t = 0, 1 are satisﬁed.
See Diewert (1973)[122] (1974a)[124] for the regularity conditions that a revenue or proﬁt function must satisfy.
The concept of ﬂexible functional form was introduced by Diewert (1974a; 113)[124].
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the demand functions a producer faces in each period around the observed equilibrium points in
each period and then calculating shadow prices which replace market prices. Alternatively, one
can assume that the producer is a markup monopolist and simply adds a markup or premium
to the relevant marginal cost of production.*25 However, in order to implement these techniques,
econometric methods will usually have to be employed and hence, these methods are not really
suitable for use by statistical agencies, except in very special circumstances when the problem of
noncompetitive behavior is thought to be very signiﬁcant and the agency has access to econometric
resources.
Problem 1 Let Rt (p, v) be deﬁned by (14.11) for t = 0, 1 and deﬁne the logarithms of the two
Fisher Shell output price indexes as
{
}
ln P 0 (p0 , p1 , v 0 ) ≡ ln R0 (p1 , v 0 )/R0 (p0 , v 0 ) ;
(i)
{ 1 1 1
}
1 0
1
1
1 0
1
ln P (p , p , v ) ≡ ln R (p , v )/R (p , v ) .
(ii)
Suppose that the following restrictions on the parameters of the two translog revenue functions hold:
0
1
αnj
= αnj
for all 1 ≤ n, j ≤ N.

(iii)

Show that
ln P 0 (p0 , p1 , v 0 ) + ln P 1 (p0 , p1 , v 1 ) = [∇ln p ln R0 (p0 , v 0 ) + ∇ln p ln R1 (p1 , v 1 )]T [ln p1 − ln p0 ]. (iv)
Hint: You may ﬁnd it useful to use Diewert’s (1976; 118)[127] quadratic identity studied in chapter
2, which implies the following two equations in the present context:
{
} 1
ln R0 (p1 , v 0 )/R0 (p0 , v 0 ) = [∇ln p ln R0 (p0 , v 0 ) + ∇ln p ln R0 (p1 , v 0 )]T [ln p1 − ln p0 ]; (v)
2
{ 1 1 1
}
1
ln R (p , v )/R1 (p0 , v 1 ) = [∇ln p ln R1 (p0 , v 1 ) + ∇ln p ln R1 (p1 , v 1 )]T [ln p1 − ln p0 ]. (vi)
2

14.6 Homogeneous Separability and the Output Price Index
Instead of representing the period t technology by a set S t , the period t technology is now represented
by a factor requirements function F t ; i.e., v1 = F t (q1 , q2 , . . . , qN ; v2 , v3 , . . . , vM +K ) is set equal to
the minimum amount of input 1 that is required in period t in order to produce the vector of outputs
q ≡ [q1 , ..., qN ] given that the amounts v2 , v3 , . . . , vM +K of the remaining inputs are available for
use. It is assumed that a linearly homogeneous aggregator function f exists for outputs; i.e., assume
that functions f and Gt exist such that*26
F t (q, v2 , . . . , vM +K ) = Gt (f (q), v2 , . . . , vM +K );

t = 0, 1.

(14.15)

In technical terms, t outputs are said to be homogeneously weakly separable from the other commodities in the production function.*27 The intuitive meaning of the separability assumption that
*25
*26

*27

See Diewert (1993; 584-590)[154] for a more detailed description of these techniques for modeling monopolistic
behavior and for additional references to the literature.
This method for justifying aggregation over commodities is due to Shephard (1953; 61-71)[471]. It is assumed
that f (q) is an increasing, positive and convex function of q for positive q. Samuelson and Swamy (1974)[458]
and Diewert (1980; 438-442)[132] also develop this approach to index number theory.
This terminology follows that used by Geary and Morishima (1973)[285]. The concept of weak separability dates
back to Sono (1945)[492] and Leontief (1947)[391]. A survey of separability concepts can be found in Blackorby,
Primont and Russell (1978)[60].
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is deﬁned by (14.15) is that an output aggregate Q ≡ f (q1 , ..., qN ) exists; i.e., a measure of the
aggregate contribution to production of the amounts q1 of the ﬁrst output, q2 of the second output,
..., and qN of the N th output is the number Q = f (q1 , q2 , ..., qN ). Note that it is assumed that the
linearly homogeneous output aggregator function f does not depend on t. These assumptions are
quite restrictive from the viewpoint of empirical economics*28 but strong assumptions are required
in order to obtain the existence of output aggregates.*29
It turns out that the output aggregator function f has a corresponding unit revenue function, r,
deﬁned as follows:
{∑
}
N
r(p) ≡ max
pn qn : f (q) = 1
(14.16)
q

n=1

where p ≡ [p1 , ..., pN ] and q ≡ [q1 , ..., qN ]. Thus r(p) is the maximum revenue that the establishment
can make, given that it faces the vector of output prices p and is asked to produce a combination of
outputs [q1 , ..., qN ] = q that will produce a unit level of aggregate output.*30
Let Q > 0 be an aggregate level of output. Then it is straightforward to show that*31 :
}
}
{∑
{∑
N
N
max
pn qn : f (q) = Q = max
pn qn : (1/Q)f (q) = 1
n=1
n=1
q
q
}
{∑
N
= max
p
q
:
f
(q/Q)
=
1
n
n
n=1
q

using the linear homogeneity of f
}
{∑
N
p
q
/Q
:
f
(q/Q)
=
1
= Q max
n
n
n=1
q
{∑
}
N
= Q max
p
u
:
f
(u)
=
1
letting u ≡ q/Q
n=1 n n
u

= Qr(p)

using deﬁnition (14.16).

(14.17)

Thus r(p)Q is the maximum revenue that the establishment can make, given that it faces the vector
of output prices p and is asked to produce a combination of outputs [q1 , ..., qN ] = q that will produce
the level Q of aggregate output.
Now recall the output revenue maximization problem deﬁned by (14.1) above. Using the factor
requirements function deﬁned by (14.15) in place of the period t production possibilities set S t , this
revenue maximization problem can be rewritten as follows:
}
{∑
N
t
p
q
:
v
=
G
(f
(q),
v
,
.
.
.
,
v
)
Rt (p, v) ≡ max
1
2
M +K
n=1 n n
q
}
{∑
N
t
p
q
:
v
=
G
(Q,
v
,
.
.
.
,
v
);
Q
=
f
(q)
= max
n
n
1
2
M
+K
n=1
q,Q
{
}
(14.18)
= max r(p)Q : v1 = Gt (Q, v2 , . . . , vM +K )
Q

*28

*29
*30

*31

Suppose that in period 0, the vector of inputs v 0 produces the vector of outputs q 0 . Our separability assumptions
imply that the same vector of inputs v 0 could produce any vector of outputs q such that f (q) = f (q 0 ). In
real life, as q varied, we would expect that the corresponding input requirements would also vary instead of
remaining ﬁxed.
The assumptions on the technology of the establishment that we make in this section are considerably stronger
than the assumptions that we made in previous sections, where we made no separability assumptions at all.
It can be shown that r(p) has the following mathematical properties: r(p) is a nonnegative, nondecreasing,
convex and positively linearly homogeneous function for strictly positive p vectors; see Diewert (1974b)[126]
or Samuelson and Swamy (1974)[458]. A function r(p) is convex if for every strictly positive p1 and p2 and
number λ such that 0 ≤ λ ≤ 1, r(λp1 + (1 − λ)p2 ) ≤ λr(p1 ) + (1 − λ)r(p2 ). A function r(p) is positively linearly
homogeneous if for every positive vector p and positive number λ, we have r(λp) = λr(p).
For additional material on revenue and factor requirements functions, see Diewert (1974b)[126].
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where the last equality follows using (14.17). Now make assumptions (14.3); i.e., that the observed
period t output vector q t solves the period t revenue maximization problems, which are given by
(14.18) under our separability assumptions (14.15), with (p, v) = (pt , v t ) for t = 0, 1. Using (14.18),
the following equalities result:
Qt = f (q t );
t

t

t

t = 0, 1;
t

t

R (p , v ) = r(p )Q ;

(14.19)
t = 0, 1.

(14.20)

Consider the following revenue maximization problem which uses the period 0 technology, the period
1 output price vector p1 and the period 0 vector of inputs v 0 :
}
{∑
N
1
0
0
0 0
0
p
q
:
v
=
G
,
v
,
.
.
.
,
v
);
Q
=
f
(q)
(Q,
v
R0 (p1 , v 0 ) = max
n
1
2 3
M +K
n=1 n
q,Q
}
{∑
N
1
0
0
0 0 0
0
0
= max
n=1 pn qn : v1 = G (Q , v2 , v3 , . . . , vM +K ); Q = f (q)
q,Q

0
since Q0 will be the only Q that satisﬁes the constraint v10 = G0 (Q, v20 , v30 , . . . , vM
+K )
}
{∑
N
1
0
= max
n=1 pn qn : Q = f (q)
q

= r(p1 )Q0

using (14.17) with p = p1 and Q = Q0 .

(14.21)

Now using the ﬁrst equality in (14.20) and the last equality in (14.21) in order to evaluate the base
period version of the theoretical output price index, P 0 (p0 , p1 , v 0 ), deﬁned above in (14.4):
P 0 (p0 , p1 , v 0 ) ≡ R0 (p1 , v 0 )/R0 (p0 , v 0 )
= r(p1 )Q0 /r(p0 )Q0
= r(p1 )/r(p0 ).

(14.22)

Note that the base period output price index P 0 (p0 , p1 , v 0 ) no longer depends on the base period
input vector v 0 ; it is now simply a ratio of unit revenue functions evaluated at the period 1 prices p1
in the numerator and at the period 0 prices p0 in the denominator. This is the simpliﬁcation that
the separability assumptions on the technologies for the two periods imply.
Using the same technique of proof that was used to establish (14.21), it can be shown that under
the separability assumptions (14.15),:
R1 (p0 , v 1 ) = r(p0 )Q1 .

(14.23)

Now the second equality in (14.20) and (14.23) can be used in order to evaluate the current period
version of the theoretical output price index P 1 (p0 , p1 , v 1 ) deﬁned above in (14.5):
P 1 (p0 , p1 , v 1 ) ≡ R1 (p1 , v 1 )/R1 (p0 , v 1 )
= r(p1 )Q1 /r(p0 )Q1
= r(p1 )/r(p0 ).

(14.24)

Again, the current period output price index P 1 (p0 , p1 , v 1 ) no longer depends on the current period
input vector v 1 ; it is again the ratio of unit revenue functions evaluated at the period 1 prices p1 in
the numerator and at the period 0 prices p0 in the denominator.
Note that under our present homogeneous weak separability assumptions, both theoretical output
price indexes deﬁned in (14.4) and (14.5) collapse down to the same thing, the ratio of unit revenues
pertaining to the two periods under consideration, r(p1 )/r(p0 ).*32
*32

The separability assumptions (14.15) play the same role in the economic theory of output price indexes as the
assumption of homothetic preferences does in the economic theory of cost of living indexes.
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Under the separability assumptions (14.15) on the establishment technologies for periods 0 and 1,
(14.3), (14.19) and (14.20) can be rewritten in order to obtain the following decompositions for
establishment revenues in periods 0 and 1:
∑N
R0 (p0 , v 0 ) =
p0n qn0 = r(p0 )f (q 0 );
(14.25)
n=1
∑N
p1n qn1 = r(p1 )f (q 1 ).
(14.26)
R1 (p1 , v 1 ) =
n=1

The ratio of unit revenues, r(p1 )/r(p0 ), has already been identiﬁed as the economic output price
index under our separability assumptions, (14.15), so if the ratio of establishment revenues in pe∑N
∑
0 0
riod 1 to revenues in period 0, n=1 p1n qn1 / N
n=1 pn qn , is divided by the output price index, the
0
corresponding implicit output quantity index, Q(p , p1 , q 0 , q 1 ) is obtained:
[∑
]
N
1 1 ∑N
0 0
1
0
1
0
Q(p0 , p1 , q 0 , q 1 ) ≡
p
q
/
p
q
(14.27)
n=1 n n
n=1 n n /[r(p )/r(p )] = f (q )/f (q ).
Thus under the separability assumptions, the economic output quantity index is found to be equal
to f (q 1 )/f (q 0 ).*33
Now a position has been reached to apply the theory of exact index numbers. In the following
subsections, some speciﬁc assumptions will be made about the functional form for the unit revenue
function r(p) or the output aggregator function f (q) and these speciﬁc assumptions will enable price
index number formulae that are exactly equal to the theoretical output price index, r(p1 )/r(p0 ), to
be determined. However, before this, it is necessary to develop the mathematics of the revenue
maximization problems for periods 0 and 1 in a bit more detail. This is done in the next section.
Problem 2 Assume that f (q) is increasing and continuous in q for q ≥ 0N . Show that the unit
revenue function r(p) deﬁned by (14.16) above has the following properties: r(p) is deﬁned over the
set of strictly positive price vectors p ≫ 0N and is a (i) nonnegative, (ii) nondecreasing, (iii) convex
and (iv) positively linearly homogeneous function.

14.7 The Mathematics of the Revenue Maximization Problem
In subsequent material, two additional results from economic theory will be needed: Wold’s Identity
and Hotelling’s Lemma. These two results follow from the assumption that the establishment is
maximizing revenue during the two periods under consideration subject to the constraints of technology. Wold’s Identity tells us that the partial derivative of an output aggregator function with
respect to an output quantity is proportional to its output price while Hotelling’s Lemma tells us
that the partial derivative of a unit revenue function with respect to an output price is proportional
to the equilibrium output quantity. These two results enable speciﬁc functional forms for the aggregator function f (q) or for the unit revenue function r(p) to be related to bilateral price and quantity
indexes, P (p0 , p1 , q 0 , q 1 ) and Q(p0 , p1 , q 0 , q 1 ), that depend on the observable price and quantity
vectors pertaining to the two periods under consideration. In particular, Wold’s Identity, (14.29),
is used to establish (14.39) and (14.51) below while Hotelling’s Lemma, (14.35), is used to establish
(14.45) and (14.56) below.
Wold’s (1944; 69-71)[543] (1953; 145)[544] Identity is the following result*34 . Assume that the
establishment technologies satisfy the separability assumptions (14.15) for periods 0 and 1. Assume
*33

*34

Note that under the separability assumptions (14.15), the output price index deﬁned by (14.24) simpliﬁes to the
unit revenue function ratio r(p1 )/r(p0 ) which depends only on output prices (and not quantities of inputs) and
the corresponding quantity index is f (q 1 )/f (q 0 ) which depends only on quantities of outputs produced during
the two periods under consideration.
Actually, Wold derived his result in the context of a consumer utility maximization problem but his result carries
over to the present production context.
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in addition that the observed period t output vector q t solves the period t revenue maximization
problems, which are deﬁned by (14.18) under our separability assumptions, with (p, v) = (pt , v t ) for
t = 0, 1. Finally, assume that the output aggregator function f (q) is diﬀerentiable with respect to
the components of q at the points q 0 and q 1 . Then it can be shown*35 that the following equations
hold:
/∑
/∑
N
N
t t
t
t
t
ptn
p
q
=
[∂f
(q
)/∂q
]
t = 0, 1; n = 1, . . . , N
(14.28)
n
k
k
k=1
k=1 pk qk ∂f (q )/∂qk ;
where ∂f (q t )/∂qn denotes the partial derivative of the revenue function f with respect to the nth
quantity qn evaluated at the period t quantity vector q t .
Since the output aggregator function f (q) has been assumed to be linearly homogeneous, Wold’s
Identity (14.28) simpliﬁes into the following equations which will prove to be very useful:*36
/∑
N
t t
t
t
n = 1, . . . , N ; t = 0, 1.
(14.29)
ptn
k=1 pk qk = [∂f (q )/∂qn ]/f (q );
In words, (14.29) says that the vector of period t establishment output prices pt divided by period
∑N
t establishment revenues k=1 ptk qkt is equal to the vector of ﬁrst order partial derivatives of the
establishment output aggregator function ∇f (pt ) ≡ [∂f (q t )/∂q1 , ..., ∂f (q t )/∂qN ] divided by the
period t output aggregator function f (q t ).
Under assumptions (14.3) and our separability assumptions (14.15), q t solves the following revenue
maximization problem:
}
{∑
N
t
t
t
p
q
:
f
(q
,
.
.
.
,
q
)
=
f
(q
,
.
.
.
,
q
)
= r(pt )Qt ; t = 0, 1
(14.30)
max
1
N
1
N
n=1 n n
q

where Qt ≡ f (q t ) and the last equality follows using (14.20). Consider the period t revenue maximization problem deﬁned by (14.30) above. Hotelling’s (1932; 594)[344] Lemma is the following
result. If the unit revenue function r(pt ) is diﬀerentiable with respect to the components of the
price vector p, then the period t quantity vector q t is equal to the period t production aggregate
Qt times the vector of ﬁrst order partial derivatives of the unit revenue function with respect to the
components of p evaluated at the period t price vector pt ; i.e.,
qnt = Qt

∂r(pt )
;
∂pn

n = 1, . . . , N ; t = 0, 1.

(14.31)

To explain why (14.31) holds, consider the following argument. Because it is being assumed that the
observed period t quantity vector q t solves the revenue maximization problem that corresponds to
r(pt )Qt , then q t must be feasible for this maximization problem so it is necessary that f (q t ) = Qt .
Thus q t is a feasible solution for the following revenue maximization problem where the general price
vector p has replaced the speciﬁc period t price vector pt :
{∑
}
N
t
t
p
q
:
f
(q
,
.
.
.
,
q
)
=
Q
r(pt )Qt ≡ max
1
N
n=1 n n
q
∑N t t
≥ n=1 pn qn
(14.32)
*35

*36

To prove this, consider the ﬁrst order necessary conditions for the strictly positive vector q t to solve the period
∑
t
t
t
t
t revenue maximization problem, maxq { N
n=1 pn qn : f (q1 , . . . , qN ) = f (q1 , . . . , qN ) ≡ Q }. The necessary
t
conditions of Lagrange for q to solve this problem are: pt = λt ∇f (q t ) where λt is the optimal Lagrange
multiplier and ∇f (q t ) is the vector of ﬁrst order partial derivatives of f evaluated at q t . Now take the inner
product of both sides of this equation with respect to the period t quantity vector q t and solve the resulting
equation for λt . Substitute this solution back into the vector equation pt = λt ∇f (q t ) and we obtain (14.28).
Diﬀerentiate both sides of the equation f (λq) = λf (q) with respect to λ and then evaluate the resulting equation
∑
at λ = 1. The equation N
n=1 fn (q)qn = f (q) results where fn (q) ≡ ∂f (q)/∂qn .
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t
) is a feasible (but usually not
where the inequality follows from the fact that q t ≡ (q1t , . . . , qN
optimal) solution for the revenue maximization problem in (14.32). Now deﬁne for each strictly
positive price vector p the function g(p) as follows:

g(p) ≡

∑N

t
n=1 pn qn

− r(p)Qt

(14.33)

where as usual, p ≡ (p1 , . . . , pN ). Using (14.30) and (14.33), it can be seen that g(p) is maximized
(over all strictly positive price vectors p) at p = pt . Thus the ﬁrst order necessary conditions for
maximizing a diﬀerentiable function of N variables hold, which simplify to equations (14.31).
Combining equations (14.19), (14.25) and (14.26), yields the following equations:
∑N

t t
n=1 pn qn

= r(pt )f (q t ) = r(pt )Qt

for t = 0, 1.

Combining equations (14.31) and (14.34), yields the following system of equations:
/∑
N
t t
t
t
qnt
n = 1, . . . , N ; t = 0, 1.
k=1 pk qk = [∂r(p )/∂pn ]/r(p );

(14.34)

(14.35)

In words, (14.35) says that the vector of period t establishment outputs q t divided by period t
∑N t t
establishment revenues
k=1 pk qk is equal to the vector of ﬁrst order partial derivatives of the
establishment unit revenue function ∇r(pt ) ≡ [∂r(pt )/∂p1 , ..., ∂r(pt )/∂pN ] divided by the period t
unit revenue function r(pt ).
Note the symmetry of equations (14.35) with equations (14.29). It is these two sets of equations
that shall be used in subsequent material.

14.8 Superlative Indexes: The Fisher Ideal Index
Suppose the producer’s output aggregator function has the following functional form:*37
f (q1 , . . . , qN ) ≡

[∑ ∑
N
N
i=1

k=1 aik qi qk

]1/2

;

aik = aki for all i and k.

(14.36)

Diﬀerentiating the f (q) deﬁned by (14.36) with respect to qi yields the following equations:
[∑ ∑
]−1/2 ∑
N
N
N
fi (q) = (1/2)
2 k=1 aik qk ;
j=1
k=1 ajk qj qk
∑N
= k=1 aik qk /f (q) using (14.36)

i = 1, . . . , N
(14.37)

where fi (q) ≡ ∂f (q)/∂qi . In order to obtain the ﬁrst equation in (14.37), the symmetry conditions,
aik = aki are needed. Now evaluate the second equation in (14.37) at the observed period t quantity
t
) and divide both sides of the resulting equation by f (q t ). We obtain the
vector q t ≡ (q1t , . . . , qN
following equation:
/
∑N
fi (q t )/f (q t ) = k=1 aik qkt [f (q t )]2 t = 0, 1; i = 1, . . . , N.
(14.38)
Assume revenue maximizing behavior for the producer in periods 0 and 1. Since the aggregator
function f deﬁned by (14.36) is linearly homogeneous and diﬀerentiable, equations (14.29) will hold
(Wold’s Identity). Now recall the deﬁnition of the Fisher ideal price index, PF deﬁned by (14.9)

*37

The material in this section is an adaptation of the material presented in section 5.4 of chapter 5 to the producer
context from the consumer context.
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above. If the period 1 revenues are divided by the period 0 revenues and then this value ratio is
divided by PF , then the Fisher ideal quantity index, QF , results:
∑N
∑N
QF (p0 , p1 , q 0 , q 1 ) ≡ [ i=1 p1i qi1 / i=1 p0i qi0 ]/PF (p0 , p1 , q 0 , q 1 )
∑N
∑N
∑
1 1 ∑N
1 0 1/2
= [ i=1 p0i qi1 / k=1 p0k qk0 ]1/2 [ N
i=1 pi qi /
k=1 pk qk ]
∑N
∑
1 1 ∑N
1 0 1/2
= [ i=1 fi (q 0 )qi1 /f (q 0 )]1/2 [ N
using (14.29) for t = 0
i=1 pi qi /
k=1 pk qk ]
∑N
∑
∑
N
N
= [ i=1 fi (q 0 )qi1 /f (q 0 )]1/2 /[ k=1 p1k qk0 / i=1 p1i qi1 ]1/2
∑N
∑N
= [ i=1 fi (q 0 )qi1 /f (q 0 )]1/2 /[ i=1 fi (q 1 )qi0 /f (q 1 )]1/2 using (14.29) for t = 1
∑N ∑N
∑N ∑N
= [ i=1 k=1 aik qk0 qi1 /[f (q 0 )]2 ]1/2 /[ i=1 k=1 aik qk1 qi0 /[f (q 1 )]2 ]1/2 using (14.38)
= [1/[f (q 0 )]2 ]1/2 /[1/[f (q 1 )]2 ]1/2

using (14.36) and canceling terms

= f (q 1 )/f (q 0 ).

(14.39)

Thus under the assumption that the producer engages in revenue maximizing behavior during periods
0 and 1 and has technologies in periods 0 and 1 that satisfy the separability assumptions (14.15),
then the Fisher ideal quantity index QF is exactly equal to the true quantity index, f (q 1 )/f (q 0 ).*38
The price index that corresponds to the Fisher quantity index QF using the product test (2.16) in
chapter 2 is the Fisher price index PF deﬁned by (14.9) in the present chapter. Let r(p) be the unit
revenue function that corresponds to the homogeneous quadratic aggregator function f deﬁned by
(14.36). Then using (14.25), (14.26) and (14.39), it can be seen that
PF (p0 , p1 , q 0 , q 1 ) =

r(p1 )
.
r(p0 )

(14.40)

Thus under the assumption that the producer engages in revenue maximizing behavior during periods 0 and 1 and has production technologies that satisfy the separability assumptions (14.15)
during periods 0 and 1,then the Fisher ideal price index PF is exactly equal to the true price index,
r(p1 )/r(p0 ).
A twice continuously diﬀerentiable function f (q) of N variables q ≡ (q1 , . . . , qN ) can provide a second
order approximation to another such function f ∗ (q) around the point q ∗ if the level and all of the ﬁrst
and second order partial derivatives of the two functions coincide at q ∗ . It can be shown*39 that the
homogeneous quadratic function f deﬁned by (14.36) can provide a second order approximation to
an arbitrary f ∗ around any (strictly positive) point q ∗ in the class of linearly homogeneous functions.
Thus the homogeneous quadratic functional form deﬁned by (14.36) is a ﬂexible functional form.*40
Diewert (1976; 117)[127] termed an index number formula QF (p0 , p1 , q 0 , q 1 ) that was exactly equal
to the true quantity index f (q 1 )/f (q 0 ) (where f is a ﬂexible functional form) a superlative index
number formula.*41 Equation (14.39) and the fact that the homogeneous quadratic function f deﬁned
by (14.36) is a ﬂexible functional form shows that the Fisher ideal quantity index QF is a superlative
index number formula. Since the Fisher ideal price index PF also satisﬁes (14.40) where r(p) is the
unit revenue function that is generated by the homogeneous quadratic utility function, PF is also a
superlative index number formula.
*38
*39
*40
*41

For the early history of this result in the consumer context, see Diewert (1976; 184)[127].
See Diewert (1976; 130)[127] and let the parameter r equal 2.
Diewert (1974a; 133)[124] introduced this term to the economics literature.
Fisher (1922; 247)[274] used the term superlative to describe the Fisher ideal price index. Thus Diewert adopted
Fisher’s terminology but attempted to give some precision to Fisher’s deﬁnition of superlativeness. Fisher
deﬁned an index number formula to be superlative if it approximated the corresponding Fisher ideal results
using his data set.
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It is possible to show that the Fisher ideal price index is a superlative index number formula by
a diﬀerent route. Instead of starting with the assumption that the producer’s output aggregator
function is the homogeneous quadratic function deﬁned by (14.36), start with the assumption that
the producer’s unit revenue function is a homogeneous quadratic.*42 Thus suppose that the producer
has the following unit revenue function:
r(p1 , . . . , pN ) ≡

[∑ ∑
N
N
i=1

k=1 bik pi pk

]1/2

(14.41)

where the parameters bik satisfy the following symmetry conditions:
bik = bki for all i and k.

(14.42)

Diﬀerentiating r(p) deﬁned by (14.41) with respect to pi yields the following equations:
[∑ ∑
]−1/2 ∑
N
N
N
ri (p) = (1/2)
b
p
p
2 k=1 bik pk ;
j=1
k=1 jk j k
∑N
= k=1 bik pk /r(p) using (14.41)

i = 1, . . . , N
(14.43)

where ri (p) ≡ ∂r(p)/∂pi . In order to obtain the ﬁrst equation in (14.43), it is necessary to use the
symmetry conditions, (14.42). Now evaluate the second equation in (14.43) at the observed period t
price vector pt ≡ (pt1 , . . . , ptN ) and divide both sides of the resulting equation by r(pt ). The following
equations result:
/
∑N
ri (pt )/r(pt ) = k=1 bik ptk [r(pt )]2 t = 0, 1; i = 1, . . . , N.
(14.44)
As revenue maximizing behavior is assumed for the producer in periods 0 and 1 and since the
unit revenue function r deﬁned by (14.41) is diﬀerentiable, equations (14.35) will hold (Hotelling’s
Lemma). Now recall the deﬁnition of the Fisher ideal price index, PF deﬁned by (14.9) above:
∑N
∑N
∑
1 1 ∑N
0 1 1/2
PF (p0 , p1 , q 0 , q 1 ) ≡ [ i=1 p1i qi0 / k=1 p0k qk0 ]1/2 [ N
i=1 pi qi /
k=1 pk qk ]
∑N
∑N
∑
0 1 1/2
= [ i=1 p1i ri (p0 )/r(p0 )]1/2 [ i=1 p1i qi1 / N
using (14.35) for t = 0
k=1 pk qk ]
∑N 1
∑
∑
N
N
= [ i=1 pi ri (p0 )/r(p0 )]1/2 /[ k=1 p0k qk1 / i=1 p1i qi1 ]1/2
∑N
∑N
= [ i=1 p1i ri (p0 )/r(p0 )]1/2 /[ i=1 p0i ri (p1 )/r(p1 )]1/2 using (14.35) for t = 1
∑N ∑N
∑N ∑N
= [ i=1 k=1 bik p0k p1i /[r(p0 )]2 ]1/2 /[ i=1 k=1 bik p1k p0i /[r(p1 )]2 ]1/2 using (14.44)
= [1/[r(p0 )]2 ]1/2 /[1/[r(p1 )]2 ]1/2
= r(p1 )/r(p0 ).

using (14.42) and canceling terms
(14.45)

Thus under the assumption that the producer engages in revenue maximizing behavior during periods
0 and 1 and has technologies that satisfy the separability assumptions (14.15) and the functional form
for the unit revenue function that corresponds to the output aggregator function f (q) is given by
(14.41), then the Fisher ideal price index PF is exactly equal to the true price index, r(p1 )/r(p0 ).*43

*42

*43

Given the producer’s output aggregator function r(p), it is possible to modify a technique in Diewert (1974a;
112)[124] and show that the corresponding output aggregator function f (q) can be deﬁned as follows: for a
∑
strictly positive quantity vector q, f (q) ≡ maxp { N
i=1 pi qi : r(p) = 1}. See part (e) of problem 3 below.
This result was obtained by Diewert (1976; 133-134)[127] in the consumer context; see also section 5.4 of chapter
5 above.
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Since the homogeneous quadratic unit revenue function r(p) deﬁned by (14.41) is also a ﬂexible
functional form, the fact that the Fisher ideal price index PF exactly equals the true price index
r(p1 )/r(p0 ) means that PF is a superlative index number formula.*44
Suppose that the bik coeﬃcients in (14.41) satisfy the following restrictions:
bik = bi bk

for i, k = i, . . . , N

(14.46)

where the N numbers bi are nonnegative. In this special case of (14.41), it can be seen that the unit
revenue function simpliﬁes as follows:
]1/2
[∑ ∑
N
N
b
b
p
p
r(p1 , . . . , pN ) ≡
i=1
k=1 i k i k
]1/2
[∑
∑N
N
b
p
b
p
=
i=1 i i
k=1 k k
∑N
= i=1 bi pi .
(14.47)
Substituting (14.47) into Hotelling’s Lemma (14.31) yields the following expressions for the period t
quantity vectors, q t :
∂r(pt )
qnt = Qt
= bn Qt n = 1, . . . , N ; t = 0, 1.
(14.48)
∂pn
Thus if the producer has the output aggregator function that corresponds to the unit revenue function
deﬁned by (14.41) where the bik satisfy the restrictions (14.46), then the period 0 and 1 quantity
vectors are equal to a multiple of the vector b ≡ (b1 , . . . , bN ); i.e., q 0 = bQ0 and q 1 = bQ1 .
Under these assumptions, the Fisher, Paasche and Laspeyres indexes, PF , PP and PL , all coincide.
However, the output aggregator function f (q) which corresponds to this unit revenue function is
not consistent with normal producer behavior since the output production possibilities set in this
case is block shaped and hence the producer will not substitute towards producing more expensive
commodities from cheaper commodities if relative prices change going from period 0 to 1.
Problem 3 Suppose r(p) is a (i) nonnegative, (ii) nondecreasing, (iii) convex and (iv) positively
linearly homogeneous function for p ≥ 0N . The function r(p) can be used to deﬁne an output
possibilities set, S, that corresponds to the set of nonnegative output vectors q ≥ 0N that can be
produced by Q units of aggregate input as follows:
S(Q) ≡ {q : pT q ≤ r(p)Q for every p ≥ 0N but p ̸= 0N ; q ≥ 0N }.

(i)

If q ∗ is strictly positive so that q ∗ ≫ 0N and q ∗ belongs to the frontier of S(Q∗ ) for some Q∗ > 0,
then Q∗ = f (q ∗ ) where f is the factor requirements function that corresponds to the given unit
revenue function r(p). Thus since q ∗ belongs to the frontier of S(Q∗ ), using deﬁnition (i), it must
be the case that
(ii)
pT q ∗ ≤ r(p)Q∗ for every p ≥ 0N but p ̸= 0N .
It must also be the case that there exists a p∗ > 0N such that
p∗T q ∗ = r(p∗ )Q∗ .

(iii)

(a) Explain why (iii) must hold. Hint: if it does not hold, then (ii) holds with a strict inequality for
every p ≥ 0N but p ̸= 0N . Under these conditions, can q ∗ belong to the frontier of S(Q∗ ) as was
assumed?
*44

Note that we have shown that the Fisher index PF is exact for the output aggregator function deﬁned by (14.36)
as well as the output aggregator function that corresponds to the unit revenue function deﬁned by (14.41). These
two output aggregator functions do not coincide in general. However, if the N × N symmetric matrix A of the
aik has an inverse, then it can readily be shown that the N × N matrix B of the bik will equal A−1 .
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(b) Show that the following condition is equivalent to (ii):
r(p)Q∗ ≥ 1 for all p ≥ 0N such that pT q ∗ = 1.

(iv)

Hint: Use the fact that r(p) is homogeneous of degree one and note that we assumed that q ∗ ≫ 0N .
(c) Use part (b) to show that the Q∗ that corresponds to q ∗ satisﬁes the following equation:
min{r(p) : p ≥ 0N and pT q ∗ = 1}Q∗ = 1.

(v)

p

Thus if the minimum in (v) is positive, we have the following formula for f (q ∗ ) in terms of the unit
revenue function r(p):
f (q ∗ ) ≡ Q∗ = 1/ min{r(p) : pT q ∗ = 1; p ≥ 0N }.

(vi)

p

(d) Show that the following condition is equivalent to (ii):
pT q ∗ ≤ Q∗ for every p ≥ 0N such that r(p) = 1.

(vii)

Hint: Since both sides of (ii) are homogeneous of degree one in the components of the price vector
p, we can make a convenient normalization on the prices. In (iv), we normalized the left hand side
of (ii); now we normalize the right hand side of (ii).
(e) Use part (d) to show that the Q∗ that corresponds to q ∗ satisﬁes the following equation:
f (q ∗ ) ≡ Q∗ = max{pT q ∗ : r(p) = 1; p ≥ 0N }.

(viii)

p

14.9 Quadratic Mean of Order r Superlative Indexes
It turns out that there are many other superlative index number formulae; i.e., there exist many
quantity indexes Q(p0 , p1 , q 0 , q 1 ) that are exactly equal to f (q 1 )/f (q 0 ) and many price indexes
P (p0 , p1 , q 0 , q 1 ) that are exactly equal to r(p1 )/r(p0 ) where the aggregator function f or the unit
revenue function r is a ﬂexible functional form.*45 Two families of superlative indexes are deﬁned
below.
Suppose that the producer’s output aggregator function is the following quadratic mean of order r
aggregator function:*46
[∑ ∑
]1/r
r/2 r/2
N
N
(14.49)
f r (q1 , . . . , qN ) ≡
i=1
k=1 aik qi qk
where the parameters aik satisfy the symmetry conditions aik = aki for all i and k and the parameter
r satisﬁes the restriction r ̸= 0. Diewert (1976; 130)[127] showed that the aggregator function f r
deﬁned by (14.49) is a ﬂexible functional form; i.e., it can approximate an arbitrary twice continuously
diﬀerentiable linearly homogeneous functional form to the second order. Note that when r = 2, f 2
equals the homogeneous quadratic function deﬁned by (14.36) above.
Deﬁne the quadratic mean of order r quantity index Qr by:
Qr (p0 , p1 , q 0 , q 1 ) ≡

*45
*46

{∑
N

0 1 0 r/2
i=1 si (qi /qi )

}1/r {∑

N
1 1 0 −r/2
i=1 si (qi /qi )

}−1/r

(14.50)

This section is an adaptation of the consumer theory material presented in section 5.5 of chapter 5 to the
producer context.
This terminology is due to Diewert (1976; 129)[127].
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∑N
where sti ≡ pti qit / k=1 ptk qkt is the period t revenue share for output i as usual. It can be veriﬁed that
when r = 2, Qr simpliﬁes into QF , the Fisher ideal quantity index.
Using exactly the same techniques as were used in the previous section, it can be shown that Qr is
exact for the aggregator function f r deﬁned by (14.49); i.e.,
Qr (p0 , p1 , q 0 , q 1 ) = f r (q 1 )/f r (q 0 ).

(14.51)

Thus under the assumption that the producer engages in revenue maximizing behavior during periods
0 and 1 and has technologies that satisfy assumptions (14.15) where the output aggregator function
f (q) is deﬁned by (14.49), then the quadratic mean of order r quantity index QF is exactly equal to
the true quantity index, f r (q 1 )/f r (q 0 ).*47 Since Qr is exact for f r and f r is a ﬂexible functional
form, the quadratic mean of order r quantity index Qr is a superlative index for each r ̸= 0. Thus
there are an inﬁnite number of superlative quantity indexes.
For each quantity index Qr , the product test*48 can be used in order to deﬁne the corresponding
implicit quadratic mean of order r price index P r∗ :
}
/{∑
∑N
N
0 0 r
0
1
0
1
P r∗ (p0 , p1 , q 0 , q 1 ) ≡ i=1 p1i qi1
q
Q
p
(p
,
p
,
q
,
q
)
i=1 i i
= rr∗ (p1 )/rr∗ (p0 )

(14.52)

where rr∗ is the unit revenue function that corresponds to the aggregator function f r deﬁned by
(14.49) above. For each r ̸= 0, the implicit quadratic mean of order r price index P r∗ is also a
superlative index.
When r = 2, Qr deﬁned by (14.50) simpliﬁes to QF , the Fisher ideal quantity index and P r∗ deﬁned
by (14.52) simpliﬁes to PF , the Fisher ideal price index. When r = 1, Qr deﬁned by (14.50) simpliﬁes
to:
∑N
∑N
Q1 (p0 , p1 , q 0 , q 1 ) ≡ { i=1 s0i (qi1 /qi0 )1/2 }/{ i=1 s1i (qi1 /qi0 )−1/2 }
∑N
∑N
∑
∑N
0 0 1 0 1/2
= [ i=1 p1i qi1 / i=1 p0i qi0 ]{ N
}/{ i=1 p1i qi1 (qi1 /qi0 )−1/2 }
i=1 pi qi (qi /qi )
∑N
∑N
∑
∑N
0 0 1 1/2
= [ i=1 p1i qi1 / i=1 p0i qi0 ]{ N
}/{ i=1 p1i (qi0 qi1 )1/2 }
i=1 pi (qi qi )
∑N
∑N
∑
1 0 1 1/2 ∑N
= [ i=1 p1i qi1 / i=1 p0i qi0 ]/{ N
/ i=1 p0i (qi0 qi1 )1/2 }
i=1 pi (qi qi )
∑N
∑N
= [ i=1 p1i qi1 / i=1 p0i qi0 ]/PW (p0 , p1 , q 0 , q 1 )
(14.53)
where PW is the Walsh (1901)[530](1921)[531] price index deﬁned previously by (4.20) in chapter 4.
Thus P 1∗ is equal to PW , the Walsh price index, and hence it is also a superlative price index.
Suppose the producer’s unit revenue function is the following quadratic mean of order r unit revenue
function:*49
[∑ ∑
]1/r
r/2 r/2
N
N
rr (p1 , . . . , pN ) ≡
b
p
p
(14.54)
i=1
k=1 ik i
k
where the parameters bik satisfy the symmetry conditions bik = bki for all i and k and the parameter
r satisﬁes the restriction r ̸= 0. Diewert (1976; 130)[127] showed that the unit revenue function rr
deﬁned by (14.54) is a ﬂexible functional form; i.e., it can approximate an arbitrary twice continuously
diﬀerentiable linearly homogeneous functional form to the second order. Note that when r = 2, r2
equals the homogeneous quadratic function deﬁned by (14.41) above.
*47
*48
*49

See Diewert (1976; 130)[127].
The product test asks that the product of the price index times the quantity index equal the corresponding
value ratio between the two periods under consideration; recall equation (4.1) in chapter 4.
This terminology is due to Diewert (1976; 130)[127]. This functional form was ﬁrst deﬁned by Denny (1974)[121]
as a unit cost function.

14.9 Quadratic Mean of Order r Superlative Indexes
Deﬁne the quadratic mean of order r price index P r by:
}−1/r
}1/r {∑
{∑
N
N
1 1
0 −r/2
0 1
0 r/2
s
(p
/p
)
s
(p
/p
)
P r (p0 , p1 , q 0 , q 1 ) ≡
i
i
i
i
i
i
i=1
i=1
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(14.55)

∑N
where sti ≡ pti qit / k=1 ptk qkt is the period t revenue share for output i as usual. It can be veriﬁed that
when r = 2, P r simpliﬁes into PF , the Fisher ideal price index.
Using exactly the same techniques as were used in the previous section, it can be shown that P r is
exact for the unit revenue function rr deﬁned by (14.54); i.e.,
P r (p0 , p1 , q 0 , q 1 ) = rr (p1 )/rr (p0 ).

(14.56)

Thus under the assumption that the producer engages in revenue maximizing behavior during periods
0 and 1 and has technologies that satisfy assumptions (14.15) where the output aggregator function
f (q) corresponds to the unit revenue function rr (p) deﬁned by (14.54), then the quadratic mean of
order r price index P r is exactly equal to the true output price index, rr (p1 )/rr (p0 ).*50 Since P r is
exact for rr and rr is a ﬂexible functional form, that the quadratic mean of order r price index P r
is a superlative index for each r ̸= 0. Thus there are an inﬁnite number of superlative price indexes.
For each price index P r , the product test can be used in order to deﬁne the corresponding implicit
quadratic mean of order r quantity index Qr∗ :
}
/{∑
∑N
N
0 0 r
0
1
0
1
Qr∗ (p0 , p1 , q 0 , q 1 ) ≡ i=1 p1i qi1
i=1 pi qi P (p , p , q , q )
= f r∗ (p1 )/f r∗ (p0 )

(14.57)

where f r∗ is the aggregator function that corresponds to the unit revenue function rr deﬁned by
(14.54) above.*51 For each r ̸= 0, the implicit quadratic mean of order r quantity index Qr∗ is also
a superlative index.
When r = 2, P r deﬁned by (14.55) simpliﬁes to PF , the Fisher ideal price index and Qr∗ deﬁned
by (14.57) simpliﬁes to QF , the Fisher ideal quantity index. When r = 1, P r deﬁned by (14.55)
simpliﬁes to:
∑N
∑N
P 1 (p0 , p1 , q 0 , q 1 ) ≡ { i=1 s0i (p1i /p0i )1/2 }/{ i=1 s1i (p1i /p0i )−1/2 }
∑N
∑N
∑
∑N
0 0 1
0 1/2
= [ i=1 p1i qi1 / i=1 p0i qi0 ]{ N
}/{ i=1 p1i qi1 (p1i /p0i )−1/2 }
i=1 pi qi (pi /pi )
∑N
∑N
∑
∑N
0 0 1 1/2
= [ i=1 p1i qi1 / i=1 p0i qi0 ]{ N
}/{ i=1 qi1 (p0i p1i )1/2 }
i=1 qi (pi pi )
∑N
∑N
∑
1 0 1 1/2 ∑N
= [ i=1 p1i qi1 / i=1 p0i qi0 ]/{ N
/ i=1 qi0 (p0i p1i )1/2 }
i=1 qi (pi pi )
∑N
∑N
= [ i=1 p1i qi1 / i=1 p0i qi0 ]/QW (p0 , p1 , q 0 , q 1 )
(14.58)
where QW is the Walsh quantity index deﬁned previously by (4.40) in chapter 4. Thus Q1∗ is equal
to QW , the Walsh (1901)[530](1921)[531] quantity index, and hence it is also a superlative quantity
index.
Essentially, the economic approach to index number theory provides reasonably strong justiﬁcations
for the use of the Fisher price index PF deﬁned by (14.9), the Törnqvist-Theil price index PT deﬁned
by (14.10), the implicit quadratic mean of order r price indexes P r∗ deﬁned by (14.52) (when r = 1,
this index is the Walsh price index deﬁned by (4.20) in chapter 4) and the quadratic mean of order
r price indexes P r deﬁned by (14.55). It is now necessary to ask if it matters which one of these
formula is chosen as “best”.
*50
*51

See Diewert (1976; 133-134)[127].
∑
r
The function f r∗ can be deﬁned by using rr as follows: f r∗ (q) ≡ maxp { N
i=1 pi qi : r (p) = 1}; see problem 3
above.
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14.10 The Economic Intermediate Input Price Index for an
Establishment
We now turn our attention to the economic theory of the intermediate input price index for an
establishment. This theory is analogous to the economic theory of the output price index explained
in section 14.3 above but now uses the joint cost function or the conditional cost function C in place
of the revenue function R that was used in section 14.3. Our approach in this section turns out to
analogous to the Konüs (1924)[380] theory for the true cost of living index in consumer theory.
Recall that the set S t describes what output vectors y can be produced in period t if the establishment
has at its disposal the vector of inputs v ≡ [x, z], where x is a vector of intermediate inputs and z
is a vector of primary inputs. Thus if [y, x, z] ∈ S t , then the nonnegative output vector y can be
produced by the establishment in period t if it can utilize the nonnegative vector x of intermediate
inputs and the nonnegative vector z of primary inputs.
Let px ≡ (px1 , . . . , pxM ) denote a positive vector of intermediate input prices that the establishment
might face in period t, let y be a nonnegative vector of output targets and let z be a nonnegative
vector of primary inputs that the establishment might have available for use during period t. Then
∑M
m=1 the establishment’s conditional cost function using period t technology is deﬁned as the
solution to the following intermediate input cost minimization problem:
}
{∑
M
t
C t (px , y, z) ≡ min
p
x
:
(y,
x,
z)
∈
S
.
(14.59)
m=1 xm m
x

∑
Thus C t (px , y, z) is the minimum intermediate input cost, m pxm xm , that the establishment must
pay in order to produce the vector of outputs y, given that it faces the vector of intermediate input
prices px and given that the vector of primary inputs z is available for use, using the period t
technology.*52
In order to make the notation for the intermediate input price index comparable to the notation used
in earlier chapters for price and quantity indexes, in the remainder of this section, the intermediate
input price vector px is replaced by the vector p and the vector of intermediate quantities x is
replaced by the vector q. Thus C t (px , y, z) is rewritten as C t (p, y, z).

The period t conditional cost function C t can be used to deﬁne the economy’s period t technology
intermediate input price index P t between any two periods, say period 0 and period 1, as follows:
P t (p0 , p1 , y, z) =

C t (p1 , y, z)
C t (p0 , y, z)

(14.60)

where p0 and p1 are the vectors of intermediate input prices that the establishment faces in periods
0 and 1 respectively, y is a reference vector of outputs that the establishment must produce and z is
a reference vector of primary inputs.*53 If M = 1 so that there is only one intermediate input that
the establishment uses, then it can be shown that the intermediate input price index collapses down
to the single intermediate input price relative between periods 0 and 1, p11 /p01 . In the general case,
note that the intermediate input price index deﬁned by (14.60) is a ratio of hypothetical intermediate
*52

*53

See McFadden (1978)[402] for the mathematical properties of a conditional cost function. Alternatively, we
note that −C t (px , y, z) has the same mathematical properties as the revenue function Rt deﬁned earlier in this
chapter.
This concept of the intermediate input price index is analogous to the import price index which was deﬁned
in Alterman, Diewert and Feenstra (1999)[10]. If we omit the vector of primary inputs from (14.60), then the
resulting intermediate input price index reduces to the physical production cost index deﬁned by Court and
Lewis (1942-3; 30)[100].
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input costs that the establishment must pay in order to produce the vector of outputs y, given that
it has the period t technology and the vector of primary inputs v to work with. The numerator
in (14.60) is the minimum intermediate input cost that the establishment could attain if it faced
the intermediate input prices of period 1, p1 , while the denominator in (14.60) is the minimum
intermediate input cost that the establishment could attain if it faced the output prices of period 0,
p0 . Note that all variables in the numerator and denominator of (14.60) are held constant except
the vectors of intermediate input prices.
As was the case with the theory of the output price index, there are a wide variety of price indexes
of the form (14.60) depending on which (t, y, z) reference vector is chosen; (the reference technology
is indexed by t, the reference output vector is indexed by y and the reference primary input vector is
indexed by z). As in the theory of the output price index, two special cases of the general deﬁnition of
the intermediate input price index (14.60) are of interest: (i) P 0 (p0 , p1 , y 0 , z 0 ) which uses the period
0 technology set, the output vector y 0 that was actually produced in period 0 and the primary input
vector z 0 that was used in period 0 and (ii) P 1 (p0 , p1 , y 1 , z 1 ) which uses the period 1 technology set,
the output vector y 1 that was actually produced in period 1 and the primary input vector z 1 that
was used in period 1. Let q 0 and q 1 be the observed intermediate input vectors for the establishment
in periods 0 and 1 respectively. If there is cost minimizing behavior on the part of the producer in
periods 0 and 1, then the observed intermediate input cost in periods 0 and 1 should be equal to
C 0 (p0 , y 0 , z 0 ) and C 1 (p1 , y 1 , z 1 ) respectively; i.e., the following equalities should hold:
C 0 (p0 , y 0 , z 0 ) =

∑M

0 0
m=1 pm qm

and C 1 (p1 , y 1 , z 1 ) =

∑M

1 1
m=1 pm qm .

(14.61)

Under these cost minimizing assumptions, adapt the arguments of Fisher and Shell (1972; 5758)[271] and Archibald (1977; 66)[11] can again be adapted to show that the two theoretical indexes, P 0 (p0 , p1 , y 0 , z 0 ) and P 1 (p0 , p1 , y 1 , z 1 ) described in (i) and (ii) above, satisfy the following
inequalities (14.62) and (14.63):
P 0 (p0 , p1 , y 0 , z 0 ) ≡ C 0 (p1 , y 0 , z 0 )/C 0 (p0 , y 0 , z 0 ) using deﬁnition (14.60)
∑M
0
= C 0 (p1 , y 0 , z 0 )/ m=1 p0m qm
using assumption (14.61)
∑M
1 0 ∑M
0 0
≤ m=1 pm qm / m=1 pm qm
since q 0 is feasible for the minimization problem which deﬁnes
∑M
0
C 0 (p1 , y 0 , z 0 ) and so C 0 (p1 , y 0 , z 0 ) ≤ m=1 p1m qm
≡ PL (p0 , p1 , q 0 , q 1 )

(14.62)

where PL is the Laspeyres intermediate input price index. Similarly,:
P 1 (p0 , p1 , y 1 , z 1 ) ≡ C 1 (p1 , y 1 , z 1 )/C 1 (p0 , y 1 , z 1 ) using deﬁnition (14.60)
∑M
1
= m=1 p1m qm
/C 1 (p0 , y 1 , z 1 ) using (14.61)
∑M
1 ∑M
1
≥ m=1 p1m qm
/ m=1 p0m qm
since q 1 is feasible for the minimization problem which
∑M
1
deﬁnes C 1 (p0 , y 1 , z 1 ) and so C 1 (p0 , y 1 , z 1 ) ≤ m=1 p0m qm
≡ PP (p0 , p1 , q 0 , q 1 )

(14.63)

where PP is the Paasche price index. Thus the inequality (14.62) says that the observable Laspeyres
index of intermediate input prices PL is an upper bound to the theoretical intermediate input
price index P 0 (p0 , p1 , y 0 , z 0 ) and the inequality (14.63) says that the observable Paasche index
of intermediate input prices PP is a lower bound to the theoretical intermediate input price index
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P 1 (p0 , p1 , y 1 , z 1 ). Note that these inequalities are the reverse of our earlier inequalities (14.4) and
(14.5) that was found for the output price index*54 but our new inequalities are analogous to their
counterparts in the theory of the true cost of living index.
As was the case in section 14.4 above, it is possible to deﬁne a theoretical intermediate input price
index that falls between the observable Paasche and Laspeyres intermediate input price indexes. To
do this, ﬁrst deﬁne a hypothetical intermediate input cost function, C(p, α), that corresponds to the
use of an α weighted average of the technology sets S 0 and S 1 for periods 0 and 1 as the reference
technology and that uses an α weighted average of the period 0 and period 1 output vectors y 0 and
y 1 and primary input vectors z 0 and z 1 as the reference output and primary input vectors:
}
{∑
M
0
1
0
1
0
1
C(p, α) ≡ min
p
q
:
[q,
(1
−
α)y
+
αy
,
(1
−
α)z
+
αz
]
∈
[(1
−
α)S
+
αS
]
.
m=1 m m
q

(14.64)
Thus the intermediate input cost minimization problem in (14.64) corresponds to the intermediate
output target (1 − α)y 0 + αy 1 and the use of an average of the period 0 and 1 primary input vectors
z 0 and z 1 where the period 0 vector gets the weight 1 − α and the period 1 vector gets the weight α
and an “average” is used of the period 0 and period 1 technology sets where the period 0 set gets the
weight 1 − α and the period 1 set gets the weight α, where α is a number between 0 and 1. The new
intermediate input cost function deﬁned by (14.64) can now be used to deﬁne the following family
of theoretical intermediate input price indexes:
P (p0 , p1 , α) ≡

C(p1 , α)
.
C(p0 , α)

(14.65)

Adapting the proof of Diewert (1983; 1060-1061)[135] shows that there exists an α between 0 and 1
such that the theoretical intermediate input price index deﬁned by (14.64) lies between the observable
(in principle) Paasche and Laspeyres intermediate input price indices, PP and PL ; i.e., there exists
an α such that
PL ≤ P (p0 , p1 , α) ≤ PP or PP ≤ P (p0 , p1 , α) ≤ PL .
(14.66)
If the Paasche and Laspeyres indices are numerically close to each other, then (14.66) tells us that
a “true” economic intermediate input price index is fairly well determined and a reasonably close
approximation to the “true” index can be found by taking a symmetric average of PL and PP such as
the geometric average which again leads to Irving Fisher’s (1922)[274] ideal price index, PF deﬁned
earlier by (14.9).
It is worth noting that the above theory of the economic intermediate input price indices was very
general; in particular, no restrictive functional form or separability assumptions were made on the
technology.
The translog technology assumptions used in section 14.5 above to justify the use of the Törnqvist
Theil output price index as an approximation to a theoretical output price index can be adapted
to yield a justiﬁcation for the use of the Törnqvist Theil intermediate input price index as an
approximation to a theoretical intermediate input price index. Recall the deﬁnition of the period
t conditional intermediate input cost function, C t (px , y, z), deﬁned by (14.59) above. Replace the
vector of intermediate input prices px by the vector p and deﬁne the N + K vector u as u ≡ [y, z].
Now assume that the period t conditional cost function has the following translog functional form :

*54

This is due to the fact that we are now dealing with a cost minimization problem instead of a revenue maximization problem as before.
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for t = 0, 1 :
ln C t (p, u) = α0t +
∑M
+

∑M

m=1

∑M ∑M
t
βjt ln uj +
αmj
ln pm ln pj
m=1
j=1
m=1
j=1
∑N +K
∑N +K ∑N +K
t
t
βmn
ln pm ln un + (1/2)
γnk
ln un ln uk
t
αm
ln pm +

n=1

∑N +K

n=1

k=1

(14.67)

t
t
where the αm
and the αmj
coeﬃcients satisfy the following restrictions:
t
t
t
t
αmj
= αjm
for all m, j and for t = 0, 1; γnk
= γkn
for all k, n and for t = 0, 1;
∑M
t
αm
= 1 for t = 0, 1;
m=1
∑M
t
αmj
= 0 for t = 0, 1 and m = 1, 2, . . . , M ;
j=1
∑M
t
βmn
= 0 for t = 0, 1 and n = 1, 2, . . . , N + K.
m=1

(14.68)
(14.69)
(14.70)
(14.71)

The restrictions (14.69)-(14.71) are necessary to ensure that C t (p, u) is linearly homogeneous in the
components of the intermediate input price vector p (which is a property that a conditional cost
function must satisfy). Note that at this stage of our argument the coeﬃcients that characterize the
technology in each period (the α’s, β’s and γ’s) are allowed to be completely diﬀerent in each period.
Adapting again the result in Caves, Christensen and Diewert (1982; 1410)[86] to the present context*55 : if the quadratic price coeﬃcients in (14.67) are equal across the two periods where an index
0
1
number comparison (i.e., αmj
= αmj
for all m, j) is being made, then the geometric mean of the
economic intermediate input price index that uses period 0 technology, the period 0 output vector
y 0 , and the period 0 vector of primary inputs z 0 , P 0 (p0 , p1 , y 0 , z 0 ), and the economic intermediate
input price index that uses period 1 technology, the period 1 output vector y 1 , and the period 1
primary input vector z 1 , P 1 (p0 , p1 , y 1 , z 1 ), is exactly equal to the Törnqvist intermediate input
price index PT deﬁned by (14.10) above*56 ; i.e.,
[
]1/2
PT (p0 , p1 , q 0 , q 1 ) = P 0 (p0 , p1 , y 0 , z 0 )P 1 (p0 , p1 , y 1 , z 1 )
.
(14.72)
As was the case with our previous result (14.14), the assumptions required for the result (14.72) seem
rather weak; in particular, there is no requirement that the technologies exhibit constant returns
to scale in either period and our assumptions are consistent with technological progress occurring
between the two periods being compared. Because the index number formula PT is exactly equal to
the geometric mean of two theoretical economic intermediate input price index and this corresponds
to a ﬂexible functional form, the Törnqvist intermediate input index number formula is said to be
superlative.
It is possible to adapt the analysis of the output price index that was developed in sections 14.8 and
14.9 above to the intermediate input price index and show that the two families of superlative output
price indexes, P r∗ deﬁned by (14.52) and P r deﬁned by (14.55), are also superlative intermediate
input price indexes. However, the details are omitted here since in order to derive these results,
rather restrictive separability restrictions are required on the technology of the establishment.*57
*55

*56
*57

See problem 1 above for the method of proof. The Caves, Christensen and Diewert translog exactness result is
slightly more general than a similar translog exactness result that was obtained earlier by Diewert and Morrison
(1986; 668)[221]; Diewert and Morrison assumed that all of the quadratic terms in (14.67) were equal to each
other during the two periods under consideration whereas Caves, Christensen and Diewert assumed only that
α0mj = α1mj for all m, j.
Of course, in the present context, output prices are replaced by intermediate input prices and the number of
terms in the summation of terms deﬁned by (14.10) is changed from N to M .
The counterpart to our earlier separability assumption (14.15) is now: z1 = F t (y, x, z2 , ..., zK ) =
Gt (y, f (x), z2 , ..., zK ) for t = 0, 1 where the intermediate input aggregator function f is linearly homogeneous
and independent of t.
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In the following section, the analysis presented in sections 14.3-14.6 is modiﬁed to provide an economic approach to the value added deﬂator.

14.11 The Economic Approach to the Value Added Deﬂator for an
Establishment
Attention is now turned to the economic theory of the value added deﬂator for an establishment.
This theory is analogous to the economic theory of the output price index explained in section 14.3
above but now the proﬁt function π is used in place of the revenue function R that was used in
section 14.3.
Recall that the set S t describes what output vectors y can be produced in period t if the establishment
has at its disposal the vector of inputs [x, z], where x is a vector of intermediate inputs and z is
a vector of primary inputs. Thus if [y, x, z] ∈ S t , then the nonnegative output vector y can be
produced by the establishment in period t if it can utilize the nonnegative vector x of intermediate
inputs and the nonnegative vector z of primary inputs.
Let py ≡ (py1 , . . . , pyN ) and px ≡ (px1 , . . . , pxM ) denote positive vectors of output and intermediate
input prices that the establishment might face in period t and let z be a nonnegative vector of primary
inputs that the establishment might have available for use during period t. Then the establishment’s
(gross) proﬁt function or net revenue function using period t technology is deﬁned as the solution
to the following net revenue maximization problem:
{∑
}
∑M
N
t
π t (py , px , z) ≡ max
p
y
−
p
x
:
(y,
x,
z)
∈
S
(14.73)
yn
n
xm
m
n=1
m=1
y,x

where as usual, y ≡ [y1 , ..., yN ] is an output vector and x ≡ [x1 , ..., xM ] is an intermediate input
∑N
vector. Thus π t (py , px , z) is the maximum output revenue, n=1 pyn yn , less intermediate input cost,
∑
m pxm xm , that the establishment could generate, given that it faces the vector of output prices
py and the vector of intermediate input prices px and given that the vector of primary inputs z is
available for use, using the period t technology.*58
In the remainder of this section, the net output price vector p is deﬁned as p ≡ [py , px ] and the net
output quantity vector q is deﬁned as q ≡ [y, −x]. Thus all output and intermediate input prices
are positive, output quantities are positive but intermediate inputs are indexed with a minus sign.
With these deﬁnitions, π t (py , px , z) can be rewritten as π t (p, z).
The period t proﬁt function π t can be used to deﬁne the economy’s period t technology value added
deﬂator P t between any two periods, say period 0 and period 1, as follows*59 :
P t (p0 , p1 , z) =

π t (p1 , z)
π t (p0 , z)

(14.74)

where p0 and p1 are the N + M dimensional vectors of net output prices that the establishment
faces in periods 0 and 1 and z is a reference vector of primary inputs. Note that all variables in the
numerator and denominator of (14.74) are held constant except the vectors of net output (output
and intermediate input) prices.
As was the case with the theory of the output price index, there are a wide variety of price indexes
of the form (14.74) depending on which (t, z) reference vector that is chosen. The analysis follows
*58
*59

The proﬁt function π t has the same mathematical properties as the revenue function Rt .
If there are no intermediate inputs, this concept reduces to Archibald’s (1977; 61)[11] ﬁxed input quantity output
price index. In the case where there is no technical progress between the two periods, this concept reduces to
Diewert’s (1980; 455-461)[132] (net) output price deﬂator. Diewert (1983; 1055)[135] considered the general
concept, which allows for technical progress between periods.
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that of the output price index in section 14.3. As in the theory of the output price index, interest lies
in two special cases of the general deﬁnition of the value added deﬂator (14.74): a theoretical index
which uses the period 0 technology set and the primary input vector z 0 that was used in period 0
and one that uses the period 1 technology set and the primary input vector z 1 that was used in
period 1. These two theoretical indexes are deﬁned as follows:
π 0 (p1 , z 0 )
;
π 0 (p0 , z 0 )
π 1 (p1 , z 1 )
P 1 (p0 , p1 , z 1 ) = 1 0 1
π (p , z )
P 0 (p0 , p1 , z 0 ) =

(14.75)
(14.76)

where p0 ≡ [p0y , p0x ] and p1 ≡ [p1y , p1x ] are the period 0 and 1 vectors of output and intermediate
input prices facing the establishment. The observable Laspeyres index of output and intermediate
input prices PL is shown to be a lower bound to P 0 (p0 , p1 , z 0 ) deﬁned by (14.75) and the observable
Paasche index of output and intermediate input prices PP is an upper bound to P 1 (p0 , p1 , z 1 ) deﬁned
by (14.76).*60 These inequalities go in the same direction as the earlier inequalities (14.4) and (14.5)
that were obtained for the output price index.
As was the case in section 14.4 above, it is possible to deﬁne a theoretical value added deﬂator that
falls between the observable Paasche and Laspeyres value added deﬂators. To do this, a hypothetical
net revenue function, π(p, α), is deﬁned that corresponds to an α weighted average of the period 0
and 1 technology sets and an α weighted average of the primary input vectors z 0 and z 1 is used as
the reference primary input vector.
Following the arguments made for the output price index, if the Paasche and Laspeyres indexes are
numerically close to each other, then a “true” economic value added deﬂator is fairly well determined
and a reasonably close approximation to the “true” index is a symmetric average of PL and PP such
as the geometric average which again leads to Irving Fisher’s ideal price index.*61
The translog technology assumptions that were used in section 14.5 above to justify the use of the
Törnqvist Theil output price index as an approximation to a theoretical output price index can
be adapted to yield a justiﬁcation for the use of the Törnqvist Theil value added price index as
an approximation to a theoretical value added deﬂator. Recall the deﬁnition of the period t net
revenue function, π t (py , px , z), deﬁned by (14.73) above. All that is required is to replace the
vectors of output prices py and the vector of intermediate input prices px by the vector p ≡ [py , px ]
and assume that the period t net revenue function has the translog functional form. Following the
argument for the output price index, if the quadratic price coeﬃcients are equal across the two
periods, Törnqvist value added deﬂator is exactly equal to the geometric mean of the two theoretical
indexes deﬁned by (14.75) and (14.76) above. Because the index number formula is exactly equal
*60

*61

In order to derive the counterpart to the inequality (14.4), we require that the hypothetical or unobserved
∑M
∑
∑N +M 0 1
1
0
1
0
p n qn ≡ N
value added n=1
m=1 pxm xm be positive. In order to derive the counterpart to the
n=1 pyn yn −
∑M
∑N
∑N +M 1 0
0
1
0
1
inequality (14.5), we require that the hypothetical value added
m=1 pxm xm
n=1 pyn yn −
n=1 pn qn ≡
be positive. If the periods 0 and 1 are quite distant in time or if there are dramatic changes in output or
intermediate input prices between the two periods, it can happen that these hypothetical value added sums are
negative. In this case, one can try and use the chain principle in order to break up the large price and quantity
changes that occurred between periods 0 and 1 into a series of smaller changes. With smaller changes, there
is a better chance that the hypothetical value added series will remain positive. This seems consistent with
the advice of Burns (1930; 256)[75] on this topic. Under certain circumstances, Bowley (1922; 4)[69] raised the
possibility of a negative nominal value added. Burns (1930; 257)[75] noted that this anomaly will generally
disappear as we aggregate across establishments or industries.
Burns (1930; 244-247)[75] noted that the Laspeyres, Paasche and Fisher value added deﬂators could be used
to deﬂate nominal net output or value added into real measures. Burns (1930; 247)[75] also noted that that a
Fisher ideal production aggregate built up as the product of the Laspeyres and Paasche quantity indexes (the
“index” method) would give the same answer as deﬂating the nominal value added ratio by the Fisher price
index (the “deﬂating” method).
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to an underlying ﬂexible functional form, the Törnqvist value added deﬂator formula is superlative.
As was the case with the output price index the assumptions required for this ﬁnding seem rather
weak; in particular, there is no requirement that the technologies exhibit constant returns to scale
in either period and our assumptions are consistent with technological progress occurring between
the two periods being compared.
It is possible to adapt the analysis of the output price index that was developed in sections 14.8
and 14.9 above to the value added deﬂator and show that the two families of superlative output
price indexes, P r∗ deﬁned by (14.52) and P r deﬁned by (14.55), are also superlative value added
deﬂators.*62 In order to derive these results, rather restrictive separability restrictions are required
on the technology of the establishment.*63
Attention is now turned to the problems involved in aggregating over establishments in order to form
national output, intermediate input and value added deﬂators.

14.12 Aggregation over Establishments: The National Output Price
Index
Assume now that there are E establishments in the economy. The goal in this section is to obtain
a national output price index that compares output prices in period 1 to those in period 0 and
aggregates over all of the establishments in the economy (or a sector of the economy).
For e = 1, 2, ..., E, let pe ≡ (pe1 , . . . , peN ) denote a positive vector of output prices that establishment
e might face in period t and let v e ≡ [xe , z e ] be a nonnegative vector of inputs that establishment e
might have available for use during period t. Denote the period t technology set for establishment e
by S et . As in section 14.3 above, the revenue function for establishment e can be deﬁned using the
period t technology as follows:
}
{∑
N
e
et
e
q
:
(q,
v
)
∈
S
; e = 1, ..., E; t = 0, 1.
(14.77)
Ret (pe , v e ) ≡ max
p
n=1 n n
q

Now deﬁne the national revenue function Rt (p1 , ..., pE , v 1 , ..., v E ) using period t technologies as the
sum of the period t establishment revenue functions Ret deﬁned by (14.77):
Rt (p1 , ..., pE , v 1 , ..., v E ) ≡

∑E
e=1

Ret (pe , v e ).

(14.78)

We simplify the notation by deﬁning the national price vector p as p ≡ [p1 , ..., pE ] and the national
input vector v as v ≡ [v 1 , ..., v E ]. With this new notation, Rt (p1 , ..., pE , v 1 , ..., v E ) can be written as
*62

*63

The value added aggregator function that corresponds to (14.49) in section 14.9 is now f r (y, x). For this
functional form, we must have all quantities positive and hence the prices of the outputs must be taken to be
positive and the prices of intermediate inputs must be negative for the exactness result (14.51) to hold. For
the unit net revenue function that now corresponds to (14.54) in section 14.9, we must have all prices positive,
output quantities positive and intermediate input quantities negative for the exactness result (14.56) to hold.
The counterpart to our earlier separability assumption (14.15) is now: z1 = F t (y, x, z2 , ..., zK ) =
Gt (f (y, x), z2 , ..., zK ) for t = 0, 1 where the output and intermediate input aggregator function f is linearly homogeneous and independent of t. This type of separability assumption was ﬁrst made by Sims (1969)[487]. Under
this separability assumption, the family of value added deﬂators deﬁned by (14.74) simpliﬁes to r(p1 )/r(p0 )
∑N +M
where the unit net revenue function is deﬁned by r(p) ≡ maxq { n=1
pn qn : f (q1 , ..., qN +M ) = 1}. Note
that these deﬂators are independent of quantities. Under this separability assumption, the quantity index that
corresponds to this real value added deﬂator is f (y 1 , x1 )/f (y 0 , x0 ) and thus this index depends only on quantities. Sims (1977; 129)[488] emphasizes that if we want our measures of real net output to depend only on
the quantity vectors of outputs produced and intermediate inputs used, then it will be necessary to make a
separability assumption. Since these separability assumptions are very restrictive from an empirical point of
view, we have tried to develop economic approaches to the PPI that do not rely on separability assumptions.

14.12 Aggregation over Establishments: The National Output Price Index

345

∑E ∑N
Rt (p, v). Thus Rt (p, v) is the maximum value of output, e=1 n=1 pen qne , that all establishments
in the economy can produce, given that establishment e faces the vector of output prices pe and given
that the vector of inputs v e is available for use by establishment e, using the period t technologies.
The period t national revenue function Rt can be used to deﬁne the national output price index
using the period t technologies P t between any two periods, say period 0 and period 1, as follows:
P t (p0 , p1 , v) =

Rt (p1 , v)
Rt (p0 , v)

(14.79)

where p0 ≡ [p10 , p20 , ..., pE0 ] and p1 ≡ [p11 , p21 , ..., pE1 ] are the national vectors of output prices that
the various establishments face in periods 0 and 1 respectively and v ≡ [v 1 , v 2 , ..., v E ] is a reference
vector of intermediate and primary inputs for each establishment in the economy.*64 The numerator
in (14.79) is the maximum revenue that the economy could attain (using inputs v) if establishments
faced the output prices of period 1, p1 , while the denominator in (14.79) is the maximum revenue
that establishments could attain (using inputs v) if they faced the output prices of period 0, p0 .
Note that all of the variables in the numerator and denominator functions are exactly the same,
except that the output price vectors diﬀer.
As was the case of a single establishment studied in section 14.3 above, there are a wide variety
of price indexes of the form (14.79) depending on which reference technology t and reference input
vector v that we choose. Thus there is not a single economic price index of the type deﬁned by
(14.79): there is an entire family of indexes.
As usual, interest lies in two special cases of the general deﬁnition of the output price index (14.79):
(i) P 0 (p0 , p1 , v 0 ) which uses the period 0 establishment technology sets and the input vector v 0
that was actually used in period 0 and (ii) P 1 (p0 , p1 , v 1 ) which uses the period 1 establishment
technology sets and the input vector v 1 that was actually used in period 1. Let q e0 and q e1 be the
observed output vectors for the establishments in periods 0 and 1 respectively for e = 1, ..., E. If
there is revenue maximizing behavior on the part of each establishment in periods 0 and 1, then
the sum of observed establishment revenues in periods 0 and 1 should be equal to R0 (p0 , v 0 ) and
R1 (p1 , v 1 ) respectively; i.e., the following equalities should hold:
R0 (p0 , v 0 ) =

∑E
e=1

∑N
n=1

e0
1 1
1
pe0
n qn and R (p , v ) =

∑E
e=1

∑N
n=1

e1
pe1
n qn .

(14.80)

Under these revenue maximizing assumptions, adapting the arguments of Fisher and Shell (1972; 5758)[271] and Archibald (1977; 66)[11], Diewert (2001)[171] showed that the two theoretical indexes,
P 0 (p0 , p1 , v 0 ) and P 1 (p0 , p1 , v 1 ) described in (i) and (ii) above, satisfy the following inequalities
(14.81) and (14.82):
P 0 (p0 , p1 , v 0 ) ≡ R0 (p1 , v 0 )/R0 (p0 , v 0 ) using deﬁnition (14.79)
/∑ ∑
E
N
e0 e0
= R0 (p1 , v 0 )
using (14.80)
e=1
n=1 pn qn
/
∑E ∑N
e0 ∑E ∑N
e0 e0
≥ e=1 n=1 pe1
n qn
e=1
n=1 pn qn
since q e0 is feasible for the maximization problem which deﬁnes
∑N
e0
Re0 (pe1 , v e0 ) and so Re0 (pe1 , v e0 ) ≥ n=1 pe1
n qn for e = 1, ..., E
≡ PL (p0 , p1 , q 0 , q 1 )

*64

This concept for an economy wide producer output price index may be found in Diewert (2001)[171].

(14.81)
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where PL is the Laspeyres output price index, which treats each commodity produced by each
establishment as a separate commodity. Similarly:
P 1 (p0 , p1 , v 1 ) ≡ R1 (p1 , v 1 )/R1 (p0 , v 1 ) using deﬁnition (14.79)
/
∑E ∑N
e1
= e=1 n=1 pe1
q
R1 (p0 , v 1 ) using (14.80)
n n
/
∑E ∑N
e1 ∑E ∑N
e0 e1
≤ e=1 n=1 pe1
q
n n
e=1
n=1 pn qn
since q e1 is feasible for the maximization problem which deﬁnes
∑N
e1
Re1 (pe0 , v e1 ) and so Re1 (pe0 , v e1 ) ≥ n=1 pe0
n qn for e = 1, ..., E
≡ PP (p0 , p1 , q 0 , q 1 )

(14.82)

where PP is the Paasche output price index, which treats each commodity produced by each establishment as a separate commodity. Thus the inequality (14.81) says that the observable Laspeyres index
of output prices PL is a lower bound to the theoretical national output price index P 0 (p0 , p1 , v 0 )
and the inequality (14.82) says that the observable Paasche index of output prices PP is an upper
bound to the theoretical national output price index P 1 (p0 , p1 , v 1 ).
It is possible to relate the Laspeyres type national output price index P 0 (p0 , p1 , v 0 ) to the individual
establishment Laspeyres type output price indexes P e0 (pe0 , pe1 , v e0 ) deﬁned as follows:
P e0 (pe0 , pe1 , v e0 ) ≡

Re0 (pe1 , v e0 )
Re0 (pe1 , v e0 )
=
;
∑N
e0 e0
Re0 (pe0 , v e0 )
n=1 pn qn

e = 1, ..., E

(14.83)

where the establishment period 0 technology revenue functions Re0 were deﬁned above by (14.77)
and assumptions (14.80) were used to establish the second set of equalities; i.e., the assumption that
∑N
e0
each establishment’s observed period 0 revenues, n=1 pe0
n qn , are equal to the optimal revenues,
e0 e0
e0
R (p , v ). Now deﬁne the revenue share of establishment e in national revenue for period 0 as
∑N
e0
pe0
n qn
0
Se ≡ ∑E n=1
; e = 1, ..., E.
(14.84)
∑N
i0 i0
i=1
n=1 pn qn
Using the deﬁnition of the Laspeyres type national output price index P 0 (p0 , p1 , v 0 ), deﬁnition
(14.81) for (t, v) = (0, v 0 ), we have:
∑E
∑E
P 0 (p0 , p1 , v 0 ) ≡ e=1 Re0 (pe1 , v e0 )/ e=1 Re0 (pe0 , v e0 )
∑E
∑E
= e=1 Re0 (pe0 , v e0 )[Re0 (pe1 , v e0 )/Re0 (pe0 , v e0 )]/ e=1 Re0 (pe0 , v e0 )
∑E
= e=1 Se0 [Re0 (pe1 , v e0 )/Re0 (pe0 , v e0 )] using (14.84)
∑E
= e=1 Se0 P e0 (pe0 , pe1 , v e0 ) using (14.83).
(14.85)
Thus the Laspeyres type national output price index P 0 (p0 , p1 , v 0 ) is equal to a base period establishment revenue share weighted average of the individual establishment Laspeyres type output price
indexes P e0 (pe0 , pe1 , v e0 ).
Of course, it is also possible to relate the Paasche type national output price index P 1 (p0 , p1 , v 1 ) to
the individual establishment Paasche type output price indexes P e1 (pe0 , pe1 , v e1 ) deﬁned as follows:
∑N
pe1 qne1
Re1 (pe1 , v e1 )
e1 e0
e1
e1
P (p , p , v ) ≡ e1 e0 e1 = e1n=1e0 n e1
; e = 1, ..., E
(14.86)
R (p , v )
R (p , v )
where the establishment period 1 technology revenue functions Re1 were deﬁned above by (14.77)
and we used assumptions (14.80) to establish the second set of equalities; i.e., the assumption that
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∑N
e1
each establishment’s observed period 1 revenues, n=1 pe1
n qn , are equal to the optimal revenues,
e1 e1
e1
R (p , v ). Now deﬁne the revenue share of establishment e in national revenue for period 1 as
∑N
e1
pe1
n qn
1
Se ≡ ∑E n=1
; e = 1, ..., E.
(14.87)
∑N
i1 i1
i=1
n=1 pn qn
Using the deﬁnition of the Paasche type national output price index P 1 (p0 , p1 , v 1 ), deﬁnition (14.82),
we have:
∑E
∑E
P 1 (p0 , p1 , v 1 ) ≡ e=1 Re1 (pe1 , v e1 )/ e=1 Re1 (pe0 , v e1 )
/[∑
]
E
e1 e0
e1 ∑E
e1 e1
e1
=1
R
(p
,
v
)/
R
(p
,
v
)
e=1
e=1
/[∑
]
∑E
E
e1 e1
e1
e1 e0
e1
e1 e1
e1
e1 e1
e1
=1
R
(p
,
v
)[R
(p
,
v
)/R
(p
,
v
)]/
R
(p
,
v
)
e=1
e=1
/∑
E
1
e1 e1
e1
e1 e0
e1 −1
using (14.87)
=1
e=1 Se [R (p , v )/R (p , v )]
}−1
{∑
E
1
e1 e0
e1
e1 −1
using (14.83).
(14.88)
=
e=1 Se [P (p , p , v )]
Thus the Paasche type national output price index P 1 (p0 , p1 , v 1 ) is equal to a period 1 establishment
revenue share weighted harmonic average of the individual establishment Paasche type output price
indexes P e1 (pe0 , pe1 , v e1 ).
As was the case in section 14.4 above, it is possible to deﬁne a national output price index that
falls between the observable Paasche and Laspeyres national output price indexes. To do this, ﬁrst
a hypothetical revenue function, Re (pe , α), is deﬁned for each establishment that corresponds to the
use of an α weighted average of the technology sets S e0 and S e1 for periods 0 and 1 as the reference
technology and that uses an α weighted average of the period 0 and period 1 input vectors v e0 and
v e1 as the reference input vector:
}
{∑
N
0
1
e0
e1
e
q
:
[q,
(1
−
α)v
+
αv
]
∈
[(1
−
α)S
+
αS
]
; e = 1, ..., E.
p
Re (pe , α) ≡ max
n
n=1 n
q

(14.89)
Once the establishment hypothetical revenue functions have been deﬁned by (14.89), the intermediate
technology national revenue function Rt (p1 , ..., pE , v 1 , ..., v E ) can be deﬁned as the sum of the period
t individual intermediate technology establishment revenue functions Re as follows:
∑E
R(p1 , ..., pE , α) ≡
Re (pe , α).
(14.90)
e=1

Again, simplify the notation by deﬁning the national price vector p as p ≡ [p1 , ..., pE ]. With this
new notation, R(p1 , ..., pE , α) can be written as R(p, α). Now use the national revenue function
deﬁned by (14.90) in order to deﬁne the following family of theoretical national output price indexes:
P (p0 , p1 , α) ≡

R(p1 , α)
.
R(p0 , α)

(14.91)

As usual, the proof of Diewert (1983; 1060-1061)[135] can be adapted to show that there exists an α
between 0 and 1 such that a theoretical national output price index deﬁned by (14.91) lies between
the observable (in principle) Paasche and Laspeyres national output price indexes deﬁned in (14.88)
and (14.85), PP and PL ; i.e., there exists an α such that
PL ≤ P (p0 , p1 , α) ≤ PP or PP ≤ P (p0 , p1 , α) ≤ PL .

(14.92)

If the Paasche and Laspeyres indexes are numerically close to each other, then (14.92) tells us that
a “true” national output price index is fairly well determined and a reasonably close approximation
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can be found to the “true” index by taking a symmetric average of PL and PP such as the geometric
average which again leads to Irving Fisher’s (1922)[274] ideal price index, PF deﬁned earlier by
(14.9).
The above theory for the national output price indexes is very general; in particular, no restrictive
functional form or separability assumptions were made on the establishment technologies.
The translog technology assumptions that were used in section 14.5 above to justify the use of the
Törnqvist Theil output price index for a single establishment as an approximation to a theoretical
output price index for a single establishment can be adapted to yield a justiﬁcation for the use of
a national Törnqvist Theil output price index as an approximation to a theoretical national output
price index.
Recall the deﬁnition of the national period t national revenue function, Rt (p, v) ≡ Rt (p1 , ..., pE , v 1 , ..., v E ),
deﬁned earlier by (14.78) above. Assume that the period t national revenue function has the following
translog functional form : for t = 0, 1 :
∑(M +K)E
t
αnt ln pn +
βm
ln vm
n=1
m=1
∑N E ∑N E
∑N E ∑(M +K)E
t
t
+ (1/2)
αnj
ln pn ln pj +
βnm
ln pn ln vm

ln Rt (p, v) = α0t +

∑N E

n=1

+ (1/2)

j=1

∑(M +K)E ∑(M +K)E
m=1

k=1

n=1

m=1

t
γmk
ln vm ln vk

(14.93)

for t = 0, 1

(14.94)

where the αnt coeﬃcients satisfy the restrictions:
∑N E
n=1

αnt = 1

t
t
and βnm
and the αnj
coeﬃcients satisfy the following restrictions:*65

∑N E

αt
j=1 nj

∑N E

n=1

=0

t
βnm

=0

for t = 0, 1 and j = 1, 2, . . . , N E;

(14.95)

for t = 0, 1 and m = 1, 2, ..., (M + K)E.

Note that the national output price vector p in (14.93) has dimension equal to N E, the number of outputs times the number of establishments; i.e., p ≡ [p1 , ..., pN ; pN +1 , ..., p2N ; ...; p(E−1)N +1 , ..., pN E ] =
E
[p11 , ..., p1N ; p21 , ..., p2N ; ...; pE
1 , ..., pN ]. Similarly, the national input vector v in (14.93) has dimension
equal to (M + K)E, the number of intermediate and primary inputs in the economy times the number of establishments.*66 The restrictions (14.94) and (14.95) are necessary to ensure that Rt (p, v)
is linearly homogeneous in the components of the output price vector p (which is a property that a
revenue function must satisfy). Note that at this stage of our argument the coeﬃcients that characterize the technology in each period (the α’s, β’s and γ’s) are allowed to be completely diﬀerent
in each period. We also note that the translog functional form is an example of a ﬂexible functional
form*67 ; i.e., it can approximate an arbitrary technology to the second order.
*65
*66

*67

t
t
It is also assumed that the symmetry conditions αtnj = αtjn for all n, j and for t = 0, 1 and γmk
= γkm
for all
m, k and for t = 0, 1 are satisﬁed.
It has also been implicitly assumed that each establishment can produce each of the N outputs in the economy
and that each establishment uses all M + K inputs in the economy. These restrictive assumptions can readily be
relaxed but only at the cost of notational complexity. All that is required is that each establishment produces
the same set of outputs in each period.
In fact the assumption that the period t national revenue function Rt (p, v) has the translog functional form
deﬁned by (14.93) may be regarded as an approximation to the true technology since (14.93) has not imposed
any restrictions on the national technology that are implied by the fact that the national revenue function is
equal to the sum of the establishment revenue functions.
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Deﬁne the national revenue share for establishment e and output n for period t as follows:
et
pet
n qn
set
≡
∑E ∑N
n
i=1

j=1

it
pit
j qj

;

n = 1, ..., N ; e = 1, ..., E; t = 0, 1.

(14.96)

e0
Using the above establishment revenue shares and the establishment output price relatives, pe1
n /pn ,
we can deﬁne the logarithm of the national Törnqvist (1936)[509] (1937)[510] Theil (1967)[500]
output price index PT as follows:

ln PT (p0 , p1 , q 0 , q 1 ) ≡

∑E

∑N

e=1

n=1

e1
e1
e0
(1/2)(se0
n + sn ) ln(pn /pn ).

(14.97)

Recall Theil’s (1967)[500] weighted stochastic approach to index number theory that was explained
in section 2.4 of Chapter 2. In the present context, the discrete random variable R takes on the
N E values for the logarithms of the establishment output price ratios between periods 0 and 1,
e0
e0
e1
ln(pe1
n /pn ), with probabilities (1/2)(sn + sn ). Thus the right hand side of (14.97) can also be
interpreted as the mean of this distribution of economy wide logarithmic output price relatives.
A result in Caves, Christensen and Diewert (1982; 1410)[86] can be adapted to the present context:
if the quadratic price coeﬃcients in (14.93) are equal across the two periods where we are making
0
1
an index number comparison (i.e., αij
= αij
for all i, j), then the geometric mean of the national
output price index that uses period 0 technology and the period 0 input vector v 0 , P 0 (p0 , p1 , v 0 ),
and the national output price index that uses period 1 technology and the period 1 input vector v 1 ,
P 1 (p0 , p1 , v 1 ), is exactly equal to the Törnqvist output price index PT deﬁned by (14.97) above; i.e.,
[
]1/2
PT (p0 , p1 , q 0 , q 1 ) = P 0 (p0 , p1 , v 0 )P 1 (p0 , p1 , v 1 )
.

(14.98)

As usual, the assumptions required for this result seem rather weak; in particular, there is no requirement that the technologies exhibit constant returns to scale in either period and our assumptions are
consistent with technological progress occurring between the two periods being compared. Because
the index number formula PT is exactly equal to the geometric mean of two theoretical economic
output price index and this corresponds to a ﬂexible functional form, we say that the Törnqvist national output price index number formula is superlative following the terminology used by Diewert
(1976)[127].
There are four important results in this section which can be summarized as follows.
Deﬁne the national Laspeyres output price index as follows:
0

1

0

1

PL (p , p , q , q ) ≡

∑E

e=1
∑E
e=1

∑N

n=1

e0
pe1
n qn

n=1

e0
pe0
n qn

∑N

.

(14.99)

Then this national Laspeyres output price index is a lower bound to the economic output price
index P 0 (p0 , p1 , v 0 ) ≡ R0 (p1 , v 0 )/R0 (p0 , v 0 ) where the national revenue function R0 (p, v 0 ) using
the period 0 technology and input vector v 0 is deﬁned by (14.77) and (14.78).
Deﬁne the national Paasche output price index as follows:
0

1

0

1

PP (p , p , q , q ) ≡

∑E

e=1
∑E
e=1

∑N

n=1

e1
pe1
n qn

n=1

e1
pe0
n qn

∑N

.

(14.100)

Then this national Paasche output price index is an upper bound to the economic output price
index P 1 (p0 , p1 , v 1 ) ≡ R1 (p1 , v 1 )/R1 (p0 , v 1 ) where the national revenue function R1 (p, v 1 ) using
the period 1 technology and input vector v 1 is deﬁned by (14.77) and (14.78).
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Deﬁne the national Fisher output price index PF as the square root of the product of the national
Laspeyres and Paasche indexes deﬁned above:
[
]1/2
PF (p0 , p1 , q 0 , q 1 ) ≡ PL (p0 , p1 , q 0 , q 1 )PP (p0 , p1 , q 0 , q 1 )
.
(14.101)
Then usually, the national Fisher output price index will be a good approximation to an economic
output price index that is based on a revenue function that uses a technology set and an input vector
that is intermediate to the period 0 and 1 technology sets and input vectors.
Under the assumption that the period 0 and 1 national revenue functions have translog functional
forms, then the geometric mean of the national output price index that uses period 0 technology and
the period 0 input vector v 0 , P 0 (p0 , p1 , v 0 ), and the national output price index that uses period 1
technology and the period 1 input vector v 1 , P 1 (p0 , p1 , v 1 ), is exactly equal to the Törnqvist output
price index PT deﬁned by (14.97) above; i.e., we have the equality (14.98).
This section concludes with an observation. Economic justiﬁcations have been presented for the use
of the national Fisher output price index, PF (p0 , p1 , q 0 , q 1 ) deﬁned by (14.101) above and for the
use of the national Törnqvist output price index PT (p0 , p1 , q 0 , q 1 ) deﬁned by (14.97) above. The
results in section 10.3 of chapter 10 above indicate that for “normal” time series data, these two
indexes will give virtually the same answer.

14.13 The National Intermediate Input Price Index
The theory of the intermediate input price index for a single establishment that was developed in
section 14.10 above can be extended to the case where there are E establishments in the economy.
The techniques used for this extension are very similar to the techniques used in section 14.12 above,
so it is not necessary to replicate this work here.
The observable national Laspeyres index of intermediate input prices is found to be an upper bound
to the theoretical national intermediate input price index using period 0 technology and inputs
and the observable national Paasche index of intermediate input prices PP is a lower bound to the
theoretical national intermediate input price index using period 1 technology and inputs.
As was the case in section 14.10 above, it is possible to deﬁne a theoretical national intermediate
input price index that falls between the observable Paasche and Laspeyres national intermediate input
price indexes. Usually, the national Fisher intermediate input price index PF deﬁned as the square
root of the product of the national Laspeyres and Paasche indexes will be a good approximation to
this economic intermediate input price index. Such an index is based on a national cost function that
uses establishment technology sets, target establishment output vectors and establishment primary
input vectors that are intermediate to the period 0 and 1 technology sets, observed output vectors
and observed primary input vectors.
The translog technology assumptions that were used in section 14.10 above to justify he use of the
Törnqvist Theil intermediate input price index for a single establishment as an approximation to a
theoretical intermediate input price index for a single establishment can be adapted to yield a justiﬁcation for the use of a national Törnqvist Theil intermediate input price index as an approximation
to a theoretical national intermediate input price index.

14.14 The National Value Added Deﬂator
In this section, it is the theory of the value added deﬂator for a single establishment developed in
section 14.11 above that is drawn on and extended to the case where there are E establishments in
the economy. The techniques that we use for this extension are again very similar to the techniques
that we used in section 14.12 above, except that an establishment net revenue functions π et is used
in place of establishment revenue functions Ret .
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The observable Laspeyres index of net output prices is shown to be a lower bound to the theoretical
national value added deﬂator based on period 0 technology and inputs and the observable Paasche
index of net output prices is an upper bound to the theoretical national value added deﬂator based
on period 1 technology and inputs.
Constructing industry indexes, such as Laspeyres and Paasche, from individual establishment indexes
and national indexes from individual industry indexes requires weights. It should be noted that
establishment shares of national value added are used for national value added deﬂators whereas
establishment shares of the national value of (gross) outputs produced were used in section 14.12 for
national output price indexes. Results supporting the use of Fisher’s ideal index and the Törnqvist
index arise from arguments similar to those presented for the national output price index.
Recall Theil’s (1967)[500] weighted stochastic approach to index number theory that was explained
in section 2.4 of Chapter 2. If his approach is adapted to the present context, then the discrete
random variable R would take on the (N + M )E values for the logarithms of the establishment net
e0
e0
e1
output price relatives between periods 0 and 1, ln(pe1
n /pn ), with “probabilities” (1/2)(sn + sn ).
Thus under this interpretation of the stochastic approach, it would appear that the right hand side
of the Törnqvist Theil index could be interpreted as the mean of this distribution of economy wide
logarithmic output and intermediate input price relatives. However, in the present context, this
stochastic interpretation for the Törnqvist Theil net output price formula breaks down because the
“shares” (1/2)(sne0 + se1
n ) are negative when n corresponds to an intermediate input.

14.15 Relationships between the Output Price, Intermediate Input Price
and Value Added Deﬂators
Let the vectors of output price, output quantity, intermediate input price and intermediate input
price vectors for an establishment*68 in period t be denoted by pty , y t , ptx and xt respectively for
t = 0, 1. Suppose a bilateral index number formula P is used to construct an establishment output
price index, P (p0y , p1y , y 0 , y 1 ), an establishment intermediate input price index, P (p0x , p1x , x0 , x1 ),
and an establishment value added deﬂator, P (p0 , p1 , q 0 , q 1 ), where as usual, pt ≡ [pty , ptx ] and
q t ≡ [y t , −xt ] for t = 0, 1. Two related questions arise:
• How is the value added deﬂator related to the output price index and the intermediate input
price index?
• How can the output price index and the intermediate input price index be combined in order
to obtain a value added deﬂator?
Answers to the above questions can be obtained if use is made of the two stage aggregation procedure
explained in section 10.3 of chapter 10.
In the present application of the two stage aggregation procedure explained in section 10.3 of chapter
10, let M = 2 and the price and quantity vectors ptm and q tm that appeared in that chapter are
now deﬁned as follows:
pt1 ≡ pty ; pt2 ≡ ptx ; q t1 ≡ y t ; q t2 ≡ −xt ;

t = 0, 1.

(14.102)

Thus the ﬁrst group of commodities that is being aggregated in the ﬁrst stage of aggregation are the
outputs y t of the establishment and the second group of commodities that is being aggregated in
∑N
t
n=1 p the ﬁrst stage of aggregation are (minus) the intermediate inputs −x of the establishment.

*68

Instead of “establishment”, we could substitute the words “industry” or “national economy”.
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The base period ﬁrst stage aggregate prices and quantities, Pj0 and Q0j , that appeared in equation
(10.6) of chapter 10 are now deﬁned as follows:
P10 = P20 ≡ 1; Q01 ≡

∑N
n=1

p0yn yn0 ; Q02 ≡ −

∑M
m=1

p0xm x0m .

(14.103)

Note that Q01 is the base period value of outputs produced by the establishment and Q02 is minus
the value of intermediate inputs used by the establishment in period 0.
Now use our chosen index number formula to construct an output price index, P (p0y , p1y , y 0 , y 1 ),
and an intermediate input price index, P (p0x , p1x , x0 , x1 ). These two numbers are set equal to the
aggregate price of establishment output P11 and the aggregate price of intermediate input P21 in period
1; i.e., the bilateral index number formula P is used in order to form the following counterparts to
(10.7) in chapter 10 above:
P11 ≡ P (p0y , p1y , y 0 , y 1 ); P21 ≡ P (p0x , p1x , x0 , x1 ).

(14.104)

Finally, the following counterparts to (10.8) in chapter 10 generate the period 1 output quantity
aggregate Q11 and (minus) the period 1 input aggregate Q12 :
Q11 ≡

∑N

Q12 ≡ −

n=1
∑M

p1yn yn1 /P11 =

m=1

∑N

p1yn yn1 /P (p0y , p1y , y 0 , y 1 );
∑M
p1xm x1m /P21 = −
p1xm x1m /P (p0x , p1x , x0 , x1 ).
n=1

m=1

(14.105)

∑N
Thus the period 1 output aggregate, Q11 , is equal to the value of period 1 production, n=1 p1yn yn1 ,
divided by the output price index, P (p0y , p1y , y 0 , y 1 ) and (minus) the period 1 intermediate input
∑M
aggregate, Q12 , is equal to minus the period 1 cost of intermediate inputs, m=1 p1xm x1m , divided by
the intermediate input price index, P (p0x , p1x , x0 , x1 ). Thus the period 1 output and intermediate
input quantity aggregates are constructed by deﬂating period 1 value aggregates by an appropriate
price index, which may be considered to be a type of double deﬂation procedure.
The period 0 and 1 subcomponent price vectors P 0 and P 1 and the period 0 and 1 subcomponent
quantity vectors Q0 and Q1 are deﬁned as follows:
P 0 ≡ [P10 , P20 ]; P 1 ≡ [P11 , P21 ]; Q0 ≡ [Q01 , Q02 ]; Q1 ≡ [Q11 , Q12 ].

(14.106)

Finally, given the aggregate prices and quantity vectors deﬁned in (14.106), use may again be made
of our chosen bilateral index number formula P and the two stage value added deﬂator for the
establishment, P (P 0 , P 1 , Q0 , Q1 ) calculated. The construction of this two stage value added deﬂator
provides an answer to the following question: how can the output price index and the intermediate
input price index be combined in order to obtain a value added deﬂator?
It is now necessary to ask whether the two stage value added deﬂator that was just constructed,
P (P 0 , P 1 , Q0 , Q1 ), using the bilateral index number formula P in both stages of aggregation is equal
to the value added deﬂator that was constructed in a single stage aggregation, P (p0 , p1 , q 0 , q 1 ), using
the same index number formula P ; i.e., we ask whether
P (P 0 , P 1 , Q0 , Q1 ) = P (p0 , p1 , q 0 , q 1 ).

(14.107)

The answer to this question is yes, if the Laspeyres or Paasche price index is used at each stage of
aggregation; i.e., if P = PL or if P = PP . The answer is no if a superlative price index is used
at each stage of aggregation; i.e., if P = PF or if P = PT . However, using the results explained
in section 10.3 of chapter 10, the diﬀerence between the right and left hand sides of (14.107) will
be very small if the Fisher or Törnqvist Theil formulae, PF or PT , are used consistently at each
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stage of aggregation. Thus using a superlative index number formula to construct output price,
intermediate input price and value added deﬂators comes at the cost of small inconsistencies as
prices are aggregated up in two or more stages of aggregation, whereas the Laspeyres and Paasche
formulae are exactly consistent in aggregation. However, the use of the Laspeyres or Paasche formulae
also comes at a cost: these indexes will have an indeterminate amount of substitution bias compared
to their theoretical counterparts*69 whereas superlative indexes will be largely free of substitution
bias.
Given the importance of Paasche and Laspeyres price indexes in statistical agency practice, it is worth
writing out explicitly the value added deﬂator using the two stage aggregation procedure explained
above when these two indexes are used as the basic index number formula. If the Laspeyres formula
is used, the two sides of (14.107) become:
∑N
∑M
∑
∑M
0
0
0
0
PL (p0 , p1 , q 0 , q 1 ) ≡ [ n=1 p1yn yn0 − m=1 p1xm x0m ]/[ N
n=1 pyn yn −
m=1 pxm xm ]
∑N
∑N
∑M
∑M
= s0y {[ n=1 p1yn yn0 ]/[ n=1 p0yn yn0 ]} + s0x {[ m=1 p1xm x0m ]/[ m=1 p0xm x0m ]}
= s0y PL (p0y , p1y , y 0 , y 1 ) + s0x PL (p0x , p1x , x0 , x1 )

(14.108)

where the period 0 output “share” s0y and the period 0 intermediate input “share” s0x are deﬁned as
follows:
P10 Q01
;
P10 Q01 + P20 Q02
∑M
∑N
∑
P20 Q02
0
0
s0x ≡ [− m=1 p0xm x0m ]/[ n=1 p0yn yn0 − M
.
m=1 pxm xm ] =
0
P1 Q01 + P20 Q02

s0y ≡ [

∑N

0
0
n=1 pyn yn ]/[

∑N

0
0
n=1 pyn yn −

∑M

0
0
m=1 pxm xm ] =

(14.109)

Note that s0y will be greater than 1 and s0x will be negative. Thus (14.108) says that the Laspeyres
value added deﬂator can be written as a weighted “average” of the Laspeyres output price index,
PL (p0y , p1y , y 0 , y 1 ), and the Laspeyres intermediate input price index, PL (p0x , p1x , x0 , x1 ). Although
the weights sum to 1, s0x is negative and s0y is greater than 1, so these weights are rather unusual.
There is an analogous two stage decomposition for the Paasche value added deﬂator:
∑N
∑M
∑
∑M
0
1
0
1
PP (p0 , p1 , q 0 , q 1 ) ≡ [ n=1 p1yn yn1 − m=1 p1xm x1m ]/[ N
n=1 pyn yn −
m=1 pxm xm ]
∑N
∑M
∑N
∑M
= 1/{[ n=1 p0yn yn1 − m=1 p0xm x1m ]/[ n=1 p1yn yn1 − m=1 p1xm x1m ]}
∑N
∑N
∑
∑M
0
1
1
1
= 1/{s1y ([ n=1 p0yn yn1 ]/[ n=1 p1yn yn1 ]) + s1x ([ M
m=1 pxm xm ]/[
m=1 pxm xm ])}
= {s1y [PP (p0y , p1y , y 0 , y 1 )]−1 + s1x [PP (p0x , p1x , x0 , x1 )]−1 }−1

(14.110)

where the period 1 output “share” s1y and the period 1 intermediate input “share” s1x are deﬁned as
follows:
P11 Q11
;
P11 Q11 + P21 Q12
∑M
∑N
∑M
P 1 Q1
s1x ≡ [− m=1 p1xm x1m ]/[ n=1 p1yn yn1 − m=1 p1xm x1m ] = 1 1 2 2 1 1 .
P1 Q1 + P2 Q2

s1y ≡ [

∑N

1
1
n=1 pyn yn ]/[

∑N

1
1
n=1 pyn yn −

∑M

1
1
m=1 pxm xm ] =

(14.111)

Note that s1y will be greater than 1 and s1x will be negative. Thus (14.110) says that the Paasche
value added deﬂator can be written as a weighted harmonic “average” of the Paasche output price
index, PP (p0y , p1y , y 0 , y 1 ), and the Paasche intermediate input price index, PP (p0x , p1x , x0 , x1 ).
Obviously, the analysis presented in this section on the relationships between the output price, the
intermediate input price and the value added deﬂator for an establishment can be extended to the
industry or national levels.
*69

Recall Figure 14.1 above which illustrated substitution biases for the Laspeyres and Paasche output price indexes.
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14.16 Value Added Deﬂators and the Double Deﬂation Method for
Constructing Real Value Added
In the previous section, it was shown how the Paasche and Laspeyres value added deﬂators for an
establishment were related to the Paasche and Laspeyres output and intermediate input price indexes
for an establishment. In this section, this analysis will be extended a bit to look at the problems
involved in using these indexes to deﬂate nominal values into real values. Having deﬁned a value
added deﬂator P (p0 , p1 , q 0 , q 1 ) using some index number formula, the product test, equation (4.1)
in Chapter 4, can be used in order to deﬁne a corresponding quantity index Q(p0 , p1 , q 0 , q 1 ), which
can be interpreted as the growth rate for real value added going from period 0 to 1; i.e., given P , Q
can be deﬁned as follows:
V 1 /V 0
Q(p0 , p1 , q 0 , q 1 ) ≡
(14.112)
P (p0 , p1 , q 0 , q 1 )
where V t is the nominal establishment value added for period t = 0, 1.
If the Laspeyres value added deﬂator PL (p0 , p1 , q 0 , q 1 ) is used as the price index in (14.112), the
resulting quantity index Q is the Paasche value added quantity index QP deﬁned as follows:
∑N
∑M
∑N
∑M
QP (p0 , p1 , q 0 , q 1 ) ≡ [ n=1 p1yn yn1 − m=1 p1xm x1m ]/[ n=1 p1yn yn0 − m=1 p1xm x0m ].

(14.113)

If the Paasche value added deﬂator PP (p0 , p1 , q 0 , q 1 ) is used as the price index in (14.112), the
resulting quantity index Q is the Laspeyres value added quantity index QL deﬁned as follows:
∑N
∑M
∑
∑M
0
0
0
0
QL (p0 , p1 , q 0 , q 1 ) ≡ [ n=1 p0yn yn1 − m=1 p0xm x1m ]/[ N
n=1 pyn yn −
m=1 pxm xm ].

(14.114)

Given a generic value added quantity index, Q(p0 , p1 , q 0 , q 1 ), real value added in period 1 at the
prices of period 0, rva1 say, can be deﬁned as the period 0 nominal value added of the establishment
escalated by the value added quantity index Q; i.e.,
∑N
∑M
rva1 ≡ V 0 Q(p0 , p1 , q 0 , q 1 ) = [ n=1 p0yn yn0 − m=1 p0xm x0m ]Q(p0 , p1 , q 0 , q 1 ).

(14.115)

If the Laspeyres value added quantity index QL (p0 , p1 , q 0 , q 1 ) deﬁned by (14.114) above is used as
the escalator of nominal value added in (14.115), the following rather interesting decomposition for
the resulting period 1 real value added at period 0 prices is obtained:
∑N
∑M
rva1 ≡ [ n=1 p0yn yn0 − m=1 p0xm x0m ]QL (p0 , p1 , q 0 , q 1 )
∑N
∑M
= [ n=1 p0yn yn1 − m=1 p0xm x1m ] using (14.114)
∑N
∑
∑N 0 0
0
1
= [ n=1 p0yn yn0 ]{[ N
n=1 pyn yn ]/[
n=1 pyn yn ]}
∑M
∑M
∑
0
0
− [ m=1 p0xm x0m ]{[ m=1 p0xm x1m ]/[ M
m=1 pxm xm ]}
∑N
∑M
= n=1 p0yn yn0 QL (p0y , p1y , y 0 , y 1 ) − m=1 p0xm x0m QL (p0x , p1x , x0 , x1 ).

(14.116)

Thus period 1 real value added at period 0 prices, rva1 , is deﬁned to be period 0 nominal value
∑N 0 0
∑M
0
0
added,
n=1 pyn yn −
m=1 pxm xm , escalated by the Laspeyres value added quantity index,
0
1
0
1
QL (p , p , q , q ), deﬁned by (14.114). But the last line of (14.116) shows that rva1 is also equal to
∑N
the period 0 value of production, n=1 p0yn yn0 , escalated by the Laspeyres output quantity index*70 ,
*70

The use of the Laspeyres output quantity index can be traced back to Bowley (1921; 203)[68] at least.
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∑M
0
0
QL (p0y , p1y , y 0 , y 1 ), minus the period 0 intermediate input cost,
m=1 pxm xm , escalated by the
0
1
0
1
Laspeyres intermediate input quantity index, QL (px , px , x , x ).
Using (14.112) yields the following formula for the Laspeyres value added quantity index, QL , in
terms of the Paasche value added deﬂator, PP :
QL (p0 , p1 , q 0 , q 1 ) ≡

V 1 /V 0
.
PP (p0 , p1 , q 0 , q 1 )

(14.117)

Now substitute (14.117) into the ﬁrst line of (14.116) in order to obtain the following alternative
decomposition for the period 1 real value added at period 0 prices, rva1 :
∑N
∑M
rva1 ≡ [ n=1 p1yn yn1 − m=1 p1xm x1m ]/PP (p0 , p1 , q 0 , q 1 )
∑N
∑M
= [ n=1 p0yn yn1 − m=1 p0xm x1m ] using (14.110)
∑N
∑N
∑N
= [ n=1 p1yn yn1 ]/{[ n=1 p1yn yn1 ]/[ n=1 p0yn yn1 ]}
∑M
∑M
∑
0
1
− [ m=1 p1xm x1m ]/{[ m=1 p1xm x1m ]/[ M
m=1 pxm xm ]}
∑N
∑
1
1
0
1
0
1
= n=1 p1yn yn1 /PP (p0y , p1y , y 0 , y 1 ) − M
(14.118)
m=1 pxm xm /PP (px , px , x , x ).
Thus period 1 real value added at period 0 prices, rva1 , is equal to be period 1 nominal value
∑N
∑M
added, n=1 p1yn yn1 − m=1 p1xm x1m , deﬂated by the Paasche value added deﬂator, PP (p0 , p1 , q 0 , q 1 ),
deﬁned by (14.110). But the last line of (14.118) shows that rva1 is also equal to the period 1 value
∑N
of production, n=1 p1yn yn1 , deﬂated by the Paasche output price index, PP (p0y , p1y , y 0 , y 1 ), minus
∑M
the period 1 intermediate input cost, m=1 p1xm x1m , deﬂated by the Paasche intermediate input price
index, PP (p0x , p1x , x0 , x1 ). Thus the use of the Paasche value added deﬂator leads to a measure of
period 1 real value added at period 0 prices, rva1 , that is equal to period 1 deﬂated output minus
period 1 deﬂated intermediate input and hence this method for constructing a real value added
measure is called the double deﬂation method.*71
There is a less well known method of double deﬂation that reverses the above roles of Paasche and
Laspeyres indices, a method which now be explained. Instead of expressing real value added in
period 1 at the prices of period 0, it is also possible to deﬁne real value added in period 0 at the
prices of period 1, rva0 . Using this methodology, given a generic value added quantity index, the
counterpart to (14.115) is:
∑N
∑
0
1
0
1
1
1
rva0 ≡ V 1 /Q(p0 , p1 , q 0 , q 1 ) = [ n=1 p1yn yn1 − M
(14.119)
m=1 pxm xm ]/Q(p , p , q , q ).
Thus to obtain period 0 real value added at the prices of period 1, rva0 , take the nominal period 1
value added, V 1 , and deﬂate it by the value added quantity index, Q(p0 , p1 , q 0 , q 1 ).
If the Paasche value added quantity index QP (p0 , p1 , q 0 , q 1 ) deﬁned by (14.113) above is used as the
deﬂator of nominal value added in (14.119), the following interesting decomposition for the resulting
period 0 real value added at period 1 prices is obtained:
∑N
∑
1
1
0
1
0
1
rva0 ≡ [ n=1 p1yn yn1 − M
m=1 pxm xm ]/QP (p , p , q , q )
∑N
∑M
= [ n=1 p1yn yn0 − m=1 p1xm x0m ] using (14.113)
∑N
∑N
∑
1
0
= [ n=1 p1yn yn1 ]/{[ n=1 p1yn yn1 ]/[ N
n=1 pyn yn ]}
∑M
∑M
∑
1
0
− [ m=1 p1xm x1m ]/{[ m=1 p1xm x1m ]/[ M
m=1 pxm xm ]}
∑N
∑M
= n=1 p1yn yn1 /QP (p0y , p1y , y 0 , y 1 ) − m=1 p1xm x1m /QP (p0x , p1x , x0 , x1 ).
(14.120)
*71

See Schreyer (2001; 32)[460]. It should be mentioned that there is a great deal of useful material in this book
that will be of interest to price statisticians
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Thus period 0 real value added at period 1 prices, rva0 , is deﬁned to be period 1 nominal value added,
∑N 1 1 ∑M
1
1
0
1
0
1
n=1 pyn yn −
m=1 pxm xm , deﬂated by the Paasche value added quantity index, QP (p , p , q , q ),
deﬁned by (14.113). But the last line of (14.120) shows that rva0 is also equal to the period 1
∑N
value of production, n=1 p1yn yn1 , deﬂated by the Paasche output quantity index, QP (p0y , p1y , y 0 , y 1 ),
∑M
1
1
minus the period 1 intermediate input cost,
m=1 pxm xm , deﬂated by the Paasche intermediate
input quantity index, QP (p0x , p1x , x0 , x1 ).
Using (14.112) yields the following formula for the Paasche value added quantity index, QP , in terms
of the Laspeyres value added deﬂator, PL :
QP (p0 , p1 , q 0 , q 1 ) ≡

V 1 /V 0
.
PL (p0 , p1 , q 0 , q 1 )

(14.121)

Now substitute (14.121) into the ﬁrst line of (14.120) in order to obtain the following alternative
decomposition for the period 0 real value added at period 1 prices, rva0 :
∑N
∑
0
0
0
1
0
1
rva0 ≡ [ n=1 p0yn yn0 − M
m=1 pxm xm ]PL (p , p , q , q )
∑N
∑M
= [ n=1 p1yn yn0 − m=1 p1xm x0m ]
∑N
∑N
∑
0
0
= [ n=1 p0yn yn0 ]{[ n=1 p1yn yn0 ]/[ N
n=1 pyn yn ]}
∑M
∑M
∑
0
0
− [ m=1 p0xm x0m ]{[ m=1 p1xm x0m ]/[ M
m=1 pxm xm ]}
∑N
∑M
= n=1 p0yn yn0 PL (p0y , p1y , y 0 , y 1 ) − m=1 p0xm x0m PL (p0x , p1x , x0 , x1 ).

(14.122)

Thus period 0 real value added at period 1 prices, rva0 , is equal to be period 0 nominal value added,
∑N 0 0
∑M
0
0
0
1
0
1
n=1 pyn yn −
m=1 pxm xm , escalated by the Laspeyres value added deﬂator, PL (p , p , q , q ),
deﬁned by (14.108). But the last line of (14.122) shows that rva0 is also equal to the period 0 value
∑N
of production, n=1 p0yn yn0 , escalated by the Laspeyres output price index, PL (p0y , p1y , y 0 , y 1 ), minus
∑M
the period 0 intermediate input cost, m=1 p0xm x0m , escalated by the Laspeyres intermediate input
price index, PL (p0x , p1x , x0 , x1 ).*72

14.17 The Aggregation of Establishment Deﬂators into a National Value
Added Deﬂator
Once establishment value added deﬂators have been constructed for each establishment, there remains the problem of aggregating up these deﬂators into an industry or regional or national value
added deﬂator. The national aggregation problem is considered in this section but the same logic
will apply to the regional and industry aggregation problems.*73 Note that in section 14.14 above,
we also considered how the national value added deﬂator could be constructed but by aggregating
together the national output price index with the national intermediate input price index. In this
section, we assume that we have constructed establishment (or industry) value added deﬂators and
we consider how these industry value added deﬂators can be aggregated into a national value added
deﬂator. Thus the method of two stage aggregation considered in this section is diﬀerent from the
method of two stage aggregation considered in section 14.14.
Let the vectors of output price, output quantity, intermediate input price and intermediate input
et
et
et
price vectors for an establishment e in period t be denoted by pet
respectively for
y , y , px and x
*72
*73

This method for constructing real value added measures was used by Phillips (1961; 320)[426].
The algebra developed below can also be applied to the problem of aggregating establishment or industry output
or intermediate input price indexes into national output or intermediate input price indexes.
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t = 0, 1 and e = 1, ..., E. As usual, the net price and net quantity vectors for establishment e in period
et
et
et
et
t are deﬁned as as pet ≡ [pet
y , px ] and q ≡ [y , −x ] for t = 0, 1 and e = 1, ..., E. Suppose that a
bilateral index number formula P is used to construct a value added deﬂator, P (pe0 , pe1 , q e0 , q e1 ),
for establishment e where e = 1, ..., E. Our problem is to somehow aggregate up these establishment
indexes into a national value added deﬂator.
The two stage aggregation procedure explained in section 10.3 of chapter 10 above is used to do this
aggregation. The ﬁrst stage of the aggregation of price and quantity vectors is for the establishment
net output price vectors, pet , and the establishment net output quantity vectors, q et . These establishment price and quantity vectors are combined into national price and quantity vectors, pt and
q t , as follows:
pt = (p1t , p2t , . . . , pEt ); q t = (q 1t , q 2t , . . . , q Et ); t = 0, 1.
(14.123)
For each establishment e, its aggregate price of value added Pe0 in the base period is set equal to
1 and the corresponding establishment e base period quantity of value added Q0e is deﬁned as the
establishment’s period 0 value added; i.e.,:
Pe0 ≡ 1; Q0e ≡

∑N +M
i=1

e0
pe0
i qi

for e = 1, 2, . . . , E.

(14.124)

Now the chosen price index formula P is used in order to construct a period 1 price for the price of
value added for each establishment e, say Pe1 for e = 1, 2, . . . , E:
Pe1 ≡ P (pe0 , pe1 , q e0 , q e1 ) for e = 1, 2, . . . , E.

(14.125)

Once the period 1 prices for the E establishments have been deﬁned by (14.125), then corresponding
establishment e period 1 quantities Q1e can be deﬁned by deﬂating the period 1 establishment values
∑N +M e1 e1
pi qi by the prices Pe1 deﬁned by (14.125); i.e.,:
i=1
Q1e ≡

∑N +M
i=1

e1
1
pe1
i qi /Pe

for e = 1, 2, . . . , E.

(14.126)

The aggregate establishment price and quantity vectors for each period t = 0, 1 can be deﬁned using
equations (14.124) to (14.126) above. Thus the period 0 and 1 establishment value added price
vectors P 0 and P 1 are deﬁned as follows:
P 0 = (P10 , P20 , . . . , PE0 ) ≡ 1E ; P 1 = (P11 , P21 , . . . , PE1 )

(14.127)

where 1E denotes a vector of ones of dimension E and the components of P 1 are deﬁned by (14.125).
The period 0 and 1 establishment value added quantity vectors Q0 and Q1 are deﬁned as:
Q0 = (Q01 , Q02 , . . . , Q0E ); Q1 = (Q11 , Q12 , . . . , Q1E )

(14.128)

where the components of Q0 are deﬁned in (14.124) and the components of Q1 are deﬁned by
(14.126). The price and quantity vectors in (14.127) and (14.128) represent the results of the ﬁrst
stage aggregation (over commodities within an establishment). These vectors can now be used as
inputs into the second stage aggregation problem (which aggregates over establishments); i.e., our
chosen price index formula can be applied using the information in (14.127) and (14.128) as inputs
into the index number formula. The resulting two stage aggregation national value added deﬂator is
P (P 0 , P 1 , Q0 , Q1 ). We now ask whether this two stage index equals the corresponding single stage
index P (p0 , p1 , q 0 , q 1 ) that treats each treats each output or intermediate input produced or used
by each establishment as a separate commodity, using the same index number formula P ; i.e., we
ask whether
P (P 0 , P 1 , Q0 , Q1 ) = P (p0 , p1 , q 0 , q 1 ).
(14.129)
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If the Laspeyres or Paasche formula is used at each stage of each aggregation, the answer to the
above question is yes. Thus in particular, the national Laspeyres value added deﬂator that is constructed in a single stage of aggregation, PL (p0 , p1 , q 0 , q 1 ), is equal to the two stage Laspeyres value
added deﬂator, PL (P 0 , P 1 , Q0 , Q1 ), where the Laspeyres formula is used in (14.125) to construct
establishment value added deﬂators in the ﬁrst stage of aggregation. If a superlative formula is used
at each stage of aggregation, the answer to the above consistency in aggregation question is no: the
equality (14.129) using a superlative P will only hold approximately. However, if the Fisher, Walsh
or Törnqvist price index formulae are used at each stage of aggregation, the diﬀerences between the
right and left hand sides of (14.129) will be very small using normal time series data.

14.18 The National Value Added Deﬂator Versus the Final Demand
Deﬂator
In this section, we ask whether there are any relationships between the national value added deﬂator
deﬁned in the preceding sections of this Chapter and the national deﬂator for ﬁnal demand expenditures. In particular, we look for conditions that will imply that the two deﬂators are exactly equal
to each other.
Assume that that the commodity classiﬁcation for intermediate inputs is exactly the same as the
commodity classiﬁcation for outputs so that in particular, N , the number of outputs, is equal to
M , the number of intermediate inputs. This assumption is not restrictive since if N is chosen to
be large enough, all produced intermediate inputs can be accommodated in the expanded output
classiﬁcation.*74 With this change in assumptions, the same notation can be used as was used in
the previous section. Thus let the vectors of output price, output quantity, intermediate input price
et
et
and intermediate input price vectors for an establishment e in period t be denoted by pet
y , y , px
and xet respectively for t = 0, 1 and e = 1, ..., E. As usual, the net price and net quantity vectors for
et
et
establishment e in period t are deﬁned as pet ≡ [pet
≡ [y et , −xet ] for t = 0, 1 and e =
y , px ] and q
t
1, ..., E. Again deﬁne the national price and quantity vectors, p and q t , as pt ≡ (p1t ; p2t ; . . . ; pEt ) =
1t 2t 2t
Et Et
t
1t
2t
Et
1t
1t 2t
2t
Et
Et
(p1t
y , px ; py , px ; . . . ; py , px ) and q ≡ (q ; q ; . . . ; q ) = (y , −x ; y , −x ; ...; y , −x ) for
t = 0, 1. As in the previous section, an index number formula P is chosen and the national value
added deﬂator denoted as P (p0 , p1 , q 0 , q 1 ).
Using the above notation, the period t N × E make matrix for the economy, Yt , and the period t
N × E use matrix, Xt , are deﬁned as follows:
Yt ≡ [y 1t , y 2t , ..., y Et ]; Xt ≡ [x1t , x2t , ..., xEt ];

t = 0, 1.

(14.130)

The period t ﬁnal demand vector for the economy, f t , can be deﬁned by summing up all of the
establishment output vectors y et in the period t make matrix and subtracting all of the establishment
intermediate input demand vectors xet in the period t use matrix; i.e., deﬁne f t by:*75
ft ≡

∑E
e=1

y et −

∑E
e=1

xet ;

t = 0, 1.

(14.131)

Final demand prices are required to match up with the components of the period t ﬁnal demand
t
]. The net value of production for commodity n in period t divided
quantity vector f t = [f1t , ..., fN
*74

*75

It is not necessary to assume that each establishment or sector of the economy produces all outputs and uses all
intermediate inputs in each of the two periods being compared: all that is required is that if an output is not
produced in one period by establishment e, then that output is also not produced in the other period. Similarly,
it is required that if an establishment does not use a particular intermediate input in one period, then it also
does not use it in the other period.
Components of f t can be negative if the corresponding commodity is being imported into the economy during
period t or if the component corresponds to the change in an inventory item.
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by the net deliveries of this commodity to ﬁnal demand fnt is the period t ﬁnal demand unit value
for commodity n, ptf n :
ptf n ≡

[∑
E

et et
e=1 pyn yn −

∑E

et et
e=1 pxn xn

]/

fnt ;

n = 1, ..., N ; t = 0, 1.

(14.132)

If (14.132) is to hold so that production less intermediate input use equals deliveries to ﬁnal demand
for each commodity in period t and if the value of production less the value of intermediate demands
is to equal the value of ﬁnal demand for each commodity in period t, then the value added prices
deﬁned by (14.132) must be used as ﬁnal demand prices.
Deﬁne the vector of period t ﬁnal demand prices as ptf ≡ [ptf 1 , ptf 2 , ..., ptf N ] for t = 0, 1 where the
components ptf n are deﬁned by (14.132). The corresponding ﬁnal demand quantity vectors f t have
already been deﬁned by (14.131). Hence, a generic price index number formula P can be taken to
form the ﬁnal demand deﬂator, P (p0f , p1f , f 0 , f 1 ). It is now asked whether this ﬁnal demand deﬂator
is equal to the national value added deﬂator P (p0 , p1 , q 0 , q 1 ) deﬁned above by the right hand side
of (14.129); i.e., whether
P (p0f , p1f , f 0 , f 1 ) = P (p0 , p1 , q 0 , q 1 ).
(14.133)
Note that the dimensionality of each price and quantity vector that occurs in the left hand side of
(14.133) is N (the number of commodities in our output classiﬁcation) while the dimensionality of
each price and quantity vector that occurs in the right hand side of (14.133) is 2N E where E is the
number of establishments (or industries or sectors that have separate price and quantity vectors for
both outputs and intermediate inputs) that are aggregating over.
The answer to the question asked in the previous paragraph is no; in general, it will not be the case
that the ﬁnal demand deﬂator is equal to the national value added deﬂator.
However, under certain conditions, (14.133) will hold as an equality. A set of conditions are now
developed. The ﬁrst assumption is that all establishments face the same vector of prices pt in period
t for both the outputs that they produce and for the intermediate inputs that they use; i.e., it is
assumed:*76
t
et
e = 1, ..., E; t = 0, 1.
(14.134)
pet
y = px = p ;
If assumptions (14.134) hold, then it is easy to verify that the vector of period t ﬁnal demand prices
ptf deﬁned above by (14.132) is also equal to the vector of period t basic prices pt .
If assumptions (14.134) hold and the price index formula used in both sides of (14.133) is the
Laspeyres formula, then it can be veriﬁed that (14.133) will hold as an equality; i.e., the Laspeyres
ﬁnal demand deﬂator will be equal to the national Laspeyres value added deﬂator. To see why
this is so, use the Laspeyres formula in (14.133) and for the left hand side index, collect all of the
quantity terms both in the numerator and denominator of the index that correspond to the common
et
establishment price for the nth commodity, ptn = pet
yn = pxn , for e = 1, ..., E. Using (14.131) for
t = 0, the resulting sum of collected quantity terms will sum to fn0 . Since this is true for n = 1, ..., N ,
it can be seen that the left hand side Laspeyres index is equal to the right hand side Laspeyres index.
If assumptions (14.134) hold and the price index formula used in both sides of (14.133) is the Paasche
formula, then it can be veriﬁed that (14.133) will also hold as an equality; i.e., the Paasche ﬁnal
demand deﬂator will equal to the national Paasche value added deﬂator. To see why this is so, use
the Paasche formula in (14.133) and for the left hand side index, collect all of the quantity terms
both in the numerator and denominator of the index that correspond to the common establishment
et
price for the nth commodity, ptn = pet
yn = pxn , for e = 1, ..., E. Using (14.131) for t = 1, the resulting
*76

Under these hypotheses, the vector of producer prices pt can be interpreted as the vector of basic producer
prices that appears in the System of National Accounts, 1993.
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sum of collected quantity terms will sum to fn1 . Since this is true for n = 1, ..., N , it can be seen
that the left hand side Paasche index is equal to the right hand side Paasche index.
The results in the previous two paragraphs imply that the national value added deﬂator will equal
the ﬁnal demand deﬂator provided that Paasche or Laspeyres indexes are used and provided that
assumptions (14.134) hold. But these two results immediately imply that if (14.134) holds and
Fisher ideal price indexes are used, then an important equality is obtained: the national value added
deﬂator equals the ﬁnal demand deﬂator.
Deﬁne the national share *77 of value added for establishment e and netput n for period t as follows:
/
et et ∑E ∑2N it it
set
≡
p
q
n = 1, ..., 2N ; e = 1, ..., E; t = 0, 1
n
n n
i=1
j=1 pj qj ;
et
t
= pet
n qn /va

(14.135)

∑E ∑2N
it
where vat ≡ i=1 j=1 pit
j qj is the national value added for period t. Using the above establishment
e0
value added shares and the establishment output and intermediate input price relatives, pe1
n /pn , we
can deﬁne the logarithm of the national Törnqvist (1936)[509] (1937)[510] Theil (1967)[500] value
added deﬂator PT as follows:
ln PT (p0 , p1 , q 0 , q 1 ) ≡

∑E ∑2N
e=1

e0
n=1 (1/2)(sn

e1
e0
+ se1
n ) ln(pn /pn ).

(14.136)

Now make the price equality assumptions (14.134) and start with the national Törnqvist Theil value
added deﬂator and collect all of the exponents that correspond to the common price relative for
commodity n, p1n /p0n . The sum of these exponents is:
∑E
∑E e0 e0
∑E e1 e1 ∑E e1 e1
e0
0
1
(1/2)[ e=1 pe0
yn yn −
e=1 pxn xn ]/va + (1/2)[
e=1 pyn yn −
e=1 pxn xn ]/va
∑E
∑E
∑E 1 e1 ∑E 1 e1
0
1
= (1/2)[ e=1 p0n yne0 − e=1 p0n xe0
using (14.134)
n ]/va + (1/2)[
e=1 pn yn −
e=1 pn xn ]/va
= (1/2)p0n fn0 /va0 + (1/2)p1n fn1 /va1

using (14.132).

(14.137)

But the right hand side of (14.137) is the exponent for the nth price term, p1f n /p0f n = p1n /p0n in the
Törnqvist Theil ﬁnal demand deﬂator. Since this equality holds for all n = 1, ..., N , the equality
of the national value added deﬂator to the ﬁnal demand deﬂator is also obtained if the Törnqvist
formula PT is used on both sides of (14.133); i.e., we have shown that under assumptions (14.132)
(unit value prices for ﬁnal outputs) and (14.134) (each establishment faces the same prices for outputs
and intermediate inputs), then
PT (p0f , p1f , f 0 , f 1 ) = PT (p0 , p1 , q 0 , q 1 ).

(14.138)

Summarizing the above results, we have shown that the national value added deﬂator is equal to
the ﬁnal demand deﬂator provided that all establishments face the same vector of prices in each
period for both the outputs that they produce and for the intermediate inputs that they use and
provided that either the Laspeyres, Paasche, Fisher or Törnqvist price index formula is used for
both deﬂators.*78 However, these results were established ignoring the existence of indirect taxes
and subsidies that may be applied to the outputs and intermediate inputs of each establishment. It
is necessary to extend the initial results to deal with situations where there are indirect taxes on
deliveries to ﬁnal demand and indirect taxes on the use of intermediate inputs.

*77
*78

These shares sum to unity but they are not “normal” nonnegative shares that sum to one since the establishment
shares that correspond to intermediate inputs are negative (or 0).
This result does not carry over if we use the Walsh price index formula.
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Again, it is assumed that all establishments face the same prices for their inputs and outputs but it
is now assumed that their deliveries to the ﬁnal demand sector are taxed.*79 Let τnt be the period
t ad valorem commodity tax rate on deliveries to ﬁnal demand of commodity n for t = 0, 1 and
n = 1, ..., N .*80 Thus the period t ﬁnal demand price for commodity n is now:
ptf n = ptn (1 + τnt );

n = 1, ..., N ; t = 0, 1.

(14.139)

The tax adjusted ﬁnal demand prices deﬁned by (14.139) can be used to form new vectors of ﬁnal
demand price vectors, ptf ≡ [ptf 1 , ..., ptf N ] for t = 0, 1. The corresponding ﬁnal demand quantity
vectors, f 0 and f 1 , are still deﬁned by the commodity balance equations, (14.131). Now pick
an index number formula P and form the ﬁnal demand deﬂator P (p0f , p1f , f 0 , f 1 ) using the new
tax adjusted prices, p0f , p1f . Obviously, if the commodity tax rates τnt are substantial, the new
ﬁnal demand deﬂator P (p0f , p1f , f 0 , f 1 ) can be substantially diﬀerent from the national value added
deﬂator P (p0 , p1 , q 0 , q 1 ) deﬁned earlier in this section (because all of the commodity tax terms are
missing from the national value added deﬂator).
However, it is possible to adjust our old national value added deﬂator in an attempt to make it more
comparable to the ﬁnal demand deﬂator. Recall that the price and quantity vectors, pt and q t , that
appear in the national value added deﬂator are deﬁned as follows:*81
1t 2t 2t
Et Et
pt ≡ (p1t
y , px ; py , px ; . . . ; py , px );

t = 0, 1;

q t ≡ (y 1t , −x1t ; y 2t , −x2t ; ...; y Et , −xEt ); t = 0, 1;

(14.140)

et
where pet
y is the vector of output prices that establishment e faces in period t, px is the vector of input
prices that establishment e faces in period t, y et is the production vector for establishment e in period
t and xet is the vector of intermediate inputs used by establishment e during period t. The adjustment
that is made to the national value added deﬂator is that an additional N artiﬁcial commodities is
added to the list of outputs and inputs that the national value added deﬂator aggregates over. Deﬁne
the price and quantity of the nth extra artiﬁcial commodity as follows:*82
t t
At
t
pAt
n ≡ pn τn ; qn ≡ fn ;

n = 1, ..., N ; t = 0, 1.

(14.141)

Thus the period t price of the nth artiﬁcial commodity is just the product of the nth basic price,
ptn , times the nth commodity tax rate in period t, τnt . The period t quantity for the nth artiﬁcial
*79

*80

*81
*82

Hicks (1940; 106)[318] appears to have been the ﬁrst to note that the treatment of indirect taxes in national
income accounting depends on the purpose for which the calculation is to be used. Thus for measuring productivity, Hicks (1940; 124)[318] advocated using prices that best represented marginal costs and beneﬁts from the
perspective of producers; i.e., basic prices should be used. On the other hand, if the measurement of economic
welfare is required, Hicks (1940; 123-124)[318] advocated the use of prices that best represent marginal utilities
of consumers; i.e., ﬁnal demand prices should be used. Bowley (1922; 8)[69] advocated the use of ﬁnal demand
prices but he implicitly took a welfare point of view: “To the purchaser of whisky, tobacco and entertainment
tickets, the goods bought are worth what he pays; it is indiﬀerent to him whether the State or the producer gets
the money.”
If commodity n is subsidized during period t, then τnt can be set equal to minus the subsidy rate. In most
countries, the commodity tax regime is much more complex than we have modeled it above, in that some sectors
of ﬁnal demand are taxed diﬀerently than other sectors; e.g., exported commodities are generally not taxed or
are taxed more lightly than other ﬁnal demand sectors. To deal with these complications, it would be necessary
to decompose the single ﬁnal demand sector into a number of sectors (e. g., the familiar C + I + G + X − M
decomposition) where the tax treatment in each sector was uniform. In this disaggregated framework, tariﬀs
on imported goods and services can readily be accommodated. There are additional complications due to the
existence of commodity taxes that fall on intermediate inputs. To deal adequately with all of these complications
would require a rather extended discussion. Our purpose here is to indicate to the reader that the national value
added deﬂator is closely connected to the ﬁnal demand deﬂator.
Of course, under assumptions (14.134), the deﬁnition of pt simpliﬁes dramatically.
Again we are assuming that (14.134) holds; i.e., that each establishment faces the same prices for each intermediate input and output.
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commodity is simply equal to period t ﬁnal demand for commodity n, fnt . Note that the period t value
of all N artiﬁcial commodities is just equal to period t commodity tax revenue. Deﬁne the period
At
t price and quantity vectors for the artiﬁcial commodities in the usual way; i.e., pAt ≡ [pAt
1 , ..., pN ]
t
At
] = f , t = 0, 1. Now add the extra price vector pAt to our old period t price
and q At ≡ [q1At , ..., qN
t
vector p that was used in the national value added deﬂator and add the extra quantity vector q At
to our old period t quantity vector q t that was used in the national value added deﬂator; i.e., deﬁne
the augmented national price and quantity vectors, pt∗ and q t∗ as follows:
pt∗ ≡ [pt , pAt ]; q t∗ ≡ [q t , q At ];

t = 0, 1.

(14.142)

Using the augmented price and quantity vectors deﬁned above, calculate a new tax adjusted national
value added deﬂator using the chosen index number formula, P (p0∗ , p1∗ , q 0∗ , q 1∗ ), and ask whether
it will equal the ﬁnal demand deﬂator, P (p0f , p1f , f 0 , f 1 ) using the new tax adjusted prices, p0f , p1f ,
deﬁned by (14.139); i.e., we ask whether the following equality holds:
P (p0∗ , p1∗ , q 0∗ , q 1∗ ) = P (p0f , p1f , f 0 , f 1 ).

(14.143)

Choose P to be PL , the Laspeyres formula and evaluate the left hand side of (14.143). The numerator
of this Laspeyres value added index is:
∑E ∑2N i1 i0 ∑N A1 A0
i=1
j=1 pj qj +
n=1 pn qn
∑N ∑E 1 e0 ∑N ∑E 1 e0 ∑N 1 1 0
= n=1 e=1 pn yn − n=1 e=1 pn xn + n=1 pn τn fn using (14.134) and (14.141)
∑N
∑E
∑
∑N 1 1 0
e0
= n=1 p1n { e=1 yne0 − E
e=1 xn } +
n=1 pn τn fn
∑N 1 0
∑N 1 1 0
= n=1 pn {fn } + n=1 pn τn fn using (14.131) for t = 0
∑N
= n=1 p1n (1 + τn1 )fn0 .
(14.144)
Thus the sum of the terms in the numerator of the national tax adjusted Laspeyres value added
deﬂator, PL (p0∗ , p1∗ , q 0∗ , q 1∗ ), involving p1n is p1n (1 + τn1 )fn0 , which is equal to the nth term in the
numerator of the Laspeyres ﬁnal demand deﬂator, PL (p0f , p1f , f 0 , f 1 ). In a similar fashion, collect
up all terms in the denominator of the Laspeyres national value added deﬂator PL (p0∗ , p1∗ , q 0∗ , q 1∗ )
that correspond to the nth commodity price p0n . Using (14.131) for t = 0, it is found that the sum
of these terms involving p0n is p0n (1 + τn1 )fn0 which is equal to the nth term in the denominator of the
ﬁnal demand deﬂator, PL (p0f , p1f , f 0 , f 1 ). Thus (14.143) does hold as an exact equality under our
assumptions if the Laspeyres price index is used for each of the deﬂators.
Now choose P to be PP , the Paasche formula and evaluate the left hand side of (14.143). The
denominator of this Paasche value added index is:
∑E ∑2N i0 i1 ∑N A0 A1
i=1
j=1 pj qj +
n=1 pn qn
∑N ∑E 0 e1 ∑N ∑E 0 e1 ∑N 0 0 1
= n=1 e=1 pn yn − n=1 e=1 pn xn + n=1 pn τn fn using (14.134) and (14.141)
∑N
∑E
∑
∑N 0 0 1
e1
= n=1 p0n { e=1 yne1 − E
e=1 xn } +
n=1 pn τn fn
∑N 0 1
∑N 0 0 1
= n=1 pn {fn } + n=1 pn τn fn using (14.131) for t = 1
∑N
= n=1 p0n (1 + τn0 )fn1 .
(14.145)
Thus the sum of the terms in the denominator of the national tax adjusted Paasche value added
deﬂator, PP (p0∗ , p1∗ , q 0∗ , q 1∗ ), involving p0n is p0n (1 + τn0 )fn1 , which is equal to the nth term in the
denominator of the Paasche ﬁnal demand deﬂator, PP (p0f , p1f , f 0 , f 1 ). In a similar fashion, collect
up all terms in the numerator of the Paasche national value added deﬂator PP (p0∗ , p1∗ , q 0∗ , q 1∗ )
that correspond to the nth commodity price p1n . Using (14.131) for t = 1, it is found that the sum
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of these terms involving p1n is p1n (1 + τn1 )fn1 which is equal to the nth term in the numerator of the
Paasche ﬁnal demand deﬂator, PP (p0f , p1f , f 0 , f 1 ). Thus (14.143) does hold as an exact equality
under our assumptions if the Paasche price index is used for each of the deﬂators.
Finally, choose P to be PT , the Törnqvist Theil formula for a price index, and evaluate both sides
of (14.143). In general, this time an exact equality is not obtained between the national Törnqvist
Theil tax adjusted value added deﬂator PT (p0∗ , p1∗ , q 0∗ , q 1∗ ) and the Törnqvist Theil ﬁnal demand
deﬂator PT (p0f , p1f , f 0 , f 1 ). To see why this is so, deﬁne the national share of value added for
establishment e and netput n for period t as follows:
/[∑ ∑
∑N At At ]
E
2N it it
et et
set
≡
p
q
p
q
+
; n = 1, ..., 2N ; e = 1, ..., E; t = 0, 1
n
n n
i=1
j=1 j j
i=1 pi qi
et
t
= pet
n qn /tva

(14.146)

∑E ∑2N
∑N At At
it
where tvat ≡ i=1 j=1 pit
j qj +
n=1 pn qn is the tax augmented national value added for period
t. We also need to deﬁne the shares for the N artiﬁcial commodities as follows:
/[∑ ∑
∑N At At ]
E
2N it it
At At
p
q
+
sAt
≡
p
q
; n = 1, ..., N ; t = 0, 1
n
n n
i=1
j=1 j j
i=1 pi qi
= ptn τnt fnt /tvat

using (14.141).

(14.147)

Using the above establishment value added shares and the establishment output and intermediate
e0
input price relatives, pe1
n /pn , we can deﬁne the logarithm of the national Törnqvist (1936)[509]
(1937)[510] Theil (1967)[500] tax augmented value added deﬂator PT as follows:
ln PT (p0∗ , p1∗ , q 0∗ , q 1∗ )
∑E ∑2N
∑N
e1
e1
e0
A0
A1
A1
A0
≡ e=1 n=1 (1/2)(se0
n + sn ) ln(pn /pn ) +
n=1 (1/2)(sn + sn ) ln(pn /pn )
∑E ∑2N
∑N
e1
e1
e0
A0
A1
1 1
0 0
= e=1 n=1 (1/2)(se0
n + sn ) ln(pn /pn ) +
n=1 (1/2)(sn + sn ) ln(pn τn /pn τn )

(14.148)

where the last equality follows using (14.141). Now make the price equality assumptions (14.134)
and start with the national tax augmented Törnqvist Theil value added deﬂator and collect all of
the exponents that correspond to the common price relative for commodity n, p1n /p0n . The sum of
these commodity n exponents plus the exponents that correspond to the nth artiﬁcial price relative
A0
pA1
n /pn is:
∑E
∑E e0 e0
∑E e1 e1 ∑E e1 e1
e0
0
1
(1/2)[ e=1 pe0
yn yn −
e=1 pxn xn ]/tva + (1/2)[
e=1 pyn yn −
e=1 pxn xn ]/tva
1
A0
0
A1 A1
+ (1/2)[pA0
n qn ]/tva + (1/2)[pn qn ]/tva
∑E 0 e0 ∑E 0 e0
∑
∑E 1 e1
1 e1
1
= (1/2)[ e=1 pn yn − e=1 pn xn ]/tva0 + (1/2)[ E
e=1 pn yn −
e=1 pn xn ]/tva

+ (1/2)[p0n τn0 fn0 ]/tva0 + (1/2)[p1n τn1 fn1 ]/tva1

using (14.134) and (14.141)

= (1/2)p0n fn0 /tva0 + (1/2)p1n fn1 /tva1 + (1/2)[p0n τn0 fn0 ]/tva0 + (1/2)[p1n τn1 fn1 ]/tva1
=

(1/2)p0n (1

+

τn0 )fn0 /tva0

+

(1/2)p1n (1

+

using (14.132)

τn1 )fn1 /tva1 .

(14.149)

Substituting (14.149) into (14.148), we obtain the following expression for the logarithm of the
Törnqvist Theil tax augmented value added deﬂator:
ln PT (p0∗ , p1∗ , q 0∗ , q 1∗ )
∑N
= (1/2) n=1 [{p0n (1 + τn0 )fn0 /tva0 } + {p1n (1 + τn1 )fn1 /tva1 }] ln(p1n /p0n )
∑N
A1
1
0
+ n=1 (1/2)(sA0
n + sn ) ln(τn /τn ).

(14.150)
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On the other hand, the logarithm of the Törnqvist Theil ﬁnal demand deﬂator is deﬁned as follows:
∑N
ln PT (p0f , p1f , f 0 , f 1 ) ≡ n=1 (1/2)(s0nf + s1nf ) ln(p1nf /p0nf )
∑N
= n=1 (1/2)(s0nf + s1nf ) ln[p1n (1 + τn1 )/p0n (1 + τn0 )]
∑N
= n=1 (1/2)[{p0n (1 + τn0 )fn0 /tva0 } + {p1n (1 + τn1 )fn1 /tva1 }] ln[p1n (1 + τn1 )/p0n (1 + τn0 )]
∑N
= n=1 (1/2)[{p0n (1 + τn0 )fn0 /tva0 } + {p1n (1 + τn1 )fn1 /tva1 }] ln(p1n /p0n )
∑N
+ n=1 (1/2)(s0nf + s1nf ) ln[(1 + τn1 )(1 + τn0 )].
(14.151)
Comparing (14.150) and (14.151), it can be seen that in general,
PT (p0∗ , p1∗ , q 0∗ , q 1∗ ) ̸= PT (p0f , p1f , f 0 , f 1 ).

(14.152)

However, if the extra assumption is made that the commodity tax rates are equal in periods 0 and
1 so that
(14.153)
τn0 = τn1 for n = 1, ..., N,
then it can be seen that the national Törnqvist Theil tax adjusted value added deﬂator
PT (p0∗ , p1∗ , q 0∗ , q 1∗ ) and the Törnqvist Theil ﬁnal demand deﬂator PT (p0f , p1f , f 0 , f 1 ) are exactly
equal.
The last few results can be modiﬁed to work in reverse; i.e., start with the ﬁnal demand deﬂator,
make some adjustments to it using artiﬁcial commodities, and then the resulting tax adjusted ﬁnal
demand deﬂator can equal the original unadjusted national value added deﬂator. To implement this
reverse procedure, it is necessary to add an additional N artiﬁcial commodities to the list of outputs
and inputs that the ﬁnal demand deﬂator aggregates over. Deﬁne the price and quantity of the nth
extra artiﬁcial commodity as follows:
t
At
t t
pAt
n ≡ pn τn ; qn ≡ −fn ;

n = 1, ..., N ; t = 0, 1.

(14.154)

Thus the period t price of the nth artiﬁcial commodity is just the product of the nth basic price,
ptn , times the nth commodity tax rate in period t, τnt . The period t quantity for the nth artiﬁcial
commodity is simply equal to minus period t ﬁnal demand for commodity n, −fnt . Note that the
period t value of all N artiﬁcial commodities is just equal to minus period t commodity tax revenue.
Deﬁne the period t price and quantity vectors for the artiﬁcial commodities in the usual way; i.e.,
At
At
At
] = f t , t = 0, 1. The extra price vector pAt is now added
≡ [q1At , ..., qN
pAt ≡ [pAt
1 , ..., pN ] and q
to our old period t price vector ptf that was used in the ﬁnal demand deﬂator and the extra quantity
vector q At is added to our old period t quantity vector f t that was used in the ﬁnal demand deﬂator;
t∗
i.e., deﬁne the augmented ﬁnal demand price and quantity vectors, pt∗
as follows:
f and f
t∗
t
At
pt∗
≡ [f t , q At ];
f ≡ [pf , p ]; f

t = 0, 1.

(14.155)

Using the augmented price and quantity vectors deﬁned above, calculate a new tax adjusted ﬁnal
0∗
1∗
1∗
demand deﬂator using the chosen index number formula, P (p0∗
f , pf , f , f ), and we ask whether
it will equal our initial national value added deﬂator (that did not make any tax adjustments for
commodity taxes on ﬁnal demands), P (p0 , p1 , q 0 , q 1 ); i.e., whether the following equality holds:
0∗
1∗
1∗
0
1
0
1
P (p0∗
f , pf , f , f ) = P (p , p , q , q ).

(14.156)

Under the assumption that all establishments face the same prices, it can be shown that the tax
adjusted ﬁnal demand deﬂator will exactly equal the national value added deﬂator provided that the
index number formula in (14.156) is chosen to be the Laspeyres, Paasche or Fisher formulae, PL , PP
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or PF . In general, (14.156) will not hold as an exact equality if the Törnqvist Theil formula PT
is used. However, if the commodity tax rates are equal in periods 0 and 1, so that assumptions
(14.153) hold in addition to assumptions (14.134), then it can be shown that (14.156) will hold as
an exact equality when P is set equal to PT , the Törnqvist Theil formula. These results are of some
practical importance for the following reason. Most countries do not have adequate surveys that will
support a complete system of value added price indexes for each sector of the economy.*83 Adequate
information is generally available that will enable the statistical agency to calculate the ﬁnal demand
deﬂator. However, for measuring the productivity of the economy using the economic approach to
index number theory, the national value added deﬂator is the preferred deﬂator.*84 The results in
this section show how the ﬁnal demand deﬂator can be modiﬁed to give a close approximation to
the national value added deﬂator under certain conditions.
It has always been a bit of a mystery how tax payments should be decomposed into price and quantity
components in national accounting theory. The results presented in this section may be helpful in
suggesting “reasonable” decompositions under certain conditions.

14.19 Midyear Indexes as Approximations to Superlative Indexes
Recall deﬁnitions (4.19) and (4.20) in section 4.8 chapter 4, which deﬁned the Marshall
(1887)[398] Edgeworth (1925)[247], PM E (p0 , p1 , q 0 , q 1 ), and Walsh (1901; 398)[530] (1921;
97)[531], PW (p0 , p1 , q 0 , q 1 ), price indexes between periods 0 and 1 respectively. In section 14.9
above, we indicated that the Walsh price index is a superlative index. On the other hand, although
the Marshall Edgeworth price index is not superlative, Diewert (1978; 897)[128] showed that it will
approximate any superlative index to the second order around a point where the base and current
period price and quantity vectors are equal*85 so that usually, PM E will approximate a superlative
index fairly closely. In this section, we will draw on some recent results due to Schultz (1999)[464]
and Okamoto (2001)[420] and show how various midyear price indexes can approximate Walsh
or Marshall Edgeworth indexes fairly closely under certain conditions. As we shall see, midyear
indexes do not rely on quantity weights for the current and base periods; rather they utilize quantity
weights from years that lie between the base period and current period and hence, they can be
produced on a timely basis.
Let t be an even positive integer. Then Schultz (1999)[464] deﬁned a midyear price index, which
compares the price vector in period t, pt , to the corresponding price vector in period 0, p0 , as follows:
0

t

PS (p , p , q

t/2

∑N

) ≡ ∑n=1
N

n=1

t/2

ptn qn

t/2

p0n qn

(14.157)

where q t/2 is the quantity vector that pertains to the intermediate period, t/2. The deﬁnition for a
midyear price index when t is odd (and greater than 2) is a bit trickier. Okamoto (2001)[420] deﬁned
arithmetic type and geometric type midyear price indexes comparing prices in period 0 with period

*83

*84

*85

In particular, information on the prices and quantities of intermediate inputs used by sector are generally lacking.
These data deﬁciencies were noted by Fabricant (1938; 566-570)[261] many years ago and he indicated some
useful methods that are still used today in attempts to overcome these data deﬁciencies.
See Schreyer (2001)[460] for more explanation. Basically, in order to evaluate the eﬃciency of the production
sector, we should use prices that producers actually face. For inputs, this means that after tax prices should be
used and for outputs, before commodity tax prices should be used. This point was emphasized by Jorgenson
and Griliches (1967)[369].
This result can be generalized to points of approximation where p1 = αp0 and q 1 = βq 0 ; i.e., points where
the period 1 price vector is proportional to the period 0 price vector and where the period 1 quantity vector is
proportional to the period 0 quantity vector.
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t where t is odd by (14.158) and (14.159) respectively:
0

t

POA (p , p , q

(t−1)/2

,q

(t+1)/2

)≡

POG (p0 , pt , q (t−1)/2 , q (t+1)/2 ) ≡

∑N

(t−1)/2
(t+1)/2
t
+ qn
)
n=1 pn (1/2)(qn
∑N
(t−1)/2
(t+1)/2
0
+ qn
)
n=1 pn (1/2)(qn
∑N
(t−1)/2 (t+1)/2 1/2
t
qn
)
n=1 pn (qn
.
∑N
(t−1)/2
(t+1)/2
0
qn
)1/2
n=1 pn (qn

(14.158)
(14.159)

Each of the price indexes deﬁned by (14.158) and (14.159) is of the ﬁxed basket type. In the
arithmetic type index deﬁned by (14.158), the ﬁxed basket quantity vector is the simple arithmetic
average of the two quantity vectors that pertain to the intermediate periods, (t − 1)/2 and (t + 1)/2,
whereas in the geometric type index deﬁned by (14.159), the reference quantity vector is the geometric
average of these two intermediate period quantity vectors.
Okamoto (2001)[420] used the above deﬁnitions in order to deﬁne the following sequence of ﬁxed
base (arithmetic type) midyear price indexes:
1, PM E (p0 , p1 , q 0 , q 1 ), PS (p0 , p2 , q 1 ), POA (p0 , p3 , q 1 , q 2 ), PS (p0 , p4 , q 2 ), POA (p0 , p5 , q 2 , q 3 ), . . . .
(14.160)
Thus in period 0, the index is set equal to 1. In period 1, the index is set equal to the Marshall
Edgeworth price index between periods 0 and 1, PM E (p0 , p1 , q 0 , q 1 ), (which is the only index number
in the above sequence that requires information on current period quantities). In period 2, the index
is set equal to the Schultz midyear index, PS (p0 , p2 , q 1 ), deﬁned by (14.157), which uses the quantity
weights of the prior period 1, q 1 . In period 3, the index is set equal to the arithmetic Okamoto
midyear index, POA (p0 , p3 , q 1 , q 2 ), deﬁned by (14.158), which uses the quantity weights of the two
prior periods, q 1 and q 2 . And so on.
Okamoto (2001)[420] also used the above deﬁnitions in order to deﬁne the following sequence of ﬁxed
base (geometric type) midyear price indexes:
1, PW (p0 , p1 , q 0 , q 1 ), PS (p0 , p2 , q 1 ), POG (p0 , p3 , q 1 , q 2 ), PS (p0 , p4 , q 2 ), POG (p0 , p5 , q 2 , q 3 ), . . . .
(14.161)
Thus in period 0, the index is set equal to 1. In period 1, the index is set equal to the Walsh price
index between periods 0 and 1, PW (p0 , p1 , q 0 , q 1 ), (which is the only index number in the sequence
that requires information on current period quantities). In period 2, the index is set equal to the
Schultz midyear index, PS (p0 , p2 , q 1 ). In period 3, the index is set equal to the (geometric type)
Okamoto midyear index, POG (p0 , p3 , q 1 , q 2 ), deﬁned by (14.159), which uses the quantity weights
of the two prior periods, q 1 and q 2 and so on.
It is also possible to deﬁne chained sequences*86 of midyear indexes that are counterparts to the
ﬁxed base sequences deﬁned by (14.160) and (14.161). Thus a chained counterpart to (14.160) can
be deﬁned as follows:
1, PM E (p0 , p1 , q 0 , q 1 ), PS (p0 , p2 , q 1 ), PM E (p0 , p1 , q 0 , q 1 )PS (p1 , p3 , q 2 ), PS (p0 , p2 , q 1 )PS (p2 , p4 , q 3 ),
PM E (p0 , p1 , q 0 , q 1 )PS (p1 , p3 , q 2 )PS (p3 , p5 , q 4 ), PS (p0 , p2 , q 1 )PS (p2 , p4 , q 3 )PS (p4 , p6 , q 5 ), . . . .
(14.162)
A chained counterpart to (14.161) can be deﬁned as follows:
1, PW (p0 , p1 , q 0 , q 1 ), PS (p0 , p2 , q 1 ), PW (p0 , p1 , q 0 , q 1 )PS (p1 , p3 , q 2 ), PS (p0 , p2 , q 1 )PS (p2 , p4 , q 3 ),
PW (p0 , p1 , q 0 , q 1 )PS (p1 , p3 , q 2 )PS (p3 , p5 , q 4 ), PS (p0 , p2 , q 1 )PS (p2 , p4 , q 3 )PS (p4 , p6 , q 5 ), . . . .
(14.163)
*86

See chapter 9 for a review of chained indexes.
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Note that (14.162) and (14.163) diﬀer only in the use of the Marshall Edgeworth index,
PM E (p0 , p1 , q 0 , q 1 ), to compare prices in period 1 to period 0, versus the Walsh index,
PW (p0 , p1 , q 0 , q 1 ), which is also used to compare prices for the same two periods. Otherwise, only the basic Schultz midyear formula, PS (pt , pt+2 , q t+1 ) is used in both (14.162) and
(14.163).
Schultz (1999)[464] and Okamoto (2001)[420] showed, using Canadian and Japanese data, that
midyear index number sequences like those deﬁned by (14.160) and (14.161) above are reasonably
close to their superlative Fisher ideal counterparts.
In addition to the above empirical results, we can generate some theoretical results that support the
use of midyear indexes as approximations to superlative indexes.*87 Our theoretical results presented
below rely on speciﬁc assumptions about how the quantity vectors q t change over time. We will
make two such speciﬁc assumptions.
Thus we now assume that there are linear trends in quantities over our sample period; i.e., we assume
that:
q t = q 0 + tα; t = 1, ..., T
(14.164)
where α ≡ [α1 , ..., αN ] is a vector of constants. Hence for t even, we have, using (14.164), that:
(1/2)q 0 + (1/2)q t = (1/2)q 0 + (1/2)[q 0 + tα] = q 0 + (t/2)α = q t/2 .

(14.165)

Similarly, for t odd (and greater than 2), we have:
(1/2)q 0 + (1/2)q t = (1/2)q 0 + (1/2)[q 0 + tα]
= (1/2)q 0 + (1/2)[q 0 + {(1/2)(t − 1) + (1/2)(t + 1)}α]
= (1/2)[q 0 + {(t − 1)/2}α] + (1/2)[q 0 + {(t + 1)/2}α]
= (1/2)q (t−1)/2 + (1/2)q (t+1)/2 .

(14.166)

Thus under the linear time trends in quantities assumption (14.164), we can show, using (14.165)
and (14.166), that the Schultz midyear and the Okamoto arithmetic type midyear indexes all equal
their Marshall Edgeworth counterparts; i.e., we have:
PS (p0 , pt , q t/2 ) = PM E (p0 , pt , q 0 , q t )
POA (p0 , pt , q (t−1)/2 , q (t+1)/2 ) = PM E (p0 , pt , q 0 , q t )

for t even;

(14.167)

for t odd.

(14.168)

Thus under the linear trends assumption (14.164), the ﬁxed base and chained arithmetic type sequences of midyear indexes, (14.160) and (14.162) respectively, become the following sequences of
Marshall Edgeworth indexes*88 :
1, PM E (p0 , p1 , q 0 , q 1 ), PM E (p0 , p2 , q 0 , q 2 ), PM E (p0 , p3 , q 0 , q 3 ), PM E (p0 , p4 , q 0 , q 4 ), . . . ; (14.169)
1, PM E (p0 , p1 , q 0 , q 1 ), PM E (p0 , p2 , q 0 , q 2 ), PM E (p0 , p1 , q 0 , q 1 )PM E (p1 , p3 , q 1 , q 3 ),
PM E (p0 , p2 , q 0 , q 2 )PM E (p2 , p4 , q 2 , q 4 ),
PM E (p0 , p1 , q 0 , q 1 )PM E (p1 , p3 , q 1 , q 3 )PM E (p3 , p5 , q 3 , q 5 ), . . . .

*87
*88

(14.170)

Okamoto (2001)[420] also makes some theoretical arguments relying on the theory of Divisia indexes to show
why midyear indexes might approximate superlative indexes.
Recall that Marshall Edgeworth indices are not actually superlative but they will usually approximate their
superlative Fisher counterparts fairly closely using “normal” time series data.
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For our second speciﬁc assumption about the behavior of quantities over time, we assume that
quantities are growing at geometric rates over the sample period; i.e., we assume that:
qnt = (1 + gn )t qn0 ;

n = 1, ..., N ; t = 1, ..., T

(14.171)

where gn is the geometric growth rate for quantity n. Hence for t even, using (14.171), we have:
[qn0 qnt ]1/2 = (1 + gn )t/2 qn0 = qnt/2 .

(14.172)

For t odd (and greater than 2), again using (14.171), we have:
[qn0 qnt ]1/2 = (1 + gn )t/2 qn0 = (1 + gn )(1/4)[(t−1)+(t+1)] qn0 = [qn(t−1)/2 qn(t+1)/2 ]1/2 .

(14.173)

Using (14.172) and (14.173), we can show that if quantities grow geometrically, then the Schultz
midyear and the Okamoto geometric type midyear indexes all equal their Walsh counterparts; i.e.,
we have:
PS (p0 , pt , q t/2 ) = PW (p0 , pt , q 0 , q t )
POG (p0 , pt , q (t−1)/2 , q (t+1)/2 ) = PW (p0 , pt , q 0 , q t )

for t even;

(14.174)

for t odd.

(14.175)

Thus under the geometric growth rates assumption (14.171), the ﬁxed base and chained geometric
type sequences of midyear indexes, (14.161) and (14.163) respectively, become the following sequences
of Walsh price indices:
1, PW (p0 , p1 , q 0 , q 1 ), PW (p0 , p2 , q 0 , q 2 ), PW (p0 , p3 , q 0 , q 3 ), PW (p0 , p4 , q 0 , q 4 ), . . . ;

(14.176)

1, PW (p0 , p1 , q 0 , q 1 ), PW (p0 , p2 , q 0 , q 2 ), PW (p0 , p1 , q 0 , q 1 )PW (p1 , p3 , q 1 , q 3 ),
PW (p0 , p2 , q 0 , q 2 )PW (p2 , p4 , q 2 , q 4 ), PW (p0 , p1 , q 0 , q 1 )PW (p1 , p3 , q 1 , q 3 )PW (p3 , p5 , q 3 , q 5 ), . . . .
(14.177)
Since the Walsh price indexes are superlative, the results in this section show that if quantities are
trending in a very smooth manner, then it is likely that we can approximate superlative indexes
fairly closely without having a knowledge of current period quantities (but provided that lagged
quantity vectors can be estimated on a continuous basis).
It seems very likely that the above midyear indexes will approximate superlative indexes to a much
higher degree of approximation than chained or ﬁxed base Laspeyres indexes.*89 However, the real
choice may not be between computing Laspeyres indexes versus midyear indexes but in producing
midyear indexes in a timely manner versus waiting a year or two to produce actual superlative
indexes. However, there is always the danger that when price or quantity trends suddenly change, the
midyear indexes considered above could give rather misleading advanced estimates of a superlative
index. However, if this limitation of midyear indexes is kept in mind, it seems that it would be
generally useful for statistical agencies to compute midyear indexes on an experimental basis.*90 In
the next chapter, we will compare midyear indexes with their superlative counterparts.

*89

*90

It is clear that the midyear index methodologies could be regarded as very simple forecasting schemes to estimate
the current period quantity vector based on past time series of quantity vectors. Viewed in this way, these
midyear methods could be greatly generalized using time series forecasting methods.
Okamoto (2001)[420] notes that in the 2000 Japanese CPI revision, midyear indexes and chained Laspeyres
indexes will be added as a set of supplementary indexes to the usual ﬁxed base Laspeyres price index.
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Chapter 15

PPI Index Number Computations Using an
Artiﬁcial Data Set
15.1 Introduction
In order to give the reader some idea of how the various PPI indexes deﬁned in chapter 14 might
perform in practice, in section 15.2 below, we compute all of the major indexes deﬁned in the previous
chapters using an artiﬁcial “industrial” data set consisting of prices and quantities for 8 commodities
over 5 periods. The period can be thought of as somewhere between a year and 5 years. The trends
in the data are generally more pronounced than one would see in the course of a year. The 8
commodities can be thought of as the net deliveries to the ﬁnal demand sector of all industries in
the economy. The ﬁrst 6 commodities are outputs and correspond to the usual private consumption
plus government consumption plus investment plus export deliveries to ﬁnal demand while the last
2 commodities are imports (and hence are indexed with a negative sign).
In section 15.3, the same ﬁnal demand data set is used in order to compute the midyear indexes that
were described in section 8.5 of chapter 8. Recall that these indexes have an important practical
advantage over superlative indexes because they can be computed using current data on prices and
lagged data on quantities (or equivalently, using lagged data on expenditures).
In section 15.4, the additive percentage change decompositions for the Fisher ideal price index that
were discussed in section 4.9 of chapter 4 are illustrated using the ﬁnal demand data set on 8
commodities.
In section 15.5, price and quantity data for three industrial sectors of the economy are presented.
This industrial data set is consistent with the ﬁnal demand data set listed in section 15.2 below.
We construct value added deﬂators for these 3 industries in sections 15.6, 15.7 and 15.8. Only the
Laspeyres, Paasche, Fisher and Törnqvist formulae are considered in section 15.5 and subsequent
sections since these are the formulae that are likely to be used in practice.
In section 15.9, 15.10 and 15.11, the industry data are used in order to construct national output
price indexes, national intermediate input price deﬂators and national value added deﬂators respectively. The construction of a national value added deﬂator by aggregating the national output and
intermediate input price indexes is undertaken in section 15.12. This two stage national value added
deﬂator is then compared with its single stage counterpart and also with the ﬁnal demand deﬂator
constructed in section 15.2.
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15.2 Price Indexes for Final Demand Components
The price and quantity data for net deliveries to ﬁnal demand are listed in Tables 15.1∑and 15.2
8
below. For convenience, we have also listed the period t nominal expenditures, pt · q t ≡ i=1 pti qit ,
along with the corresponding period t expenditure shares, sti ≡ pti qit /pt · q t , in Table 15.3.
Table. 15.1 Prices for Eight Commodities
Period t

pt1

pt2

pt3

pt4

pt5

pt6

pt7

pt8

1
2
3
4
5

1.0
1.3
1.0
0.7
1.0

1.0
2.0
1.0
0.5
1.0

1.0
1.3
1.5
1.6
1.7

1.0
0.7
0.5
0.3
0.2

1.0
1.4
1.7
1.9
2.0

1.0
0.8
0.6
0.4
0.2

1.0
2.1
1.0
0.6
1.0

1.0
0.7
0.5
0.3
0.2

Table. 15.2 Quantities for Eight Commodities
Period t

q1t

q2t

q3t

q4t

q5t

q6t

q7t

q8t

1
2
3
4
5

30
28
30
32
29

10
8
11
14
12

40
39
38
39
40

10
13
30
60
100

45
47
50
56
65

5
6
8
13
25

−28
−20
−29
−35
−30

−7
−9
−21
−42
−70

Table. 15.3 Net Expenditures and Net Expenditure Shares for Eight Commodities
Period t

pt · q t

st1

st2

st3

st4

st5

st6

st7

st8

1
2
3
4
5

105.0
134.5
163.3
187.8
220.0

0.2857
0.2706
0.1837
0.1193
0.1318

0.0952
0.1190
0.0674
0.0373
0.0545

0.3810
0.3770
0.3491
0.3323
0.3091

0.0952
0.0677
0.0919
0.0958
0.0909

0.4286
0.4892
0.5205
0.5666
0.5909

0.0476
0.0357
0.0294
0.0277
0.0227

−0.2667
−0.3123
−0.1776
−0.1118
−0.1364

−0.0667
−0.0468
−0.0643
−0.0671
−0.0636

Typically, the statistical agency will not have quantity data available; only price and expenditure
data will be collected. However, given the information in Table 15.3, the period t net expenditure
shares stn may be multiplied by period t total net expenditures pt · q t in order to obtain ﬁnal
demand expenditures by commodity and then these commodity expenditures may be divided by the
corresponding prices in Table 15.1 in order to obtain the implicit quantities listed in Table 15.2.*1
The trends that are built into the above tables can be explained as follows. Think of the ﬁrst 4
commodities as the ﬁnal demand consumption of various classes of goods in some economy while
the next two commodities are the consumption of two classes of services. Think of the ﬁrst good
as agricultural consumption and exports. The ﬁnal demand quantity for this good mildly ﬂuctuates
around 30 units of output while its price ﬂuctuates more violently around 1. However, as the
rest of the economy grows, the share of agricultural output declines to about one half of its initial
share. The second good is energy consumption in ﬁnal demand. The quantity of this good trends
up gently during the ﬁve periods with some ﬂuctuations. However, note that the price of energy
*1

Typically, the prices will be price relatives or averages of price relatives but if we make the base period equal to
period 1, then these relative prices will all be unity in period 1.
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ﬂuctuates wildly from period to period.*2 The third good is traditional manufactures. There are
rather high inﬂation rates for this commodity for periods 2 and 3 which diminish to a very low
inﬂation rate by the end of our sample period.*3 The ﬁnal demand consumption of traditional
manufactured goods is more or less static in our data set. The fourth commodity is high technology
manufactured goods; e.g., computers, video cameras, compact disks, etc. The demand for these high
tech commodities grows tenfold times over our sample period while the ﬁnal period price is only
one ﬁfth of the ﬁrst period price. The ﬁfth commodity is traditional services. The price trends for
this commodity are similar to traditional manufactures, except that the period to period inﬂation
rates are a bit higher. However, we have the demand for traditional services growing much more
strongly than for traditional manufactures. Our sixth commodity is high technology services; e.g.,
telecommunications, wireless phones, internet services, stock market trading, etc. For this ﬁnal
commodity, we have the price trending downward very strongly to end up at 20% of the starting
level while demand increases ﬁvefold. The ﬁnal two commodities are energy imports and imports
of high technology manufactured goods. Since imports are intermediate inputs to the economy as a
whole, the quantities for these last two commodities are indexed with minus signs. The prices and
quantities for the two imported commodities are more or less proportional to the corresponding ﬁnal
consumption demand prices and quantities. The movements of prices and quantities in this artiﬁcial
data set are more pronounced than the year to year movements that would be encountered in a
typical country but they do illustrate the problem that is facing compilers of the Producer Price
Index; namely, year to year price and quantity movements are far from being proportional across
commodities so the choice of index number formula will matter.
Every price statistician is familiar with the Laspeyres index PL and the Paasche index PP deﬁned
by (2.20) and (2.21) in chapter 2 above. These indexes are listed in Table 15.4 along with the two
unweighted indexes that were considered in chapter 11: the Carli index deﬁned by (11.2) and the
Jevons index deﬁned by (11.3) in chapter 11. The indexes in Table 15.4 compare the prices in period
t with the prices in period 1; i.e., they are ﬁxed base indexes. Thus
t entry for the Carli
∑8 the period
t
index, PC , is simply the arithmetic mean of the 8 price relatives, i=1 (1/8)(pi /p1i ), while the period
∏8
t entry for the Jevons index, PJ , is the geometric mean of the 8 price relatives, i=1 (pti /p1i )1/8 .
Table. 15.4 The Fixed Base Laspeyres, Paasche, Carli and Jevons Indexes
Period t

PL

PP

PC

PJ

1
2
3
4
5

1.0000
1.1552
1.4571
1.5390
1.6343

1.0000
1.2009
1.3957
1.3708
1.2865

1.0000
1.2875
0.9750
0.7875
0.9125

1.0000
1.1853
0.8868
0.6240
0.6373

Note that by period 5, the spread between the ﬁxed base Laspeyres and Paasche price indexes is
fairly large: PL is equal to 1.6343 while PP is 1.2865, a spread of about 27%. Since both of these
indices have exactly the same theoretical justiﬁcation, it can be seen that the choice of index number
formula matters a lot. There is also a substantial spread between the two unweighted indexes by
period 5: the ﬁxed base Carli index is equal to 0.9125, while the ﬁxed base Jevons index is 0.6373,
a spread of about 43%. However, more troublesome than this spread is the fact that the unweighted

*2

*3

This is an example of the price bouncing phenomenon noted by Szulc (1983)[498]. Note that the ﬂuctuations in
the price of energy that we have built into our data set are not that unrealistic: in the past 3 years, the price
of a barrel of crude oil has ﬂuctuated in the range $10 to $37 U.S. Note that agricultural prices also bounce but
not as violently.
This corresponds roughly to the experience of most industrialized countries over the period starting in 1973 to
the mid 1990’s. Thus we are compressing roughly 5 years of price movement into one of our periods.
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indexes are far below both the Paasche and Laspeyres indices by period 5.*4 Thus when there are
divergent trends in both prices and quantities, it will usually be the case that unweighted price indexes
will give very diﬀerent answers than their weighted counterparts. Since none of the index number
theories considered in previous chapters supported the use of unweighted indexes, their use is not
recommended. Finally, note that the Jevons index is always considerably below the corresponding
Carli index. This will always be the case (unless prices are proportional in the two periods under
consideration) because a geometric mean is always equal to or less than the corresponding arithmetic
mean.*5
It is of interest to recalculate the 4 indexes listed in Table 15.4 above using the chain principle rather
than the ﬁxed base principle. Our expectation is that the spread between the Paasche and Laspeyres
indexes will be reduced by using the chain principle. These chain indexes are listed in Table 15.5.
Table. 15.5 Chained Laspeyres, Paasche, Carli and Jevons Indexes
Period t

PL

PP

PC

PJ

1
2
3
4
5

1.0000
1.1552
1.3743
1.4374
1.4963

1.0000
1.2009
1.4834
1.5349
1.5720

1.0000
1.2875
1.0126
0.7406
0.8372

1.0000
1.1853
0.8868
0.6240
0.6373

It can be seen comparing Tables 15.4 and 15.5 that chaining eliminated about 3/4 of the spread
between the Paasche and Laspeyres indexes for period 5. However, even the chained Paasche and
Laspeyres indices diﬀer by about 8% in period 3 so the choice of index number formula still matters.
Note that chaining did not aﬀect the Jevons index. This is an advantage of the index but the lack
of weighting is a fatal ﬂaw. We would expect the “truth” to lie between the Paasche and Laspeyres
indexes and from Table 15.5, we see that the unweighted Jevons index is far below this acceptable
range. Note that chaining did not aﬀect the Carli index in a systematic way for our particular data
set: in period 3, the chained Carli is above the corresponding ﬁxed base Carli but in periods 4 and
5, the chained Carli is below the ﬁxed base Carli.
We turn now to a systematic comparison of all of the asymmetrically weighted price indexes. The
ﬁxed base indexes are listed in Table 15.6. The ﬁxed base Laspeyres and Paasche indexes, PL and
PP , are the same as those indexes listed in Table 15.4 above. The Palgrave index, PP AL , is deﬁned by
equation (2.53) in chapter 2. The indexes denoted by PGL and PGP are the geometric Laspeyres and
geometric Paasche indexes *6 which are special cases of the ﬁxed weight geometric indexes deﬁned
by Konüs and Byushgens (1926)[381]. For the geometric Laspeyres index, PGL , we let the weights
αi be the base period expenditure shares, s1i . This index should be considered an alternative to the
ﬁxed base Laspeyres index since each of these indexes makes use of the same information set. For
the geometric Paasche index, PGP , we let the weights αi be the current period expenditure shares,
sti . Finally, the index PHL is the harmonic Laspeyres index that was deﬁned by (2.57) in chapter 2.
By looking at the period 5 entries in Table 15.6, it can be seen that the spread between all of
these ﬁxed base asymmetrically weighted indexes has increased to be even larger than our earlier
spread of 27% between the ﬁxed base Paasche and Laspeyres indexes. In Table 15.6, the period 5
*4

*5
*6

The reason for this is that when using weighted indexes, the imports of high technology goods are oﬀset by
the ﬁnal demand expenditures on high technology goods to a large extent; i.e., commodities 6 and 8 have the
same dramatic downward price trends but their quantity trends are opposite in sign and cancel each other out
to a large extent. However, when calculating the unweighted indexes, this cancellation does not occur and the
downward trends in the prices of commodities 6 and 8 get a much higher implicit weight in the unweighted
indexes.
This is the Theorem of the Arithmetic and Geometric Mean; see Hardy, Littlewood and Polyá (1934)[308].
Vartia (1978; 272)[520] used the terms logarithmic Laspeyres and logarithmic Paasche respectively.
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Table. 15.6 Asymmetrically Weighted Fixed Base Indexes
Period t

PP AL

PGP

PL

PGL

PP

PHL

1
2
3
4
5

1.0000
1.1520
1.5133
1.6628
1.7673

1.0000
1.1852
1.4676
1.5661
1.6374

1.0000
1.1552
1.4571
1.5390
1.6343

1.0000
1.1811
1.4018
1.4111
1.4573

1.0000
1.2009
1.3957
1.3708
1.2865

1.0000
1.1906
1.3212
1.2017
1.0711

Palgrave index is about 1.65 times as big as the period 5 harmonic Laspeyres index, PHL . Again,
this illustrates the point that due to the nonproportional growth of prices and quantities in most
economies today, the choice of index number formula is very important.
If there were no negative quantities in the ﬁnal demand vectors, then it is possible to explain why
certain of the indexes in Table 15.6 are bigger than others. If all weights are positive, it can be shown
that a weighted arithmetic mean of N numbers is equal to or greater than the corresponding weighted
geometric mean of the same N numbers which in turn is equal to or greater than the corresponding
weighted harmonic mean of the same N numbers.*7 It can be seen that the three indexes PP AL , PGP
and PP all use the current period expenditure shares sti to weight the price relatives (pti /p1i ) but PP AL
is a weighted arithmetic mean of these price relatives, PGP is a weighted geometric mean of these
price relatives and PP is a weighted harmonic mean of these price relatives. Thus if there are no
negative components in ﬁnal demand, by Schlömilch’s inequality, we would have:*8
PP AL ≥ PGP ≥ PP .

(15.1)

However, due to the existence of imports in each period (which leads to negative quantities for these
components of the ﬁnal demand vector), the inequalities (15.1) are not necessarily true. Viewing
Table 15.6, it can be seen that the inequalities (15.1) hold for periods 3, 4 and 5 but not for period 2.
It can also be veriﬁed that the three indexes PL , PGL and PHL all use the base period expenditure
shares s1i to weight the price relatives (pti /p1i ) but PL is a weighted arithmetic mean of these price
relatives, PGL is a weighted geometric mean of these price relatives and PHL is a weighted harmonic
mean of these price relatives. If all of these shares were nonnegative, then by Schlömilch’s inequality,
we would have:*9
PL ≥ PGL ≥ PHL .
(15.2)
However, due to the existence of imports in each period, the inequalities (15.2) are not necessarily
true. Viewing Table 15.6, it can be seen that the inequalities (15.2) hold for periods 3, 4 and 5 but
not for period 2.
We continue with our systematic comparison of all of the asymmetrically weighted price indexes.
These indexes using the chain principle are listed in Table 15.7.
Viewing Table 15.7, it can be seen that the use of the chain principle dramatically reduced the spread
between all of the asymmetrically weighted indexes compared to their ﬁxed base counterparts in Table
15.6. For period 5, the spread between the smallest and largest asymmetrically weighted ﬁxed base
index was 65% but for the period 5 chained indexes, this spread was reduced to 11%.
Symmetrically weighted indexes can be decomposed into two classes: superlative indexes and other
symmetrically weighted indexes. Superlative indexes have a close connection to economic theory;
i.e., as we saw in Chapter 14, a superlative index is exact for a representation of the producer’s
production function or the corresponding unit revenue function that can provide a second order
*7
*8
*9

This follows from Schlömilch’s (1858)[459] inequality; see Hardy, Littlewood and Polyá (1934; chapter 11)[308].
These inequalities were noted by Fisher (1922; 92)[274] and Vartia (1978; 278)[520].
These inequalities were also noted by Fisher (1922; 92)[274] and Vartia (1978; 278)[520].
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Table. 15.7 Asymmetrically Weighted Indexes Using the Chain Principle
Period t

PP AL

PGP

PL

PGL

PP

PHL

1
2
3
4
5

1.0000
1.1520
1.3444
1.4229
1.4942

1.0000
1.1852
1.4050
1.4730
1.5292

1.0000
1.1552
1.3743
1.4374
1.4963

1.0000
1.1811
1.4569
1.5057
1.5510

1.0000
1.2009
1.4834
1.5349
1.5720

1.0000
1.1906
1.6083
1.6342
1.6599

approximation to arbitrary technologies that satisfy certain regularity conditions. We considered 4
primary superlative indexes in Chapter 14:
•
•
•
•

the Fisher ideal price index PF deﬁned by (14.9) in chapter 14;
the Walsh price index PW deﬁned by (14.53) in chapter 14*10
the Törnqvist-Theil price index PT deﬁned by (14.10) in chapter 14 and
the implicit Walsh price index PIW that corresponds to the Walsh quantity index QW deﬁned
by (4.40) except that the role of prices and quatities is reversed (this is also the index P 1
deﬁned by (14.58) in chapter 14 and by (5.49) in Chapter 5).

These 4 symmetrically weighted superlative price indexes are listed in Table 15.8 using the ﬁxed
base principle. We also list in this table two symmetrically weighted (but not superlative) price
indexes:*11
• the Marshall Edgeworth price index PM E deﬁned by (4.19) in chapter 4 and
• the Drobisch Sidgwick Bowley price index PD (the arithmetic average of the Paasche and
Laspeyres indexes) deﬁned above (2.25) in chapter 2.
Table. 15.8 Symmetrically Weighted Fixed Base Indexes
Period t

PT

PIW

PW

PF

PD

PM E

1
2
3
4
5

1.0000
1.1831
1.4343
1.4866
1.5447

1.0000
1.1827
1.4339
1.4840
1.5320

1.0000
1.1814
1.4327
1.4820
1.5193

1.0000
1.1778
1.4261
1.4525
1.4500

1.0000
1.1781
1.4264
1.4549
1.4604

1.0000
1.1788
1.4248
1.4438
1.4188

Note that the Drobisch index PD is always equal to or greater than the corresponding Fisher index
PF . This follows from the facts that the Fisher index is the geometric mean of the Paasche and
Laspeyres indexes while the Drobisch index is the arithmetic mean of the Paasche and Laspeyres
indexes and an arithmetic mean is always equal to or greater than the corresponding geometric mean.
Comparing the ﬁxed base asymmetrically weighted indexes, Table 15.6, with the symmetrically
weighted indices, Table 15.8, it can be seen that the spread between the lowest and highest index
in period 5 is much less for the symmetrically weighted indexes. The spread was 1.7673/1.0711 =
1.65 for the asymmetrically weighted indexes but only 1.5447/1.4188 = 1.09 for the symmetrically
weighted indexes. If we restrict ourselves to the superlative indexes listed for period 5 in Table
15.8, then this spread is further reduced to 1.5447/1.4500 = 1.065; i.e., the spread between the ﬁxed
base superlative indexes is “only” 6.5% compared to the ﬁxed base spread between the Paasche and
*10

*11

Since we cannot take square roots of negative quantities, we need to change our sign conventions when calculating
this index: change the negative quantities into positive quantities and change the corresponding positive prices
into negative prices.
Diewert (1978; 897)[128] showed that the Drobisch Sidgwick Bowley price index approximates any superlative
index to the second order around an equal price and quantity point; i.e., PSB is a pseudo-superlative index.
Straightforward computations show that the Marshall Edgeworth index PM E is also pseudo-superlative.
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Laspeyres indexes of 27% (1.6343/1.2865 = 1.27). We expect to further reduce the spread between
the superlative indexes by using the chain principle.
We recompute the symmetrically weighted indexes using the chain principle. The results may be
found in Table 15.9.
Table. 15.9 Symmetrically Weighted Indexes Using the Chain Principle
Period t

PT

PIW

PW

PF

PD

PM E

1
2
3
4
5

1.0000
1.1831
1.4307
1.4893
1.5400

1.0000
1.1827
1.4257
1.4844
1.5344

1.0000
1.1814
1.4298
1.4889
1.5387

1.0000
1.1778
1.4278
1.4853
1.5337

1.0000
1.1781
1.4288
1.4861
1.5342

1.0000
1.1788
1.4290
1.4862
1.5338

A quick glance at Table 15.9 shows that the combined eﬀect of using both the chain principle as well
as symmetrically weighted indexes is to dramatically reduce the spread between all indexes constructed
using these two principles. The spread between all of the symmetrically weighted indexes in period
5 is only 1.5400/1.5337 = 1.004 or 0.4%, which is the same as the spread between the 4 superlative
indexes in period 5.*12
The results listed in Table 15.9 reinforce the numerical results tabled in Hill (2004)[328] and Diewert
(1978; 894)[128]: the most commonly used chained superlative indexes will generally give approximately the same numerical results.*13 In particular, the chained Fisher, Törnqvist and Walsh indexes
will generally approximate each other very closely.
We now turn our attention to the diﬀerences between superlative indexes and their counterparts that
are constructed in two stages of aggregation; see chapter 10 for a discussion of the issues and a listing
of the formulae used. In our artiﬁcial data set, we will ﬁrst aggregate the ﬁrst 4 commodities into a
goods aggregate, the next two commodities into a services aggregate and the last two commodities into
an imports aggregate. In the second stage of aggregation, these three price and quantity components
will be aggregated into a net ﬁnal demand price index.
We report the results in Table 15.10 for our two stage aggregation procedure using period 1 as the
ﬁxed base for the Fisher index PF , the Törnqvist index PT and the Walsh and implicit Walsh indexes,
PW and PIW .
Table. 15.10 Fixed Base Superlative Single Stage and Two Stage Indexes
Period t

PF

PF 2S

PT

PT 2S

PW

PW 2S

PIW

PIW 2S

1
2
3
4
5

1.0000
1.1778
1.4261
1.4525
1.4500

1.0000
1.1830
1.4259
1.4713
1.4366

1.0000
1.1831
1.4343
1.4866
1.5447

1.0000
1.1837
1.4351
1.4974
1.5440

1.0000
1.1814
1.4327
1.4820
1.5193

1.0000
1.1835
1.4341
1.4990
1.5208

1.0000
1.1827
1.4339
1.4840
1.5320

1.0000
1.1829
1.4325
1.4798
1.5191

Viewing Table 15.10, it can be seen that the ﬁxed base single stage superlative indexes generally
approximate their ﬁxed base two stage counterparts fairly closely. The divergence between the single
*12
*13

On average over the last 4 periods, the chain Fisher and the chain Törnqvist indexes diﬀered by 0.0046 percentage
points.
More precisely, the superlative quadratic mean of order r price indexes P r deﬁned by (14.55) in chapter 14
and the implicit quadratic mean of order r price indexes P r∗ deﬁned by (14.52) in chapter 14 will generally
closely approximate each other provided that r is in the interval 0 ≤ r ≤ 2. Note that when one or more of the
quantities being aggregated is negative (as in the present situation), we must change our sign conventions when
calculating Qr or P r∗ : change the negative sign on import quantities to positive and make the import prices
negative.

380

Chapter 15 PPI Index Number Computations Using an Artiﬁcial Data Set

stage Fisher index PF and its two stage counterpart PF 2S in period 5 is 1.4500/1.4388 = 1.009 or
0.9%. The other divergences are even less.
Using chain indexes, we report the results in Table 15.11 for our two stage aggregation procedure.
Again, the single stage and their two stage counterparts are listed for the Fisher index PF , the
Törnqvist index PT and the Walsh and implicit Walsh indexes, PW and PIW .
Table. 15.11 Chained Superlative Single Stage and Two Stage Indexes
Period t

PF

PF 2S

PT

PT 2S

PW

PW 2S

PIW

PIW 2S

1
2
3
4
5

1.0000
1.1778
1.4278
1.4853
1.5337

1.0000
1.1830
1.4448
1.5059
1.5556

1.0000
1.1831
1.4307
1.4893
1.5400

1.0000
1.1837
1.4309
1.4907
1.5419

1.0000
1.1814
1.4298
1.4889
1.5387

1.0000
1.1835
1.4378
1.4991
1.5499

1.0000
1.1827
1.4257
1.4844
1.5344

1.0000
1.1829
1.4282
1.4871
1.5372

Viewing Table 15.11, it can be seen that the chained single stage superlative indexes generally approximate their ﬁxed base two stage counterparts quite closely. The divergence between the chained
single stage Fisher index PF and its two stage counterpart PF 2S in period 5 is 1.5556/1.5337 = 1.014
or 1.4%. The other divergences are all less than this. Given the large dispersion in period to period
price movements, these two stage aggregation errors are not large. However, the important point
that emerges from Table 15.11 is that the use of the chain principle has reduced the spread between
all 8 single stage and two stage superlative indexes compared to their ﬁxed base counterparts in
Table 15.10. The maximum spread for the period 5 chained index values is 1.4% while the maximum
spread for the period 5 ﬁxed base index values is 7.5%.

15.3 Midyear Indexes
The next formulae that we illustrate using our artiﬁcial data set are the arithmetic and geometric
type midyear indexes deﬁned in section 14.19 of Chapter 14. Recall that these indexes are due
to Schultz (1999)[464] and Okamoto (2001)[420]. Basically, midyear indexes are ﬁxed basket type
indexes, where the basket of quantities being priced is midway between the base period and the
current period. If the current period t less the base period 1 is an even integer, then we use the
quantity vector q (t−1)/2 as the midyear basket. If the current period t less the base period 1 is an
odd integer, then the midyear basket is an average of the two midyear quantity vectors, q t/2 and
q (t/2)+1 . If we take the arithmetic average of these two midyear baskets, we obtain the sequence of
t
ﬁxed base arithmetic type midyear indices, POSA
, deﬁned by (14.160) in chapter 14. If we take the
geometric average of these two midyear baskets, we obtain the sequence of ﬁxed base geometric type
t
midyear indices, POSG
, deﬁned by (14.161) in Chapter 14.*14 Recall also that going from period 1 to
2
period 2, the period 2 midyear arithmetic type index number POSA
is equal to PM E (p1 , p2 , q 1 , q 2 ),
the Marshall (1887)[398] Edgeworth (1925)[247] price index for period 2 and , the period 2 midyear
2
geometric type index number POSG
is equal to PW (p1 , p2 , q 1 , q 2 ), the Walsh (1901)[530] price index
for period 2.*15
t
t
The two sequences of ﬁxed base midyear price indexes, POSA
and POSG
, along with the corresponding
*14

*15

Since our quantity vectors have two negative components (and thus we cannot take square roots of these negative
components), we need to change our sign conventions when evaluating these geometric type midyear indexes;
make all quantities positive but change the prices of the import components from positive to negative. Thus
when calculating a geometric type midyear index where it is necessary to take the geometric average of two
midyear quantity vectors, we make the same sign conventions as we made when calculating Walsh price indexes
where the same problem occurred.
As usual, when calculating this Walsh price index, switch the signs of the negative import quantities to positive
signs and make the corresponding import prices negative.
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t
ﬁxed base Fisher, Törnqvist and Walsh price indexes, PFt , PTt and PW
respectively, are listed in Table
15.12.

Table. 15.12 Fixed Base Arithmetic and Geometric Type Midyear Indexes
Period t

POSA

POSG

PF

PT

PW

1
2
3
4
5

1.0000
1.1788
1.4286
1.4747
1.5385

1.0000
1.1814
1.4286
1.4783
1.5385

1.0000
1.1778
1.4261
1.4525
1.4500

1.0000
1.1831
1.4343
1.4866
1.5447

1.0000
1.1814
1.4327
1.4820
1.5193

t
t
Note that for t odd, the arithmetic and geometric type midyear indexes, POSA
and POSG
, coincide.
This is as it should be because when t is odd, both indexes are set equal to the Schultz midyear index,
since there is a single unique midyear basket in this case. The two sequences of midyear indexes
diﬀer only for t even since in the even case, there are two midyear baskets and we must decide on
arithmetic or geometric averaging of these baskets. Note also that the Walsh index for period 2 is
equal to the corresponding geometric type midyear index since this is true by construction. Finally,
note that with the exception of the Fisher ﬁxed base index, PF , the other 4 ﬁxed base indexes listed
in Table 15.12 approximate each other surprisingly closely, given the tremendous variability that was
built into the underlying data set.
We turn now to the chained counterparts to the indexes listed in Table 15.12 above. Recall that
the chained sequence of arithmetic and geometric type midyear indexes was deﬁned by (14.162) and
t
(14.163) in chapter 14 respectively. The two sequences of chained midyear price indexes, POSA
and
t
t
t
POSG , along with the corresponding chained Fisher, Törnqvist and Walsh price indexes, PF , PT and
t
PW
respectively, are listed in Table 15.13.

Table. 15.13 Chained Arithmetic and Geometric Type Midyear Indexes
Period t

POSA

POSG

PF

PT

PW

1
2
3
4
5

1.0000
1.1788
1.4286
1.5230
1.5388

1.0000
1.1814
1.4286
1.5263
1.5388

1.0000
1.1778
1.4278
1.4853
1.5337

1.0000
1.1831
1.4307
1.4893
1.5400

1.0000
1.1814
1.4298
1.4889
1.5387

t
t
Note that for t odd, the chained arithmetic and geometric type midyear indexes, POSA
and POSG
,
coincide. This is as it should be because when t is odd, both indexes are set equal to chained
Schultz midyear indexes. What is striking in looking at Table 15.13 is how close the chained midyear
indexes are to their chained superlative counterparts for odd periods. For year 5, the maximum
spread between the 5 indexes is the spread between the chained Fisher and Törnqvist indexes, which
was only 1.5400/1.5337 = 1.004 or .4%. The explanation for this rather remarkable result is that
for odd periods, the underlying price and quantity data have fairly smooth trends and under these
circumstances, we would expect the midyear indexes to approximate the superlative Walsh index
rather closely as was indicated in Chapter 14. However, for periods 2 and 4, the underlying data
“bounce” considerably and so the trends in the data switch abruptly and thus under these conditions,
it is expected that the midyear indexes could deviate from their superlative counterparts. This
expectation is borne out by looking at the entries for period 4 in Table 15.13 where the two midyear
indexes are about 2 to 3% higher than their chained superlative counterparts.
The conclusion that emerges from Tables 15.12 and 15.13 is that midyear indexes approximate their
superlative counterparts surprisingly well but not perfectly well. Given the large amount of variability
in the underlying price and quantity data, it appears that the midyear indexes could be used to give
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very good advanced estimates of superlative indexes, which necessarily cannot be evaluated on a very
timely basis.

15.4 Additive Percentage Change Decompositions for the Fisher Index
The ﬁnal formulae that is illustrated using the artiﬁcial ﬁnal expenditures data set are the additive
percentage change decompositions for the Fisher ideal index that were discussed in section 4.9 of
Chapter 4. We will ﬁrst decompose the chain links for the Fisher price index using the Diewert
(2002)[176] decomposition formulae, (4.47) to (4.49) in chapter 4. The results of the decomposition
are listed in Table 15.14. Thus PF − 1 is the percentage change in the Fisher ideal chain link going
from period t − 1 to t and the decomposition factor vF i ∆pi = vF i (pti − pt−1
) is the contribution to
i
t−1
t
the total percentage change of the change in the ith price from pi to pi for i = 1, 2, . . . , 8.
Table. 15.14 An Additive Percentage Change Decomposition of the Fisher Index
t

PF − 1

vF 1 ∆p1

vF 2 ∆p2

vF 3 ∆p3

vF 4 ∆p4

vF 5 ∆p5

vF 6 ∆p6

vF 7 ∆p7

vF 8 ∆p8

2
3
4
5

0.1778
0.2122
0.0403
0.0326

0.0791
−0.0648
−0.0541
0.0459

0.0816
−0.0716
−0.0363
0.0326

0.1079
0.0571
0.0224
0.0198

−0.0316
−0.0331
−0.0519
−0.0396

0.1678
0.1084
0.0616
0.0302

−0.0101
−0.0105
−0.0121
−0.0187

−0.2389
0.2037
0.0744
−0.0653

0.0220
0.0231
0.0363
0.0277

Viewing Table 15.14, it can be seen that the price index going from period 1 to 2 grew 17.78%
and the major contributors to this change were the increases in the price of commodity 1, ﬁnally
demanded agricultural products (7.91 percentage points); commodity 2, ﬁnally demanded energy
(8.16 percentage points); commodity 3, ﬁnally demanded traditional manufactures (10.79 percentage points); commodity 5, traditional services (16.78 percentage points); and commodity 7, energy
imports (−23.89 percentage points). The sum of the last eight entries for period 2 in Table 15.14
is equal to .1778, the percentage increase in the Fisher price index going from period 1 to 2. Note
that although the price of energy imports increased dramatically in period 2, the contribution to the
overall price change is negative due to the fact that the quantity of energy imports is indexed with
a negative sign. Similarly, although the price of high technology imports decreased dramatically in
period 2, the contribution to the overall price change is positive due to the fact that the quantity of
high technology imports is indexed with a negative sign.*16 Thus care must be taken in interpreting
the last two columns of Table 15.14 due to the fact that there are negative quantities for some
components of the aggregate.*17 It can be seen that a big price change in a particular component
i combined with a big expenditure share in the two periods under consideration will lead to a big
decomposition factor, vF i .
Our ﬁnal set of computations we illustrate using our artiﬁcial data set is the additive percentage
change decomposition for the Fisher ideal index that is due to Van IJzeren (1987; 6)[515] that was
mentioned in section 4.9 of Chapter 4.*18 The price counterpart to the additive decomposition for a
quantity index is:
∑8
qF∗ i p1i
0
1
0
1
PF (p , p , q , q ) = ∑i=1
(15.3)
8
∗ 0
i=1 qF i pi
*16
*17

*18

Since the expenditure share of high technology imports is small, the large decrease in price does not translate
into a large change in the overall Fisher price index for ﬁnal demand expenditures.
The counterintuitive numbers in the last two columns of Table 15.14 help to explain why the deﬂator for ﬁnal
demand expenditures (or the GDP deﬂator as it is commonly known) is not a satisfactory indicator of inﬂationary
pressures in the economy since a large increase in the relative price of imported goods leads to a decrease in the
index.
It was also independently derived by Dikhanov (1997)[239] and used by Ehemann, Katz and Moulton (2002)[249].
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where the reference quantities need to be deﬁned somehow. Van IJzeren (1987; 6)[515] showed that
the following reference weights provided an exact additive representation for the Fisher ideal price
index :
qF∗ i ≡ (1/2)qi0 + (1/2)qi1 /QF (p0 , p1 , q 0 , q 1 ); i = 1, 2, . . . ., 8
(15.4)
where QF is the overall Fisher quantity index. Thus using the Van IJzeren quantity weights qF∗ i ,
we obtain the following Van IJzeren additive percentage change decomposition for the Fisher price
index :
{∑
}
8
∗ 1 ∑8
∗
0
p
/
q
q
p
PF (p0 , p1 , q 0 , q 1 ) − 1 =
i=1 F i i
m=1 F m m − 1
{∑
} /∑
∑8
8
8
∗ 1
∗
0
∗ 0
=
q
p
−
q
p
i=1 F i i
m=1 F m m
m=1 qF i pm
∑8
= i=1 vF∗ i {p1i − p0i }
(15.5)
where the Van IJzeren weight for commodity i, vF∗ i , is deﬁned as
/∑
8
∗ 0
; i = 1, . . . ., 8.
vF∗ i ≡ qF∗ i
m=1 qF i pm

(15.6)

We will again decompose the chain links for the Fisher price index using the formulae (15.5) listed
above. The results of the decomposition are listed in Table 15.15. Thus PF − 1 is the percentage
change in the Fisher ideal chain link going from period t − 1 to t and the Van IJzeren decomposition
factor vF∗ i ∆pi is the contribution to the total percentage change of the change in the ith price from
pt−1
to pti for i = 1, 2, . . . , 8.
i
Table. 15.15 Van IJzeren’s Decomposition of the Fisher Price Index
t

PF − 1

∗
vF
1 ∆p1

2
3
4
5

0.1778
0.2122
0.0403
0.0326

0.0804
−0.0652
−0.0540
0.0458

∗
vF
2 ∆p2

∗
vF
3 ∆p3

∗
vF
4 ∆p4

∗
vF
5 ∆p5

∗
vF
6 ∆p6

∗
vF
7 ∆p7

0.0834
−0.0712
−0.0361
0.0326

0.1094
0.0577
0.0224
0.0197

−0.0317
−0.0322
−0.0515
−0.0393

0.1697
0.1091
0.0615
0.0300

−0.0101
−0.0105
−0.0121
−0.0186

−0.2454
0.2021
0.0741
−0.0652

∗
vF
8 ∆p8
0.0220
0.0225
0.0360
0.0275

Comparing the entries in Tables 15.14 and 15.15, it can be seen that the diﬀerences between the
Diewert and Van IJzeren decompositions of the Fisher price index are very small. This is somewhat
surprising given the very diﬀerent nature of the two decompositions.*19 As was mentioned in section
4.9 of Chapter 4, the Van IJzeren decomposition of the chain Fisher quantity index is used by the
Bureau of Economic Analysis in the U.S.*20

15.5 Industry Price Indexes
A highly simpliﬁed economy consisting of three industrial sectors is considered. The three sectors are:
the agricultural sector (or primary sector), the manufacturing sector (or secondary sector) and the
services sector (or tertiary sector). It is assumed that all transactions go through the services sector,
which, at ﬁrst sight, appears to be a bit unusual. However, recall that transportation services reside in
the services sector. Hence imported goods are delivered as intermediate inputs to the agricultural and
manufacturing sectors using service transportation inputs or they are delivered directly to the ﬁnal
*19

*20

The terms in Diewert’s decomposition can be given economic interpretations whereas the terms in the other
decomposition are more diﬃcult to interpret from the economic perspective. However, Reinsdorf, Diewert and
Ehemann (2002)[448] show that the terms in the two decompositions approximate each other to the second
order around any point where the two price vectors are equal and where the two quantity vectors are equal.
See Ehemann, Katz and Moulton (2002)[249].
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demand sector again using service sector transportation, storage, retailing and wholesaling services.
Similarly, the agricultural sector produces unprocessed food which is delivered by the services sector
to the manufacturing sector for further processing and packaging and that manufactured food output
is then again delivered by the services sector to the ﬁnal demand sector.*21
We distinguish three outputs and intermediate inputs for the agricultural sector. The ﬁrst commodity
is agricultural output delivered to the services sector. This is the only output of this sector. There
are two intermediate inputs used in the agricultural sector: commodity 2 is deliveries of nonenergy
materials (fertilizer, etc.) to agriculture from the services sector and commodity 3 is deliveries of
energy from the services sector to agriculture. These prices and quantities are denoted by pAt
n and
qnAt for n = 1, 2, 3 and t = 1, ..., 5. Note that q1At is positive (because commodity 1 is an output)
and q2At and q3At are negative (since commodities 2 and 3 in the agriculture sector are intermediate
inputs). The data for the agriculture sector for 5 periods are listed in Table 15.16.
Table. 15.16 Price and Quantity Data for the Agriculture Sector
Period

pA
1

pA
2

pA
3

q1A

q2A

q3A

1
2
3
4
5

1.0
1.5
1.1
0.6
1.0

1.0
1.4
1.6
1.4
1.7

1.0
2.2
1.1
0.7
1.1

20
16
20
23
19

−3
−2
−3
−3
−3

−6
−4
−5
−6
−5

We distinguish two outputs and three intermediate inputs for the manufacturing sector or 5 commodities in all. The ﬁrst commodity is processed agricultural output delivered to the services sector;
the second commodity is traditional manufactures delivered to the services sector; the third commodity is deliveries of transported agricultural intermediate inputs delivered from the services sector;
the fourth commodity is deliveries of energy from services to manufacturing and the ﬁnal commodt
ity is inputs of business services. . These prices and quantities are denoted by pM
and qnM t for
n
Mt
Mt
n = 1, ..., 5 and t = 1, ..., 5. Note that q1 and q2 are positive (because these commodities are
outputs) and q3M t , q4M t and q5M t are negative (since commodities 3, 4 and 5 in the manufacturing
sector are intermediate inputs). The data for the manufacturing sector for 5 periods are listed in
Table 15.17.
Table. 15.17 Price and Quantity data for the Manufacturing Sector
Period

pM
1

pM
2

pM
3

pM
4

pM
5

q1M

q2M

q3M

q4M

q5M

1
2
3
4
5

1.0
1.3
1.1
0.8
1.0

1.0
1.2
1.4
1.5
1.6

1.0
1.4
1.1
0.7
1.0

1.0
2.0
1.1
0.8
1.1

1.0
1.2
1.6
1.8
1.9

26
23
26
27
25

36
35
34
35
36

−22
−19
−22
−23
−21

−6
−5
−5
−5
−5

−8
−9
−10
−11
−11

We distinguish 11 service sector outputs and 5 service sector intermediate inputs or 16 commodities
in all. The 11 outputs are listed as follows:
•
•
•
•
*21

Commodity
Commodity
Commodity
Commodity

1
2
3
4

is
is
is
is

food deliveries to ﬁnal demand;
energy deliveries to ﬁnal demand;
traditional manufacturing deliveries to ﬁnal demand;
deliveries of high technology manufactured goods to ﬁnal demand;

Our treatment of industrial transactions is an extension of Kohli’s (1978)[375] approach to modeling the treatment of imports as ﬂowing ﬁrst through the production sector of the economy rather than being directly delivered
to ﬁnal demand or other industrial sectors.

15.5 Industry Price Indexes
•
•
•
•
•
•
•

Commodity
Commodity
Commodity
Commodity
Commodity
Commodity
Commodity

385

5 is delivery of personal services to ﬁnal demand;
6 is deliveries of high technology services to ﬁnal demand;
7 is deliveries of materials to agriculture;
8 is deliveries of energy to agriculture;
9 is delivery of materials to manufacturing;
10 is deliveries of energy to manufacturing; and
11 is deliveries of business services to manufacturing.

The 5 intermediate inputs into the services sector are listed as follows:
•
•
•
•
•

Commodity
Commodity
Commodity
Commodity
Commodity

12
13
14
15
16

is
is
is
is
is

imports of energy into the economy;
imports of high technology manufactures into the economy;
deliveries of agricultural output to services;
deliveries of processed food from manufacturing to services; and
deliveries of traditional manufacturing to services.

St
St
These prices and quantities are denoted by pSt
n and qn for n = 1, ..., 16 and t = 1, ..., 5. Note that q1
St
St
St
to q11 are positive (because these commodities are outputs) and q12 to q16 are negative (since these
commodities in the services sector are intermediate inputs). The service sector price and quantity
data for the 16 commodities are listed in Tables 15.18 and 15.19 respectively.

Table. 15.18 Price Data for the Service Sector
t

pS
1

pS
2

pS
3

pS
4

pS
5

pS
6

pS
7

pS
8

pS
9

pS
10

pS
11

pS
12

pS
13

pS
14

pS
15

pS
16

1
2
3
4
5

1.0
1.3
1.0
0.7
1.0

1.0
2.0
1.0
0.5
1.0

1.0
1.3
1.5
1.6
1.7

1.0
0.7
0.5
0.3
0.2

1.0
1.4
1.7
1.9
2.0

1.0
0.8
0.6
0.4
0.2

1.0
1.4
1.6
1.4
1.7

1.0
2.2
1.1
0.7
1.1

1.0
1.4
1.1
0.7
1.0

1.0
2.0
1.1
0.8
1.1

1.0
1.2
1.6
1.8
1.9

1.0
2.1
1.0
0.6
1.0

1.0
0.7
0.5
0.3
0.2

1.0
1.5
1.1
0.6
1.0

1.0
1.3
1.1
0.8
1.0

1.0
1.2
1.4
1.5
1.6

Table. 15.19 Quantity Data for the Service Sector
t

q1S

q2S

q3S

q4S

q5S

q6S

q7S

q8S

q9S

S
q10

S
q11

S
q12

S
q13

S
q14

S
q15

S
q16

1
2
3
4
5

30
28
30
32
29

10
8
11
14
12

40
39
38
39
40

10
13
30
60
100

45
47
50
56
65

5
6
8
13
25

3
2
3
3
3

6
4
5
6
5

22
19
22
23
21

6
5
5
5
5

8
9
10
11
11

−28
−20
−29
−35
−30

−7
−9
−21
−42
−70

−20
−16
−20
−23
−19

−26
−23
−26
−27
−25

−36
−35
−34
−35
−36

The above sectoral data satisfy the conventions of national income accounting in that every value
et
transaction (which is of the form pet
n qn where e denotes a sector and n denotes a commodity) in
each sector has a matching transaction in another sector for each period and each sector. It should
be noted that no attempt has been made to balance the supply and demand for each commodity
across sectors; put another way, no attempt has been made to produce balanced input output tables in
real terms commodity by commodity across sectors. In order to produce such constant dollar input
output tables, it is necessary to make assumptions about margins in each sector as say a primary
commodity is transformed as it progresses from the agriculture sector to the various downstream
sectors. However, these margins are not constant from period to period, which makes it diﬃcult
to interpret constant dollar input output tables. Moreover, as goods are transformed through the
manufacturing process, they often lose their initial identities, which again makes it diﬃcult to interpret a constant dollar input output table. Our approach avoids all of these problems by focusing
on transactions between each pair of sectors in the industrial classiﬁcation. For each pair of sectors,
these intersector transactions can be further classiﬁed using a commodity classiﬁcation, which is
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what has been done in the above data set, but there is no attempt to have a uniform commodity
classiﬁcation across all sectors.
In the following 3 sections, value added deﬂators for each of the 3 industrial sectors are calculated.
Only ﬁxed base and chained Laspeyres, Paasche, Fisher and Törnqvist indexes will be computed
since these are the ones most likely to be used in practice.

15.6 Value Added Deﬂators for the Agriculture Sector
The data listed in Table 15.16 for the agriculture sector are used to calculate ﬁxed base Laspeyres,
Paasche, Fisher and Törnqvist price indices for periods t equal 1 to 5, PLt , PPt , PFt and PTt respectively.
The results are listed in Table 15.20.
Table. 15.20 Agriculture Sector Fixed Base Laspeyres, Paasche, Fisher and Törnqvist Value
Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1455
0.9636
0.3273
0.7545

1.0000
1.2400
0.9750
0.3857
0.7636

1.0000
1.1918
0.9693
0.3553
0.7591

1.0000
1.2000
0.9679
0.3472
0.7478

From Table 15.20, it can be seen that all 4 value added deﬂators are very close to each other for
the odd periods but for the even periods (when agricultural and energy prices “bounce” or are
quite diﬀerent from their longer term “normal” values), the Paasche and Laspeyres indexes diﬀer
considerably. However, even for the even periods, the two superlative indexes are quite close to each
other.
The data listed in Table 15.16 for the agriculture sector are used to calculate chained Laspeyres,
Paasche, Fisher and Törnqvist price value added deﬂators for periods t equal 1 to 5, PLt , PPt , PFt and
PTt respectively. The results are listed in Table 15.21.
Table. 15.21 Agriculture Sector Chained Laspeyres, Paasche, Fisher and Törnqvist Value
Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1455
0.9238
0.3395
0.7104

1.0000
1.2400
0.9803
0.3808
0.8646

1.0000
1.1918
0.9516
0.3596
0.7837

1.0000
1.2000
0.9579
0.3584
0.7758

It can be seen, comparing Tables 15.20 and 15.21, that the chained indexes show considerably more
variation than their ﬁxed base counterparts. Hence, here is an example of a sector where chaining
does not reduce the spread between the Paasche and Laspeyres value added deﬂators. The reason
why chaining does not reduce the spread is that agriculture is an example of a sector where price
bouncing is much more important than divergent trends in relative prices. The commodities that
have divergent prices are high technology goods and services and the agriculture sector does not
use or produce these commodities. Even though chaining did not reduce the spread between the
Paasche and Laspeyres indexes for the agriculture sector, it can be seen that the chained Fisher and
Törnqvist price indexes are still very close to each other although they are somewhat higher than
their ﬁxed base counterparts for the later periods.

15.7 Value Added Deﬂators for the Manufacturing Sector
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15.7 Value Added Deﬂators for the Manufacturing Sector
The data listed in Table 15.17 for the manufacturing sector are used to calculate ﬁxed base Laspeyres,
Paasche, Fisher and Törnqvist value added deﬂators for periods t equal 1 to 5, PLt , PPt , PFt and PTt
respectively. The results are listed in Table 15.22.
Table. 15.22 Manufacturing Sector Fixed Base Laspeyres, Paasche, Fisher and Törnqvist
Value Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
0.9462
1.3615
1.5462
1.5308

1.0000
0.9800
1.3261
1.4870
1.4667

1.0000
0.9629
1.3437
1.5163
1.4984

1.0000
0.9599
1.3425
1.5265
1.4951

From Table 15.22, it can be seen that the divergence between the ﬁxed base Laspeyres and Paasche
deﬂators for the value added of the manufacturing sector grows steadily from period 3 when it is
3.6% to period 5 when it is 4.4%. However the divergence between the two superlative value added
deﬂators is quite small for all periods.
The data listed in Table 15.17 for the manufacturing sector are used to calculate chained Laspeyres,
Paasche, Fisher and Törnqvist value added deﬂators for periods t equal 1 to 5, PLt , PPt , PFt and PTt
respectively. The results are listed in Table 15.23.
Table. 15.23 Manufacturing Sector Chained Laspeyres, Paasche, Fisher and Törnqvist Value
Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
0.9462
1.2937
1.4591
1.4335

1.0000
0.9800
1.3711
1.5476
1.5345

1.0000
0.9629
1.3318
1.5027
1.4832

1.0000
0.9599
1.3430
1.5217
1.5013

Comparing Tables 15.22 and 15.23, it can be seen that chaining did not reduce the spread between
the Paasche and Laspeyres value added deﬂators for the manufacturing sector: the spread between
these two chained indexes in period 5 is 7.0% whereas it was only 4.4% for the corresponding ﬁxed
base indices. The explanation for this result is the same as it was for agriculture: (traditional)
manufacturing is an example of a sector where the bouncing behavior of energy prices is much more
important than divergent trends in relative prices. The commodities that have divergent prices are
high technology goods and services and the traditional manufacturing sector does not use or produce
these commodities. Comparing Tables 15.22 and 15.23, it can also be seen that chaining did not
reduce the spread between the Fisher and Törnqvist value added deﬂators for the manufacturing
sector. Again, bouncing energy prices explain this result. However the chained Fisher and Törnqvist
price indexes are still quite close to each other.

15.8 Value Added Deﬂators for the Services sector
The data listed in Tables 15.18 and 15.19 for the services sector are used to calculate ﬁxed base
Laspeyres, Paasche, Fisher and Törnqvist value added deﬂators for periods t equal 1 to 5, PLt , PPt , PFt
and PTt respectively. The results are listed in Table 15.24.
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Table. 15.24 Services Sector Fixed Base Laspeyres, Paasche, Fisher and Törnqvist Value Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.2368
1.5735
1.7324
1.8162

1.0000
1.2675
1.4768
1.4820
1.2971

1.0000
1.2521
1.5244
1.6023
1.5348

1.0000
1.2561
1.5344
1.6555
1.6547

From Table 15.24, it can be seen that the divergence between the ﬁxed base Laspeyres and Paasche
deﬂators for the value added of the services sector grows steadily from period 2 when it is 2.5% to
period 5 when it is 40.0%. However the divergence between the two superlative value added deﬂators
is much smaller but does grow over time to reach 7.8% in period 5.
The data listed in Tables 15.18 and 15.19 for the services sector are used to calculate chained
Laspeyres, Paasche, Fisher and Törnqvist value added deﬂators for periods t equal 1 to 5, PLt , PPt , PFt
and PTt respectively. The results are listed in Table 15.25.
Table. 15.25 Services Sector Chained Laspeyres, Paasche, Fisher and Törnqvist Value Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.2368
1.4763
1.6104
1.6364

1.0000
1.2675
1.6056
1.7331
1.7410

1.0000
1.2521
1.5396
1.6706
1.6879

1.0000
1.2561
1.5324
1.6662
1.6870

Comparing Tables 15.24 and 15.25, it can be seen that chaining has substantially reduced the spread
between the Paasche and Laspeyres value added deﬂators for the services sector. In period 5, the
divergence between the chained Paasche and Laspeyres is only 6.4% compared to the 40% divergence
between their ﬁxed base counterparts. Similarly, chaining has reduced the spread between the two
superlative indexes: in period 5, the chained Fisher and Törnqvist value added deﬂators diﬀer only
by .05% compared to the 7.8% divergence between their ﬁxed base counterparts. Chaining reduces
divergences between the 4 indexes for the services sector because several outputs and intermediate
inputs for this sector have strongly divergent trends in their prices. This divergent prices eﬀect
overwhelms the eﬀects of bouncing agricultural and energy prices.

15.9 The National Output Price Index
In order to construct a national output price index, we need only collect up the outputs from each
of our three industrial sectors and apply normal index number theory to these value ﬂows. There
is one output in the agriculture sector, two outputs in the manufacturing sector and eleven outputs
in the services sector or 14 outputs in all. The price and quantity data pertaining to these 14
commodities are used to calculate ﬁxed base Laspeyres, Paasche, Fisher and Törnqvist output price
indexes, PLt , PPt , PFt and PTt respectively. The results are listed in Table 15.26.
Since there are divergent trends in the relative prices of outputs in the economy, it should come
as no surprise that the Paasche and Laspeyres output price indexes grow farther apart over time,
reaching a diﬀerence of 25.7% in period 5. The two superlative indexes show a similar diverging
trend, reaching a diﬀerence of 7.2% in period 5. Our expectation is that chaining will reduce these
divergences.
The price and quantity data pertaining to the 14 sectoral outputs in the economy are used again to
calculate chained Laspeyres, Paasche, Fisher and Törnqvist output price indexes, PLt , PPt , PFt and

15.10 The National Intermediate Input Price Index
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Table. 15.26 Fixed Base National Laspeyres, Paasche, Fisher and Törnqvist Output Producer
Price Indexes
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.3551
1.2753
1.1622
1.3487

1.0000
1.3295
1.2226
1.0305
1.0697

1.0000
1.3422
1.2487
1.0944
1.2011

1.0000
1.3424
1.2575
1.1203
1.2880

PTt respectively. The results are listed in Table 15.27.
Table. 15.27 Chained National Laspeyres, Paasche, Fisher and Törnqvist Output Producer Price Indexes
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.3551
1.3033
1.1806
1.3404

1.0000
1.3295
1.2477
1.1119
1.2221

1.0000
1.3422
1.2752
1.1457
1.2799

1.0000
1.3424
1.2751
1.1456
1.2813

Comparing Tables 15.26 and 15.27, it can be seen that chaining has indeed reduced the diﬀerences
between the various national output price indexes. The period 5 diﬀerence between the chained
Paasche and Laspeyres price indexes is only 9.7% compared to a diﬀerence of 25.7% for their ﬁxed
base counterparts. Similarly, the period 5 diﬀerence between the chained Fisher and Törnqvist price
indexes is only 0.1% compared to a diﬀerence of 7.2% for their ﬁxed base counterparts.

15.10 The National Intermediate Input Price Index
In order to construct a national intermediate input price index, we need only collect up the intermediate inputs from each of our three industrial sectors and apply normal index number theory to these
value ﬂows.*22 There are two intermediate inputs in the agriculture sector, three intermediate inputs
in the manufacturing sector and ﬁve intermediate inputs in the services sector or 10 intermediate
inputs in all. The price and quantity data pertaining to these 10 commodities are used to calculate
ﬁxed base Laspeyres, Paasche, Fisher and Törnqvist intermediate input price indexes, PLt , PPt , PFt
and PTt respectively. The results are listed in Table 15.28.
Table. 15.28 Fixed Base National Laspeyres, Paasche, Fisher and Törnqvist Intermediate
Input Producer Price Indexes
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.4846
1.1574
0.9179
1.1636

1.0000
1.4310
1.1069
0.8086
0.9049

1.0000
1.4575
1.1319
0.8615
1.0261

1.0000
1.4582
1.1397
0.8817
1.0997

Since there are divergent trends in the relative prices of intermediate inputs in the economy, it should
come as no surprise that the Paasche and Laspeyres intermediate input price indexes grow farther
apart over time, reaching a diﬀerence of 28.6% in period 5. The two superlative indexes show a
*22

In this section, the negative quantities are changed into positive quantities.
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similar diverging trend, reaching a diﬀerence of 7.2% in period 5. Our expectation is that chaining
will reduce these divergences.
The price and quantity data pertaining to the 10 sectoral intermediate inputs in the economy are
used again to calculate chained Laspeyres, Paasche, Fisher and Törnqvist intermediate input price
indexes, PLt , PPt , PFt and PTt respectively. The results are listed in Table 15.29.
Table. 15.29 Chained National Laspeyres, Paasche, Fisher and Törnqvist Intermediate Input
Producer Price Indexes
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.4846
1.2040
0.9485
1.1759

1.0000
1.4310
1.1168
0.8627
1.0296

1.0000
1.4575
1.1596
0.9046
1.1003

1.0000
1.4582
1.1597
0.9052
1.1030

Comparing Tables 15.28 and 15.29, it can be seen that chaining has reduced the diﬀerences between
the Paasche and Laspeyres intermediate input price indexes. The period 5 diﬀerence between the
chained Paasche and Laspeyres price indexes is 14.2% compared to a diﬀerence of 28.6% for their
ﬁxed base counterparts. Similarly, the period 5 diﬀerence between the chained Fisher and Törnqvist
price indexes is only 0.2% compared to a diﬀerence of 7.2% for their ﬁxed base counterparts.

15.11 The National Value Added Deﬂator
In order to construct a national value added deﬂator, we need only collect up all of the outputs
and intermediate inputs from each of our three industrial sectors, make sure that the intermediate
input quantities are indexed with negative signs and apply normal index number theory to these
value ﬂows. There are two intermediate inputs and one output in the agriculture sector, two outputs
and three intermediate inputs in the manufacturing sector and eleven outputs and ﬁve intermediate
inputs in the services sector or 24 commodities in all. The price and quantity data pertaining to
these 24 commodities are used to calculate ﬁxed base Laspeyres, Paasche, Fisher and Törnqvist value
added deﬂators, PLt , PPt , PFt and PTt respectively. The results are listed in Table 15.30.
Table. 15.30 Fixed Base National Laspeyres, Paasche, Fisher and Törnqvist Value Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1552
1.4571
1.5390
1.6343

1.0000
1.2009
1.3957
1.3708
1.2865

1.0000
1.1778
1.4261
1.4525
1.4500

1.0000
1.1831
1.4343
1.4866
1.5447

Since there are divergent trends in the relative prices of outputs and intermediate inputs in the
economy, it should come as no surprise that the ﬁxed base Paasche and Laspeyres value added
deﬂators grow farther apart over time, reaching a diﬀerence of 27.0% in period 5. The two superlative
indexes show a similar diverging trend, reaching a diﬀerence of 6.5% in period 5. As usual, our
expectation is that chaining will reduce these divergences.
The price and quantity data pertaining to the 24 sectoral outputs and intermediate inputs in the
economy are used again to calculate chained Laspeyres, Paasche, Fisher and Törnqvist national
value added deﬂators, PLt , PPt , PFt and PTt respectively. The results are listed in Table 15.31.
Comparing Tables 15.30 and 15.31, it can be seen that chaining has reduced the diﬀerences between
the Paasche and Laspeyres deﬂators. The period 5 diﬀerence between the chained Paasche and

15.12 National Two Stage Aggregation
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Table. 15.31 Chained National Laspeyres, Paasche, Fisher and Törnqvist Value Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1552
1.3743
1.4374
1.4963

1.0000
1.2009
1.4834
1.5349
1.5720

1.0000
1.1778
1.4278
1.4853
1.5337

1.0000
1.1831
1.4307
1.4893
1.5400

Laspeyres deﬂators is 5.1% compared to a diﬀerence of 27.0% for their ﬁxed base counterparts.
Similarly, the period 5 diﬀerence between the chained Fisher and Törnqvist deﬂators is only 0.4%
compared to a diﬀerence of 6.5% for their ﬁxed base counterparts.
At the beginning of this chapter, we calculated the Laspeyres, Paasche, Fisher and Törnqvist ﬁnal
demand deﬂators using a ﬁxed base principle in Tables 15.4 and 15.8 and using the chain principle
in Tables 15.5 and 15.9. If these ﬁnal demand deﬂators are compared with their national value added
deﬂator counterparts listed in Tables 15.30 and 15.31, the reader will ﬁnd that these two types of
deﬂator give exactly the same answer. This type of exactness result was obtained theoretically in
section 14.18 of chapter 14, but under the stronger assumption that there was a common commodity
classiﬁcation and prices were constant across sectors. In this chapter, we do not assume that there
is a common commodity classiﬁcation but we do assume that all transactions are classiﬁed on a
bilateral sectoral basis; i.e., we keep track of all transactions between each pair of sectors in the
economy. Under these conditions, if any of the commonly used index number formulae are used,
then it can be shown that the ﬁnal demand deﬂator will be exactly equal to the national value added
deﬂator.*23

15.12 National Two Stage Aggregation
Given that we have constructed the national output price index and the national intermediate input
price index, it is natural to use the two stage aggregation procedure explained in section 14.15 of
chapter 14 in order to aggregate these two indexes into a national value added deﬂator, which then
can be compared to the national value added deﬂator that was obtained in the previous section
(which was a single stage aggregation procedure). This comparison is undertaken in this section.
Using the computations made in the previous section and the theory outlined in section 14.15 of
chapter 14, two stage ﬁxed base Laspeyres, Paasche, Fisher and Törnqvist value added deﬂators,
PLt , PPt , PFt and PTt respectively, were constructed.*24 The resulting two stage national value added
deﬂators are listed in Table 15.32.
Comparing the two stage value added deﬂators listed in Table 15.32 with the corresponding single
stage deﬂators listed in Table 15.30, it can be seen that the Paasche and Laspeyres estimates are
exactly the same but there are some small diﬀerences between the single stage and two stage Fisher
and Törnqvist value added deﬂators. For period 5, the diﬀerence in the two ﬁxed base Fisher
deﬂators is only 0.1% and the diﬀerence in the two ﬁxed base Törnqvist deﬂators is 1.3%.
Using the computations made in the previous section and the theory outlined in section 14.15 of
*23

*24

The index number formula used must be consistent with either Hicks’ (1946; 312-313)[321] or Leontief’s
(1936)[390] aggregation theorems; i.e., if all prices vary in strict proportion across the two periods under consideration, then the price index is equal to this common factor of proportionality (Hicks) or if all quantities vary
in strict proportion across the two periods under consideration, then the quantity index that corresponds to the
price index is equal to this common factor of proportionality (Leontief). See Allen and Diewert (1981; 433)[9]
for additional material on these aggregation theorems.
Stage 1 constructs the national output and national intermediate input price indexes. Stage 2 aggregates these
two indexes into a national value added index.
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Table. 15.32 Two Stage Fixed Base National Laspeyres, Paasche, Fisher and Törnqvist Value
Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1552
1.4571
1.5390
1.6343

1.0000
1.2009
1.3957
1.3708
1.2865

1.0000
1.1815
1.4259
1.4510
1.4485

1.0000
1.1830
1.4379
1.5018
1.5653

chapter 14, two stage chained Laspeyres, Paasche, Fisher and Törnqvist value added deﬂators,
PLt , PPt , PFt and PTt respectively, were constructed. The resulting two stage national value added
deﬂators are listed in Table 15.33.
Table. 15.33 Two Stage Chained National Laspeyres, Paasche, Fisher and Törnqvist Value
Added Deﬂators
Period t

PLt

PPt

PFt

PTt

1
2
3
4
5

1.0000
1.1552
1.3743
1.4374
1.4963

1.0000
1.2009
1.4834
1.5349
1.5720

1.0000
1.1815
1.4281
1.4853
1.5342

1.0000
1.1830
1.4277
1.4861
1.5368

Comparing the two stage chained value added deﬂators listed in Table 15.33 with the corresponding
chained single stage deﬂators listed in Table 15.31, it can be seen that the Paasche and Laspeyres
estimates are exactly the same but there are some small diﬀerences between the single stage and
two stage Fisher and Törnqvist value added deﬂators. For period 5, the diﬀerence in the chained
Fisher deﬂators is only 0.03% and the diﬀerence in the two chained Törnqvist deﬂators is 0.2%. Thus
chaining has led to a closer correspondence between the single stage and two stage national value
added deﬂators.
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Chapter 16

The Treatment of Seasonal Products
16.1 The Problem of Seasonal Commodities
The existence of seasonal commodities poses some signiﬁcant challenges for price statisticians. Seasonal commodities are commodities which are either: (a) not available in the marketplace during
certain seasons of the year or (b) are available throughout the year but there are regular ﬂuctuations
in prices or quantities that are synchronized with the season or the time of the year.*1 A commodity
that satisﬁes (a) is termed a strongly seasonal commodity whereas a commodity which satisﬁes (b)
will be called a weakly seasonal commodity. It is strongly seasonal commodities that create the
biggest problems for price statisticians in the context of producing a monthly or quarterly Consumer
Price Index because if a commodity price is available in only one of the two months (or quarters)
being compared, then obviously it is not possible to calculate a relative price for the commodity and
traditional bilateral index number theory breaks down. In other words, if a commodity is present
in one month but not the next, how can the month to month amount of price change for that commodity be computed?*2 In this Chapter, a solution to this problem will be presented which “works”
even if the commodities consumed are entirely diﬀerent for each month of the year.*3
There are two main sources of seasonal ﬂuctuations in prices and quantities: (a) climate and (b)
custom.*4 In the ﬁrst category, ﬂuctuations in temperature, precipitation and hours of daylight cause
ﬂuctuations in the demand or supply for many commodities; e.g., think of summer versus winter
clothing, the demand for light and heat, vacations, etc. With respect to custom and convention as
a cause of seasonal ﬂuctuations consider the following quotation:
“Conventional seasons have many origins—ancient religious observances, folk customs, fashions, business practices, statute law. . . Many of the conventional seasons have considerable
eﬀects on economic behaviour. We can count on active retail buying before Christmas, on the
Thanksgiving demand for turkeys, on the ﬁrst of July demand for ﬁreworks, on the preparations for June weddings, on heavy dividend and interest payments at the beginning of each
quarter, on an increase in bankruptcies in January, and so on.” Wesley C. Mitchell (1927;
*1

*2

*3
*4

This classiﬁcation of seasonal commodities corresponds to Balk’s narrow and wide sense seasonal commodities;
see Balk (1980a; 7)[27] (1980b; 110)[28] (1980c; 68)[29]. Diewert (1998b; 457)[164] used the terms type 1 and
type 2 seasonality.
Zarnowitz (1961; 238)[551] was perhaps the ﬁrst to note the importance of this problem: “But the main problem
introduced by the seasonal change is precisely that the market basket is diﬀerent in the consecutive months
(seasons), not only in weights but presumably often also in its very composition by commodities. This is a
general and complex problem which will have to be dealt with separately at later stages of our analysis.”
However, the same commodities must reappear each year for each separate month!
This classiﬁcation dates back to Mitchell (1927; 236)[404] at least: “Two types of seasons produce annually recurring variations in economic activity–those which are due to climates and those which are due to conventions.”
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237)[404].

Examples of important seasonal commodities are: many food items; alcoholic beverages; many
clothing and footwear items; water; heating oil; electricity; ﬂowers and garden supplies; vehicle
purchases; vehicle operation; many entertainment and recreation expenditures; books, insurance
expenditures; wedding expenditures; recreational equipment; toys and games; software; air travel
and tourism expenditures. For a “typical” country, seasonal expenditures will often amount to one
ﬁfth to one third of all consumer expenditures.*5
In the context of producing a monthly or quarterly Consumer Price Index, it must be recognized
that there is no completely satisfactory way for dealing with strongly seasonal commodities. If a
commodity is present in one month but missing from the market place in the next month, then
none of the index number theories that were considered in earlier chapters can be applied because
all of these theories assumed that the dimensionality of the commodity space was constant for the
two periods being compared. However, if seasonal commodities are present in the market during
each season, then, in theory, traditional index number theory can be applied in order to construct
month to month or quarter to quarter price indices. This “traditional” approach to the treatment
of seasonal commodities will be followed in sections 16.8, 16.9 and 16.10 below. The reason why this
straightforward approach is deferred to the end of the chapter is twofold:
• The approach that restricts the index to commodities that are present in every period often
does not work well in the sense that systematic biases can occur.
• The approach is not fully representative; i.e., it does not make use of information on commodities that are not present in every month or quarter.
In section 16.2, a modiﬁed version of Turvey’s (1979)[512] artiﬁcial data set is introduced. This data
set will be used in order to numerically evaluate all of the index number formula that are suggested
in this chapter. It will be seen in section 16.7 that very large seasonal ﬂuctuations in quantities
combined with systematic seasonal changes in price can make month to month or quarter to quarter
price indexes behave rather poorly.
Even though existing index number theory cannot deal satisfactorily with seasonal commodities in
the context of constructing month to month indexes of consumer prices, it can deal satisfactorily
with seasonal commodities if the focus is changed from month to month indexes to indexes that
compare the prices of one month with the prices of the same month in a previous year. Thus in
section 16.3 below, year over year monthly Consumer Price Indexes are studied.*6 Turvey’s seasonal
data set is used to evaluate the performance of these indexes and they are found to perform quite
well.
In section 16.4, the year over year monthly indexes deﬁned in section 16.3 are aggregated into an
annual index that compares all of the monthly prices in a given calendar year with the corresponding
monthly prices in a base year. In section 16.5, this idea of comparing the prices of a current calendar
year with the corresponding prices in a base year is extended to annual indexes that compare the
prices of the last 12 months with the corresponding prices in the 12 months of a base year. The
resulting rolling year indexes can be regarded as seasonally adjusted price indexes. The modiﬁed
Turvey data set is used to test out these year over year indexes and they are found to work very well
on this data set.
The rolling year indexes can provide an accurate gauge of the movement of prices in the current
rolling year compared to the base year. However, this measure of price inﬂation can be regarded as
a measure of inﬂation for a year that is centered around a month that is six months prior to the last
*5

*6

Alterman, Diewert and Feenstra (1999; 151)[10] found that over the 40 months between September 1993 and
December 1996, somewhere between 23 and 40 percent of U.S. imports and exports exhibited seasonal variations
in quantities whereas only about 5 percent of U.S. export and import prices exhibited seasonal ﬂuctuations.
The same theory applies to producer price indexes.

16.2 A Seasonal Commodity Data Set
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month in the current rolling year. Hence for some policy purposes, this type of index is not as useful
as an index that compares the prices of the current month to the previous month so that more up
to date information on the movement of prices can be obtained. However, in section 16.6, it will be
shown that under certain conditions, the current month year over year monthly index, along with
last month’s year over year monthly index, can successfully predict or forecast a rolling year index
that is centered around the current month.
The year over year indexes deﬁned in section 16.3 and their annual averages studied in sections 16.4
and 16.5 oﬀer a theoretically satisfactory method for dealing with strongly seasonal commodities; i.e.,
commodities that are available only during certain seasons of the year. However, these methods rely
on the year over year comparison of prices and hence these methods cannot be used in the month
to month or quarter to quarter type of index, which is typically the main focus of a consumer price
program. Thus there is a need for another type of index, which may not have very strong theoretical
foundations, but which can deal with seasonal commodities in the context of producing a month to
month index. In section 16.7, such an index is introduced and it is implemented using the artiﬁcial
data set for the commodities that are available during each month of the year. Unfortunately, due to
the seasonality in both prices and quantities in the always available commodities, this type of index
can be systematically biased and for the modiﬁed Turvey data set, this bias shows up.
Since many Consumer Price Indexes are month to month indexes that use annual basket quantity
weights, this type of index is studied in section 16.8. For months when the commodity is not
available in the marketplace, the last available price is carried forward and used in the index. In
section 16.9, an annual quantity basket is again used but instead of carrying forward the prices
of seasonally unavailable items, an imputation method is used to ﬁll in the missing prices. The
annual basket type indices deﬁned in sections 16.8 and 16.9 are implemented using the artiﬁcial data
set. Unfortunately, the empirical results are not satisfactory in that the indexes show tremendous
seasonal ﬂuctuations in prices so that they would not be suitable for users who wanted up to date
information on trends in general inﬂation.
In section 16.10, the artiﬁcial data set is used in order to evaluate another type of month to month
index that is frequently suggested in the literature on how to deal with seasonal commodities; namely
the Bean and Stine Type C (1924)[54] or Rothwell (1958)[452] index. Again, this index does not get
rid of the tremendous seasonal ﬂuctuations that are present in the modiﬁed Turvey data set.
Sections 16.8 and 16.9 will show that the annual basket type indexes with carry forward of missing
prices (section 16.8) or imputation of missing prices (section 16.9) do not get rid of seasonal ﬂuctuations in prices. However, in section 16.11, it is shown how seasonally adjusted versions of these
annual basket indexes can be used to successfully forecast rolling year indexes that are centered in
the current month. In addition, the results in section 16.11 show how these annual basket type
indexes can be seasonally adjusted (using information obtained from rolling year indexes from prior
periods or by using traditional seasonal adjustment procedures) and hence these seasonally adjusted
annual basket indexes could be used as successful indicators of general inﬂation on a timely basis.
Section 16.12 concludes.

16.2 A Seasonal Commodity Data Set
It will prove to be useful to illustrate the index number formulae that will be deﬁned in subsequent
sections by computing them for an actual data set. Turvey (1979)[512] constructed an artiﬁcial
data set for 5 seasonal commodities (apples, peaches, grapes, strawberries and oranges) for 4 years
by month so that there are 5 times 4 times 12 observations, equal to 240 observations in all. At
certain times of the year, peaches and strawberries (commodities 2 and 4) are unavailable so in
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Tables 16.1 and 16.2, the prices and quantities for these two commodities are entered as zeros.*7
The data in Tables 16.1 and 16.2 are essentially equal to that constructed by Turvey except that a
number of adjustments were made to it in order to illustrate various points. The two most important
adjustments were:
• The data for commodity 3 (grapes) were adjusted so that the annual Laspeyres and Paasche
indexes (which will be deﬁned in section 16.4 below) would diﬀer more than in the original
data set.*8
• After the above adjustments were made, each price in the last year of data was escalated by
the monthly inﬂation factor 1.008 so that month to month inﬂation for the last year of data
would be at an approximate monthly rate of 1.6% per month compared to about 0.8% per
month for the ﬁrst three years of data.*9

*7
*8

*9

The corresponding prices are not zeros but they are entered as zeros for convenience in programming the various
indexes.
After the ﬁrst year, the price data for grapes was adjusted downward by 30% each year and the corresponding
volume was adjusted upward by 40% each year. In addition, the quantity of oranges (commodity 5) for November
1971 was changed from 3548 to 8548 so that the seasonal pattern of change for this commodity would be similar
to that of other years. For similar reasons, the price of oranges in December 1970 was changed from 1.31 to 1.41
and in January 1971 from 1.35 to 1.45.
Pierre Duguay of the Bank of Canada, while commenting on a preliminary version of this chapter, observed that
rolling year indexes would not be able to detect the magnitude of systematic changes in the month to month
inﬂation rate. The original Turvey data set was roughly consistent with a month to month inﬂation rate of 0.8%
per month; i.e., prices grew roughly at the rate 1.008 each month over the 4 years of data. Hence this second
major adjustment of the Turvey data was introduced to illustrate Duguay’s observation, which is quite correct:
the centered rolling year indexes pick up the correct magnitude of the new inﬂation rate only after a lag of half
a year or so. However, they do quickly pick up the direction of change in the inﬂation rate.

16.2 A Seasonal Commodity Data Set
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Table. 16.1 An Artiﬁcial Seasonal Data Set: Prices
Year t

Month m

pt,m
1

pt,m
2

pt,m
3

pt,m
4

pt,m
5

1970

1
2
3
4
5
6
7
8
9
10
11
12

1.14
1.17
1.17
1.40
1.64
1.75
1.83
1.92
1.38
1.10
1.09
1.10

0
0
0
0
0
3.15
2.53
1.76
1.73
1.94
0
0

2.48
2.75
5.07
5.00
4.98
4.78
3.48
2.01
1.42
1.39
1.75
2.02

0
0
0
0
5.13
3.48
3.27
0
0
0
0
0

1.30
1.25
1.21
1.22
1.28
1.33
1.45
1.54
1.57
1.61
1.59
1.41

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.25
1.36
1.38
1.57
1.77
1.86
1.94
2.02
1.55
1.34
1.33
1.30

0
0
0
0
0
3.77
2.85
1.98
1.80
1.95
0
0

2.15
2.55
4.22
4.36
4.18
4.08
2.61
1.79
1.28
1.26
1.62
1.81

0
0
0
0
5.68
3.72
3.78
0
0
0
0
0

1.45
1.36
1.37
1.44
1.51
1.56
1.66
1.74
1.76
1.77
1.76
1.50

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.43
1.53
1.59
1.73
1.89
1.98
2.07
2.12
1.73
1.56
1.56
1.49

0
0
0
0
0
4.69
3.32
2.29
1.90
1.97
0
0

1.89
2.38
3.59
3.90
3.56
3.51
2.73
1.65
1.15
1.15
1.46
1.73

0
0
0
0
6.21
3.98
4.30
0
0
0
0
0

1.56
1.53
1.55
1.62
1.70
1.78
1.89
1.91
1.92
1.95
1.94
1.64

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.68
1.82
1.89
2.00
2.14
2.23
2.35
2.40
2.09
2.03
2.05
1.90

0
0
0
0
0
6.40
4.31
2.98
2.21
2.18
0
0

1.62
2.16
3.02
3.45
3.08
3.07
2.41
1.49
1.08
1.08
1.36
1.57

0
0
0
0
7.17
4.53
5.19
0
0
0
0
0

1.69
1.69
1.74
1.91
2.03
2.13
2.22
2.26
2.22
2.31
2.34
1.97
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Table. 16.2 An Artiﬁcial Seasonal Data Set: Quantities
Year t

Month m

q1t,m

q2t,m

q3t,m

q4t,m

q5t,m

1970

1
2
3
4
5
6
7
8
9
10
11
12

3086
3765
4363
4842
4439
5323
4165
3224
4025
5784
6949
3924

0
0
0
0
0
91
498
6504
4923
865
0
0

82
35
9
8
26
75
82
1490
2937
2826
1290
338

0
0
0
0
700
2709
1970
0
0
0
0
0

10266
9656
7940
5110
4089
3362
3396
2406
2486
3222
6958
9762

1971

1
2
3
4
5
6
7
8
9
10
11
12

3415
4127
4771
5290
4986
5869
4671
3534
4509
6299
7753
4285

0
0
0
0
0
98
548
6964
5370
932
0
0

119
45
14
11
74
112
132
2216
4229
4178
1831
496

0
0
0
0
806
3166
2153
0
0
0
0
0

10888
10314
8797
5590
4377
3681
3748
2649
2726
3477
8548
10727

1972

1
2
3
4
5
6
7
8
9
10
11
12

3742
4518
5134
5738
5498
6420
5157
3881
4917
6872
8490
5211

0
0
0
0
0
104
604
7378
5839
1006
0
0

172
67
22
16
137
171
202
3269
6111
5964
2824
731

0
0
0
0
931
3642
2533
0
0
0
0
0

11569
10993
9621
6063
4625
3970
4078
2883
2957
3759
8238
11827

1973

1
2
3
4
5
6
7
8
9
10
11
12

4051
4909
5567
6253
6101
7023
5671
4187
5446
7377
9283
4955

0
0
0
0
0
111
653
7856
6291
1073
0
0

250
102
30
25
220
252
266
4813
8803
8778
4517
1073

0
0
0
0
1033
4085
2877
0
0
0
0
0

12206
11698
10438
6593
4926
4307
4418
3165
3211
4007
8833
12558

16.3 Year over Year Monthly Indexes
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Turvey sent his artiﬁcial data set to statistical agencies around the world, asking them to use their
normal techniques to construct monthly and annual average price indexes. About 20 countries replied
and Turvey summarized the responses as follows:
“It will be seen that the monthly indices display very large diﬀerences, e.g., a range of 129.12
−169.50 in June, while the range of simple annual means is much smaller. It will also be seen
that the indices vary as to the peak month or year.” Ralph Turvey (1979; 13)[512].
The above (modiﬁed) data will be used to test out various index number formulae in subsequent
sections.

16.3 Year over Year Monthly Indexes
It can be seen that the existence of seasonal commodities that are present in the marketplace in one
month but not the next causes the accuracy of a month to month index to fall.*10 A way of dealing
with these strongly seasonal commodities is to change the focus from short term month to month
price indexes and instead focus on making year over year price comparisons for each month of the
year. In the latter type of comparison, there is a good chance that seasonal commodities that appear
say in February will also appear in subsequent Februarys so that the overlap of commodities will be
maximized in these year over year monthly indexes.
For over a century, it has been recognized that making year over year comparisons*11 provides the
simplest method for making comparisons that are free from the contaminating eﬀects of seasonal
ﬂuctuations:
“In the daily market reports, and other statistical publications, we continually ﬁnd comparisons between numbers referring to the week, month, or other parts of the year, and those
for the corresponding parts of a previous year. The comparison is given in this way in order
to avoid any variation due to the time of the year. And it is obvious to everyone that this
precaution is necessary. Every branch of industry and commerce must be aﬀected more or
less by the revolution of the seasons, and we must allow for what is due to this cause before
we can learn what is due to other causes.” W. Stanley Jevons (1884;3)[365].
The economist Flux and the statistician Yule also endorsed the idea of making year over year
comparisons to minimize the eﬀects of seasonal ﬂuctuations:
“Each month the average price change compared with the corresponding month of the previous
year is to be computed. . . . The determination of the proper seasonal variations of weights,
especially in view of the liability of seasons to vary from year to year, is a task from which, I
imagine, most of us would be tempted to recoil.” A. W. Flux (1921; 184-185)[277].
“My own inclination would be to form the index number for any month by taking ratios to
the corresponding month of the year being used for reference, the year before presumably, as
this would avoid any diﬃculties with seasonal commodities. I should then form the annual
average by the geometric mean of the monthly ﬁgures.” G. Udny Yule (1921; 199)[550].
In more recent times, Zarnowitz also endorsed the use of year over year monthly indexes:
“There is of course no diﬃculty in measuring the average price change between the same
months of successive years, if a month is our unit ‘season’, and if a constant seasonal market
basket can be used, for traditional methods of price index construction can be applied in such
*10
*11

In the limit, if each commodity appeared in only one month of the year, then a month to month index would
break down completely.
In the seasonal price index context, this type of index corresponds to Bean and Stine’s (1924; 31)[54] Type D
index.
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comparisons.” Victor Zarnowitz (1961; 266)[551].

In the remainder of this section, it is shown how year over year Fisher indexes and approximations to
them can be constructed.*12 For each month m = 1, 2, ..., 12, let S(m) denote the set of commodities
that are available in the marketplace for each year t = 0, 1, ..., T . For t = 0, 1, ..., T and m =
1, 2, ..., 12, let pt,m
and qnt,m denote the price and quantity of commodity n that is in the marketplace
n
in month m of year t for n belongs to S(m). Let pt,m and q t,m denote the month m and year t price
and quantity vectors respectively. Then the year over year monthly Laspeyres, Paasche and Fisher
indexes going from month m of year t to month m of year t + 1 can be deﬁned as follows:
∑
t+1,m t,m
qn
n∈S(m) pn
t,m
t+1,m
t,m
PL (p , p
,q ) ≡ ∑
m = 1, 2, ...12;
(16.1)
t,m t,m ;
n∈S(m) pn qn
∑
t+1,m t+1,m
qn
n∈S(m) pn
t,m
t+1,m
t+1,m
PP (p , p
,q
)≡ ∑
m = 1, 2, ...12;
(16.2)
t,m t+1,m ;
p
q
n
n
n∈S(m)
[
]1/2
t,m
t+1,m
t,m
t+1,m
PF (p , p
,q ,q
) ≡ PL (pt,m , pt+1,m , q t,m )PP (pt,m , pt+1,m , q t+1,m )
;
m = 1, 2, ...12.

(16.3)

The above formulae can be rewritten in price relative and monthly expenditure share form as follows:
∑
t+1,m
m = 1, 2, ...12;
(16.4)
/pt,m
st,m
PL (pt,m , pt+1,m , st,m ) ≡
n );
n (pn
n∈S(m)
[∑
]−1
t,m
t+1,m t+1,m
t+1,m t+1,m
t,m −1
PP (p , p
,s
)≡
sn
(pn
/pn )
; m = 1, 2, ...12;
(16.5)
n∈S(m)

[
]1/2
PF (pt,m , pt+1,m , st,m , st+1,m ) ≡ PL (pt,m , pt+1,m , st,m )PP (pt,m , pt+1,m , st+1,m )
]−1/2
]1/2 [∑
[∑
t,m −1
t+1,m t+1,m
t,m
t,m t+1,m
/pn )
(pn
sn
;
/pn )
sn (pn
=
n∈S(m)

n∈S(m)

m = 1, 2, ...12

(16.6)

where the monthly expenditure share for commodity n ∈ S(m) for month m in year t is deﬁned as:
t,m
pt,m
n qn
t,m t,m ;
i∈S(m) pi qi

st,m
≡ ∑
n

m = 1, 2, ..., 12; n ∈ S(m); t = 0, 1, ..., T

(16.7)

and st,m denotes the vector of month m expenditure shares in year t, [st,m
n ] for n ∈ S(m).

Current period expenditure shares st,m
are not likely to be available. Hence it will be necessary to
n
approximate these shares using the corresponding expenditure shares from a base year 0.
Use the base period monthly expenditure share vectors s0,m in place of the vector of month m and
year t expenditure shares st,m in (16.4) and use the base period monthly expenditure share vectors
s0,m in place of the vector of month m and year t + 1 expenditure shares st+1,m in (16.5). Similarly,
replace the share vectors st,m and st+1,m in (16.6) by the base period expenditure share vector for
month m, s0,m . The resulting approximate year over year monthly Laspeyres, Paasche and Fisher

*12

Diewert (1996b; 17-19)[159] (1999a; 50)[168] noted various separability restrictions on consumer preferences
that would justify these year over year monthly indexes from the viewpoint of the economic approach to index
number theory.
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indexes are deﬁned by (16.8) to (16.10) below:*13
∑
t+1,m
s0,m
/pt,m
m = 1, 2, ...12;
PAL (pt,m , pt+1,m , s0,m ) ≡
n (pn
n );
n∈S(m)
]−1
[∑
0,m t+1,m
t,m −1
t,m
t+1,m 0,m
sn (pn
/pn )
PAP (p , p
,s ) ≡
; m = 1, 2, ...12;
n∈S(m)

(16.8)
(16.9)

[
]1/2
PAF (pt,m , pt+1,m , s0,m , s0,m ) ≡ PAL (pt,m , pt+1,m , s0,m )PAP (pt,m , pt+1,m , s0,m )
]−1/2
]1/2 [∑
[∑
0,m t+1,m
t,m −1
0,m t+1,m
t,m
sn (pn
/pn )
;
sn (pn
/pn )
=
n∈S(m)

n∈S(m)

m = 1, 2, ...12.

(16.10)

The approximate Fisher year over year monthly indexes deﬁned by (16.10) will provide adequate
approximations to their true Fisher counterparts deﬁned by (16.6) only if the monthly expenditure
shares for the base year 0 are not too diﬀerent from their current year t and t + 1 counterparts.
Hence, it will be useful to construct the true Fisher indexes on a delayed basis in order to check the
adequacy of the approximate Fisher indexes deﬁned by (16.10).
The year over year monthly approximate Fisher indexes deﬁned by (16.10) will normally have a
certain amount of upward bias, since these indexes cannot reﬂect long term substitution of consumers
towards commodities that are becoming relatively cheaper over time. This reinforces the case for
computing true year over year monthly Fisher indexes deﬁned by (16.6) on a delayed basis so that
this substitution bias can be estimated.
Note that the approximate year over year monthly Laspeyres and Paasche indexes, PAL and PAP
deﬁned by (16.8) and (16.9) above, satisfy the following inequalities:
PAL (pt,m , pt+1,m , s0,m )PAL (pt+1,m , pt,m , s0,m ) ≥ 1;

m = 1, 2, ...12;

(16.11)

PAP (pt,m , pt+1,m , s0,m )PAP (pt+1,m , pt,m , s0,m ) ≤ 1;

m = 1, 2, ...12

(16.12)

with strict inequalities if the monthly price vectors pt,m and pt+1,m are not proportional to each
other.*14 The inequality (16.11) says that the approximate year over year monthly Laspeyres index
fails the time reversal test with an upward bias while the inequality (16.12) says that the approximate
year over year monthly Paasche index fails the time reversal test with a downward bias. Hence the
ﬁxed weight approximate Laspeyres index PAL has a built in upward bias and the ﬁxed weight
approximate Paasche index PAP has a built in downward bias. Statistical agencies should avoid the
use of these formulae. However, they can be combined as in the approximate Fisher formula (16.10)
and the resulting index should be free from any systematic formula bias (but there still could be
some substitution bias).
The year over year monthly indexes deﬁned in this section are illustrated using the artiﬁcial data set
tabled in section 16.2 above. Although ﬁxed base indexes were not formally deﬁned in this section,
these indexes have similar formulae to the year over year indexes that were deﬁned in this section
except that the variable base year t is replaced by the ﬁxed base year 0. The resulting 12 year over
year monthly ﬁxed base Laspeyres, Paasche and Fisher indexes, are listed in Tables 16.3 to 16.5.

*13

*14

If the monthly expenditure shares for the base year, s0,m
n , are all equal, then the approximate Fisher index
deﬁned by (16.10) reduces to Fisher’s (1922; 472)[274] formula 101. Fisher (1922; 211)[274] observed that this
index was empirically very close to the unweighted geometric mean of the price relatives, while Dalén (1992;
143)[103] and Diewert (1995a; 29)[155] showed analytically that these two indexes approximated each other
to the second order. The equally weighted version of (16.10) was recommended as an elementary index by
Carruthers, Sellwood and Ward (1980; 25)[81] and Dalén (1992; 140)[103].
See Hardy, Littlewood and Pólya (1934; 26)[308].
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Comparing the entries in Tables 16.3 and 16.4, it can be seen that the year over year monthly ﬁxed
base Laspeyres and Paasche price indexes do not diﬀer substantially for the early months of the
year but that there are substantial diﬀerences between the indexes for the last 5 months of the year
by the time the year 1973 is reached. The largest percentage diﬀerence between the Laspeyres and
Paasche indexes is 12.5% for month 10 in 1973 (1.4060/1.2496 = 1.125). However, all of the year
over year monthly series show a nice smooth year over year trend.
Approximate ﬁxed base year over year Laspeyres, Paasche and Fisher indexes can be constructed by
replacing current month expenditure shares for the 5 commodities by the corresponding base year
monthly expenditure shares on the 5 commodities. The resulting approximate Laspeyres indexes
are equal to the original ﬁxed base Laspeyres indexes so there is no need to table the approximate
Laspeyres indexes. However the approximate year over year Paasche and Fisher indexes do diﬀer
from the ﬁxed base Paasche and Fisher indexes found in Tables 16.4 and 16.5 above so these new
approximate indexes are listed in Tables 16.6 and 16.7.
Comparing the entries in Table 16.4 with the corresponding entries in Table 16.6, it can be seen that
with a few exceptions, the entries correspond fairly closely. One of the bigger diﬀerences is the 1973
entry for the ﬁxed base Paasche index for month 9, which is 1.1664, while the corresponding entry for
the approximate ﬁxed base Paasche index is 1.1920 for a 2.2% diﬀerence (1.1920/1.1664 = 1.022).
In general, the approximate ﬁxed base Paasche indexes are a bit bigger than the true ﬁxed base
Paasche indexes, as could be expected, since the approximate indexes have some substitution bias
built into them as their expenditure shares are held ﬁxed at the 1970 levels.
Turning now to the chained year over year monthly indexes using the artiﬁcial data set, the resulting
12 year over year monthly chained Laspeyres, Paasche and Fisher indexes, PL , PP and PF , where
the month to month links are deﬁned by (16.4) to (16.6), are listed in Tables 16.8 to 16.10.
Comparing the entries in Tables 16.8 and 16.9, it can be seen that the year over year monthly
chained Laspeyres and Paasche price indexes have smaller diﬀerences than the corresponding ﬁxed
base Laspeyres and Paasche price indexes in Tables 16.3 and 16.4. This is a typical pattern: the
use of chained indexes tends to reduce the spread between Paasche and Laspeyres indexes compared
to their ﬁxed base counterparts. The largest percentage diﬀerence between corresponding entries
for the chained Laspeyres and Paasche indexes in Tables 16.8 and 16.9 is 4.1% for month 10 in
1973 (1.3593/1.3059 = 1.041). Recall that the ﬁxed base Laspeyres and Paasche indexes diﬀered by
12.5% for the same month so that chaining does tend to reduce the spread between these two equally
plausible indexes.
The chained year over year Fisher indexes listed in Table 16.10 are regarded as the “best” estimates
of year over year inﬂation using the artiﬁcial data set.
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The year over year chained Laspeyres, Paasche and Fisher indexes listed in Tables 16.8 to 16.10 above
can be approximated by replacing current period commodity expenditure shares for each month by
the corresponding base year monthly commodity expenditure shares. The resulting 12 year over year
monthly approximate chained Laspeyres, Paasche and Fisher indexes, PAL , PAP and PAF , where the
monthly links are deﬁned by (16.8) to (16.10), are listed in Tables 16.11 to 16.13.
The year over year chained indexes listed in Tables 16.11 to 16.13 approximate their true chained
counterparts listed in Tables 16.8 to 16.10 very closely. For the year 1973, the largest discrepancies are
for the Paasche and Fisher indexes for month 9: the chained Paasche is 1.2018 while the corresponding
approximate chained Paasche is 1.2183 for a diﬀerence of 1.4% and the chained Fisher is 1.2181 while
the corresponding approximate chained Fisher is 1.2305 for a diﬀerence of 1.0%. It can be seen that
for the modiﬁed Turvey data set, the approximate year over year monthly approximate Fisher indexes
listed in Table 16.13 approximate the theoretically preferred (but practically infeasible in a timely
fashion) Fisher chained indexes listed in Table 16.10 quite satisfactorily. Since the approximate
Fisher indexes are just as easy to compute as the approximate Laspeyres and Paasche indexes, it
may be useful to ask that statistical agencies make available to the public these approximate Fisher
indexes along with the approximate Laspeyres and Paasche indexes.

16.4 Year over Year Annual Indexes
Assuming that each commodity in each season of the year is a separate “annual” commodity is the
simplest and theoretically most satisfactory method for dealing with seasonal commodities when the
goal is to construct annual price and quantity indexes. This idea can be traced back to Mudgett in
the consumer price context and to Stone in the producer price context:
“The basic index is a yearly index and as a price or quantity index is of the same sort as those
about which books and pamphlets have been written in quantity over the years.” Bruce D.
Mudgett (1955; 97)[410].
“The existence of a regular seasonal pattern in prices which more or less repeats itself year
after year suggests very strongly that the varieties of a commodity available at diﬀerent seasons
cannot be transformed into one another without cost and that, accordingly, in all cases where
seasonal variations in price are signiﬁcant, the varieties available at diﬀerent times of the year
should be treated, in principle, as separate commodities.” Richard Stone (1956; 74-75)[494].
Using the notation introduced in the previous section, the Laspeyres, Paasche and Fisher annual
(chain link) indexes comparing the prices of year t with those of year t + 1 can be deﬁned as follows:
∑12
t,1

PL (p , . . . , p
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(16.13)
; (16.14)

PF (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; q t,1 , . . . , q t,12 ; q t+1,1 , . . . , q t+1,12 )
≡ [PL (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; q t,1 , . . . , q t,12 )·
PP (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; q t+1,1 , . . . , q t+1,12 )]1/2 .

(16.15)
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1.0844

1.0000

7

1.4491

1.2346

1.1103

1.0000

8

1.4021

1.1770

1.0783

1.0000

9

1.2429

1.0989

1.0492

1.0000

10

1.3611

1.1692

1.0901

1.0000

1.4914

1.3043

1.1468

1.0000

3

1.4880

1.2764

1.1478

1.0000

4

1.3993

1.2130

1.1135

1.0000

5

1.3309

1.1664

1.0818

1.0000

6

1.4386

1.2287

1.1062

1.0000

7

1.3674

1.1638

1.0721

1.0000

8

1.2183

1.0858

1.0426

1.0000

9

1.3111

1.1438

1.0760

1.0000

10

1.3989

1.2432

1.1063

1.0000

2

1.4929

1.3050

1.1472

1.0000

3

1.4891

1.2771

1.1483

1.0000

4

1.4024

1.2149

1.1147

1.0000

5

1.3349

1.1688

1.0831

1.0000

6

1.4438

1.2317

1.1082

1.0000

7

1.3847

1.1704

1.0752

1.0000

8

1.2305

1.0923

1.0459

1.0000

9

1.3358

1.1565

1.0830

1.0000

10

Table. 16.13 Year over Year Monthly Approximate Chained Fisher Indexes

1.3971

1.2424

1.1057

1.0000

2

Table. 16.12 Year over Year Monthly Approximate Chained Paasche Indexes

1.4007

1.2440

1.1068

1.0000

2

Table. 16.11 Year over Year Monthly Approximate Chained Laspeyres Indexes
11

1.5005

1.2405

1.1247

1.0000

11

1.4839

1.2328

1.1209

1.0000

11

1.5173

1.2482

1.1284

1.0000

12

1.4358

1.1912

1.0831

1.0000

12

1.4300

1.1886

1.0813

1.0000

12

1.4417

1.1939

1.0849

1.0000

16.4 Year over Year Annual Indexes
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The above formulae can be rewritten in price relative and monthly expenditure share form as follows:
t t,12
PL (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; σ1t st,1 , . . . , σ12
s )
∑12 ∑
t t,m t+1,m
t,m
≡ m=1 n∈S(m) σm sn (pn
/pn )
∑12
t
= m=1 σm
PL (pt,m , pt+1,m , st,m );

(16.16)

t+1 t+1,12
PP (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; σ1t+1 st+1,1 , . . . , σ12
s
)
]
[∑
−1
12 ∑
t+1 t+1,m t+1,m
−1
(pn
/pt,m
≡
n )
m=1
n∈S(m) σm sn
[∑
]−1
12
t+1 ∑
t+1,m t+1,m
t,m −1
σ
=
s
(p
/p
)
n
n
m=1 m
n∈S(m) n
[∑
[
] ]−1
12
t+1
t,m
t+1,m t+1,m −1
σ
;
=
P
(p
,
p
,
s
)
P
m=1 m

(16.17)

t+1 t+1,12
t t,12
PF (pt,1 , . . . , pt,12 ; pt+1,1 , . . . , pt+1,12 ; σ1t st,1 , . . . , σ12
s ; σ1t+1 st+1,1 , . . . , σ12
s
)
∑12 ∑
∑
∑
12
t t,m t+1,m
t+1 t+1,m t+1,m
−1 −1 1/2
≡ [{ m=1 n∈S(m) σm
sn (pn
/pt,m
(pn
/pt,m
] }]
n )}{[
n )
m=1
n∈S(m) σm sn
]1/2 [∑
]
[∑
[
]−1 −1/2
12
12
t+1
t,m
t
PP (pt,m , pt+1,m , st+1,m )
, pt+1,m , st,m )
=
m=1 σm
m=1 σm PL (p
(16.18)

where the expenditure share for month m in year t is deﬁned as:
∑
t,m t,m
n∈S(m) pn qn
t
σm ≡ ∑12 ∑
; m = 1, 2, ..., 12; t = 0, 1, ..., T
t,i t,i
i=1
j∈S(i) pj qj

(16.19)

and the year over year monthly Laspeyres and Paasche (chain link) price indexes PL (pt,m , pt+1,m , st,m )
and PP (pt,m , pt+1,m , st+1,m ) were deﬁned in the previous section by (16.4) and (16.5) respectively.
As usual, the annual chain link Fisher index PF deﬁned by (16.18), which compares the prices in
every month of year t with the corresponding prices in year t + 1, is the geometric mean of the
annual chain link Laspeyres and Paasche indexes, PL and PP , deﬁned by (16.16) and (16.17). The
last equation in (16.16), (16.17) and (16.18) shows that these annual indexes can be deﬁned as
(monthly) share weighted averages of the year over year monthly chain link Laspeyres and Paasche
indexes, PL (pt,m , pt+1,m , st,m ) and PP (pt,m , pt+1,m , st+1,m ), deﬁned earlier by (16.4) and (16.5).
Hence once the year over year monthly indexes deﬁned in the previous section have been numerically
calculated, it is easy to calculate the corresponding annual indexes.
Fixed base counterparts to the formulae deﬁned by (16.16) to (16.18) can readily be deﬁned: simply
replace the data pertaining to period t by the corresponding data pertaining to the base period 0.
Using the data from the artiﬁcial data set tabled in section 16.2 above, the annual ﬁxed base
Laspeyres, Paasche and Fisher indexes are listed in Table 16.14.
Table. 16.14 Annual Fixed Base Laspeyres, Paasche and Fisher Price Indexes
Year

PL

PP

PF

1970
1971
1972
1973

1.0000
1.1008
1.2091
1.4144

1.0000
1.0961
1.1884
1.3536

1.0000
1.0984
1.1987
1.3837

Viewing Table 16.14, it can be seen that by 1973, the annual ﬁxed base Laspeyres index exceeds its
Paasche counterpart by 4.5%. Note that each series increases steadily.
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The annual ﬁxed base Laspeyres, Paasche and Fisher indexes can be approximated by replacing any
current shares by the corresponding base year shares. The resulting annual approximate ﬁxed base
Laspeyres, Paasche and Fisher indexes are listed in Table 16.15. Also listed in the last column of
Table 16.15 is the ﬁxed base Geometric Laspeyres annual index, PGL . It is the weighted geometric
mean counterpart to the ﬁxed base Laspeyres index, which is equal to a base period weighted
arithmetic average of the long term price relatives. It can be shown that PGL approximates the
approximate ﬁxed base Fisher index PAF to the second order around a point where all of the long
term price relatives are equal to unity.*15
Table. 16.15 Annual Approximate Fixed Base Laspeyres, Paasche, Fisher and Geometric
Laspeyres Indexes
Year

PAL

PAP

PAF

PGL

1970
1971
1972
1973

1.0000
1.1008
1.2091
1.4144

1.0000
1.0956
1.1903
1.3596

1.0000
1.0982
1.1996
1.3867

1.0000
1.0983
1.2003
1.3898

It can be seen that the entries for the Laspeyres price indexes are exactly the same in Tables 16.14
and 16.15. This is as it should be because the ﬁxed base Laspeyres price index uses only expenditure
shares from the base year 1970 and hence the approximate ﬁxed base Laspeyres index is equal to
the true ﬁxed base Laspeyres index. Comparing the columns labelled PP and PF in Table 16.14 and
PAP and PAF in Table 16.15 shows that the approximate Paasche and approximate Fisher indexes
are quite close to the corresponding annual Paasche and Fisher indexes. Hence for the artiﬁcial
data set, the true annual ﬁxed base Fisher can be very closely approximated by the corresponding
approximate Fisher index PAF (or the Geometric Laspeyres index PGL ), which, of course, can be
computed using the same information set that is normally available to statistical agencies.
Using the data from the artiﬁcial data set tabled in section 16.2 above, the annual chained Laspeyres,
Paasche and Fisher indexes can readily be calculated, using the formulae (16.16) to (16.18) for the
chain links. The resulting indexes are listed in Table 16.16.
Table. 16.16 Annual Chained Laspeyres, Paasche and Fisher Price Indexes
Year

PL

PP

PF

1970
1971
1972
1973

1.0000
1.1008
1.2052
1.3994

1.0000
1.0961
1.1949
1.3791

1.0000
1.0984
1.2001
1.3892

Viewing Table 16.16, it can be seen that the use of chained indexes has substantially narrowed the gap
between the Paasche and Laspeyres indexes. The diﬀerence between the chained annual Laspeyres
and Paasche indexes in 1973 is only 1.5% (1.3994 versus 1.3791) whereas from Table 16.14, the
diﬀerence between the ﬁxed base annual Laspeyres and Paasche indexes in 1973 is 4.5% (1.4144
versus 1.3536). Thus the use of chained annual indexes has substantially reduced the substitution
(or representativity) bias of the Laspeyres and Paasche indexes. Comparing Tables 16.14 and 16.16,
it can be seen that for this particular artiﬁcial data set, the annual ﬁxed base Fisher indexes are
very close to their annual chained Fisher counterparts. However, the annual chained Fisher indexes
should normally be regarded as the more desirable target index to approximate, since this index will
normally give better results if prices and expenditure shares are changing substantially over time.*16
*15
*16

See footnote 13 above.
“Better” in the sense that the gap between the Laspeyres and Paasche indices will be normally be reduced using
chained indices under these circumstances. Of course, if there are no substantial trends in prices so that prices

412

Chapter 16 The Treatment of Seasonal Products

t
t+1
Obviously, the current year weights, st,m
and σm
and st+1,m
and σm
, which appear in the chain
n
n
link formulae (16.16) to (16.18) can be approximated by the corresponding base year weights, s0,m
n
0
and σm
. This leads to the annual approximate chained Laspeyres, Paasche and Fisher indexes listed
in Table 16.17.

Table. 16.17 Annual Approximate Chained Laspeyres, Paasche and Fisher Price Indexes
Year

PAL

PAP

PAF

1970
1971
1972
1973

1.0000
1.1008
1.2051
1.3995

1.0000
1.0956
1.1952
1.3794

1.0000
1.0982
1.2002
1.3894

Comparing the entries in Tables 16.16 and 16.17 shows that the approximate chained annual
Laspeyres, Paasche and Fisher indexes are extremely close to the corresponding true chained annual
Laspeyres, Paasche and Fisher indexes. Hence for the artiﬁcial data set, the true annual chained
Fisher can be very closely approximated by the corresponding approximate Fisher index, which can
be computed using the same information set that is normally available to statistical agencies.
The approach to computing annual indexes outlined in this section, which essentially involves taking
monthly expenditure share weighted averages of the 12 year over year monthly indexes, should be
contrasted with the approach that simply takes the arithmetic mean of the 12 monthly indexes. The
problem with the latter approach is that months where expenditures are below the average (e.g.,
February) are given the same weight in the unweighted annual average as months where expenditures
are above the average (e.g., December).

16.5 Rolling Year Annual Indices
In the previous section, the price and quantity data pertaining to the 12 months of a calendar year
were compared to the 12 months of a base calendar year. However, there is no need to restrict
attention to calendar year comparisons: any 12 consecutive months of price and quantity data could
be compared to the price and quantity data of the base year, provided that the January data in
the noncalendar year is compared to the January data of the base year, the February data of the
noncalendar year is compared to the February data of the base year, . . . , and the December data of
the noncalendar year is compared to the December data of the base year.*17 Alterman, Diewert and
Feenstra (1999; 70)[10] called the resulting indices rolling year or moving year indexes.*18
In order to theoretically justify the rolling year indexes from the viewpoint of the economic approach to index number theory, some restrictions on preferences are required. The details of these
assumptions can be found in Diewert (1996b; 32-34)[159] (1999a; 56-61)[168].
The problems involved in constructing rolling year indexes for the artiﬁcial data set that was introduced in section 16.2 are now considered. For both ﬁxed base and chained rolling year indexes,
the ﬁrst 13 index number calculations are the same. For the year that ends with the data for
December of 1970, the index is set equal to 1 for the Laspeyres, Paasche and Fisher moving year
indexes. The base year data are the 44 nonzero price and quantity observations for the calendar
year 1970. When the data for January of 1971 become available, the 3 nonzero price and quantity
entries for January of calendar year 1970 are dropped and replaced with the corresponding entries
*17
*18

are just randomly changing, then it will generally be preferable to use the ﬁxed base Fisher index.
Diewert (1983c)[138] suggested this type of comparison and termed the resulting index a “split year” comparison.
Crump (1924; 185)[102] and Mendershausen (1937; 245)[403] respectively used these terms in the context of
various seasonal adjustment procedures. The term “rolling year” seems to be well established in the business
literature in the UK.
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for January of 1971. The data for the remaining months of the comparison year remain the same;
i.e., for February through December of the comparison year, the data for the rolling year are set
equal to the corresponding entries for February through December of 1970. Thus the Laspeyres,
Paasche or Fisher rolling year index value for January of 1971 compares the prices and quantities of
January 1971 with the corresponding prices and quantities of January 1970 and for the remaining
months of this ﬁrst moving year, the prices and quantities of February through December of 1970 are
simply compared with the exact same prices and quantities of February through December of 1970.
When the data for February of 1971 become available, the 3 nonzero price and quantity entries for
February for the last rolling year (which are equal to the 3 nonzero price and quantity entries for
February of 1970) are dropped and replaced with the corresponding entries for February of 1971 and
the resulting data become the price and quantity data for the second rolling year. The Laspeyres,
Paasche or Fisher rolling year index value for February of 1971 compares the prices and quantities of
January and February of 1971 with the corresponding prices and quantities of January and February
of 1970 and for the remaining months of this ﬁrst moving year, the prices and quantities of March
through December of 1970 are compared with the exact same prices and quantities of March through
December of 1970. This process of exchanging the price and quantity data of the current month in
1971 with the corresponding data of the same month in the base year 1970 in order to form the price
and quantity data for the latest rolling year continues until December of 1971 is reached when the
current rolling year becomes the calendar year 1971. Thus the Laspeyres, Paasche and Fisher rolling
year indexes for December of 1971 are equal to the corresponding ﬁxed base (or chained) annual
Laspeyres, Paasche and Fisher indexes for 1971 listed in Tables 16.14 or 16.16 above.
Once the ﬁrst 13 entries for the rolling year indexes have been deﬁned as indicated above, the
remaining ﬁxed base rolling year Laspeyres, Paasche and Fisher indexes are constructed by taking
the price and quantity data of the last 12 months and rearranging the data so that the January data
in the rolling year is compared to the January data in the base year, the February data in the rolling
year is compared to the February data in the base year,..., and the December data in the rolling year
is compared to the December data in the base year. The resulting ﬁxed base rolling year Laspeyres,
Paasche and Fisher indexes for the artiﬁcial data set are listed in Table 16.18.
Once the ﬁrst 13 entries for the ﬁxed base rolling year indexes have been deﬁned as indicated above,
the remaining chained rolling year Laspeyres, Paasche and Fisher indexes are constructed by taking
the price and quantity data of the last 12 months and comparing these data to the corresponding
data of the rolling year of the 12 months preceding the current rolling year. The resulting chained
rolling year Laspeyres, Paasche and Fisher indexes for the artiﬁcial data set are listed in the last
3 columns of Table 16.18. Note that the ﬁrst 13 entries of the ﬁxed base Laspeyres, Paasche and
Fisher indexes are equal to the corresponding entries for the chained Laspeyres, Paasche and Fisher
indexes. It will also be noted that the entries for December (month 12) of 1970, 1971, 1972 and 1973
for the ﬁxed base rolling year Laspeyres, Paasche and Fisher indexes are equal to the corresponding
ﬁxed base annual Laspeyres, Paasche and Fisher indexes listed in Table 16.14 above. Similarly,
the entries in Table 16.18 for December (month 12) of 1970, 1971, 1972 and 1973 for the chained
rolling year Laspeyres, Paasche and Fisher indexes are equal to the corresponding chained annual
Laspeyres, Paasche and Fisher indexes listed in Table 16.16 above.
Viewing Table 16.18, it can be seen that the rolling year indices are very smooth and free from
seasonal ﬂuctuations. For the ﬁxed base indexes, each entry can be viewed as a seasonally adjusted
annual consumer price index that compares the data of the 12 consecutive months that end with
the year and month indicated with the corresponding price and quantity data of the 12 months in
the base year, 1970. Thus rolling year indexes oﬀer statistical agencies an objective and reproducible
method of seasonal adjustment that can compete with existing time series methods of seasonal
adjustment.*19
*19

For discussions on the merits of econometric or time series methods versus index number methods of seasonal
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Table. 16.18 Rolling Year Laspeyres, Paasche and Fisher Price Indexes
Year

Month

PL (ﬁxed)

PP (ﬁxed)

PF (ﬁxed)

PL (chain)

PP (chain)

PF (chain)

1970

12

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0082
1.0161
1.0257
1.0344
1.0427
1.0516
1.0617
1.0701
1.0750
1.0818
1.0937
1.1008

1.0087
1.0170
1.0274
1.0364
1.0448
1.0537
1.0635
1.0706
1.0740
1.0792
1.0901
1.0961

1.0085
1.0165
1.0265
1.0354
1.0438
1.0527
1.0626
1.0704
1.0745
1.0805
1.0919
1.0984

1.0082
1.0161
1.0257
1.0344
1.0427
1.0516
1.0617
1.0701
1.0750
1.0818
1.0937
1.1008

1.0087
1.0170
1.0274
1.0364
1.0448
1.0537
1.0635
1.0706
1.0740
1.0792
1.0901
1.0961

1.0085
1.0165
1.0265
1.0354
1.0438
1.0527
1.0626
1.0704
1.0745
1.0805
1.0919
1.0984

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1082
1.1183
1.1287
1.1362
1.1436
1.1530
1.1645
1.1757
1.1812
1.1881
1.1999
1.2091

1.1035
1.1137
1.1246
1.1324
1.1393
1.1481
1.1595
1.1670
1.1680
1.1712
1.1805
1.1884

1.1058
1.1160
1.1266
1.1343
1.1414
1.1505
1.1620
1.1713
1.1746
1.1796
1.1901
1.1987

1.1081
1.1183
1.1290
1.1366
1.1437
1.1528
1.1644
1.1747
1.1787
1.1845
1.1962
1.2052

1.1040
1.1147
1.1260
1.1342
1.1415
1.1505
1.1622
1.1709
1.1730
1.1771
1.1869
1.1949

1.1061
1.1165
1.1275
1.1354
1.1426
1.1517
1.1633
1.1728
1.1758
1.1808
1.1915
1.2001

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2184
1.2300
1.2425
1.2549
1.2687
1.2870
1.3070
1.3336
1.3492
1.3663
1.3932
1.4144

1.1971
1.2086
1.2216
1.2341
1.2469
1.2643
1.2843
1.3020
1.3089
1.3172
1.3366
1.3536

1.2077
1.2193
1.2320
1.2444
1.2578
1.2756
1.2956
1.3177
1.3289
1.3415
1.3646
1.3837

1.2143
1.2263
1.2393
1.2520
1.2656
1.2835
1.3038
1.3273
1.3395
1.3537
1.3793
1.3994

1.2047
1.2172
1.2310
1.2442
1.2579
1.2758
1.2961
1.3169
1.3268
1.3384
1.3609
1.3791

1.2095
1.2218
1.2352
1.2481
1.2617
1.2797
1.3000
1.3221
1.3331
1.3460
1.3700
1.3892

Viewing Table 16.18, it can be seen that the use of chained indexes has substantially narrowed the
gap between the ﬁxed base moving year Paasche and Laspeyres indexes. The diﬀerence between the
rolling year chained Laspeyres and Paasche indexes in December of 1973 is only 1.5% (1.3994 versus
1.3791) whereas the diﬀerence between the rolling year ﬁxed base Laspeyres and Paasche indexes in
December of 1973 is 4.5% (1.4144 versus 1.3536). Thus the use of chained indexes has substantially
reduced the substitution (or representativity) bias of the Laspeyres and Paasche indexes. As in the
adjustment, see Diewert (1999a; 61-68)[168] and Alterman, Diewert and Feenstra (1999; 78-110)[10]. The basic
problem with time series methods of seasonal adjustment is that the target seasonally adjusted index is very
diﬃcult to specify in an unambiguous way; i.e., there are an inﬁnite number of possible target indexes. For
example, it is impossible to identify a temporary increase in inﬂation within a year from a changing seasonal
factor. Hence diﬀerent econometricians will tend to generate diﬀerent seasonally adjusted series, leading to a
lack of reproducibility.
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previous section, the chained Fisher rolling year index is regarded as the target seasonally adjusted
annual index when seasonal commodities are in the scope of the CPI. This type of index is also a
suitable index for central banks to use for inﬂation targeting purposes.*20 The six series in Table
16.18 are charted in Figure 16.1. The ﬁxed base Laspeyres index is the highest one, followed by
the chained Laspeyres, the two Fisher indexes (which are virtually indistinguishable), the chained
Paasche and ﬁnally, the ﬁxed base Paasche is the lowest index. An increase in the slope of each graph
can clearly be seen for the last 8 months, reﬂecting the increase in the month to month inﬂation
rates that was built into the data for the last 12 months of the data set.*21

Fig. 16.1 Rolling Year Fixed Base and Chained Laspeyres Paasche and Fisher Indexes

t
t+1
As in the previous section, the current year weights, st,m
and σm
and st+1,m
and σm
, which
n
n
appear in the chain link formulae (16.16) to (16.18) or in the corresponding ﬁxed base formulae can
0
be approximated by the corresponding base year weights, s0,m
and σm
. This leads to the annual
n
approximate ﬁxed base and chained rolling year Laspeyres, Paasche and Fisher indexes listed in
Table 16.19.

*20
*21

See Diewert (2002c)[182] for a discussion of the measurement issues involved in choosing an index for inﬂation
targeting purposes.
The arithmetic average of the 36 month over month inﬂation rates for the rolling year ﬁxed base Fisher indexes
is 1.0091; the average of these rates for the ﬁrst 24 months is 1.0076, for the last 12 months is 1.0120 and for
the last 2 months is 1.0156. Hence the increased month to month inﬂation rates for the last year are not fully
reﬂected in the rolling year indices until a full 12 months have passed. However, the fact that inﬂation has
increased for the last 12 months of data compared to the earlier months is picked up almost immediately.
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Table. 16.19 Rolling Year Approximate Laspeyres, Paasche and Fisher Price Indexes

Year

Month

PAL (ﬁxed)

PAP (ﬁxed)

PAF (ﬁxed)

PAL (chain)

PAP (chain)

PAF (chain)

1970

12

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0082
1.0161
1.0257
1.0344
1.0427
1.0516
1.0617
1.0701
1.0750
1.0818
1.0937
1.1008

1.0074
1.0146
1.0233
1.0312
1.0390
1.0478
1.0574
1.0656
1.0702
1.0764
1.0881
1.0956

1.0078
1.0153
1.0245
1.0328
1.0409
1.0497
1.0596
1.0679
1.0726
1.0791
1.0909
1.0982

1.0082
1.0161
1.0257
1.0344
1.0427
1.0516
1.0617
1.0701
1.0750
1.0818
1.0937
1.1008

1.0074
1.0146
1.0233
1.0312
1.0390
1.0478
1.0574
1.0656
1.0702
1.0764
1.0881
1.0956

1.0078
1.0153
1.0245
1.0328
1.0409
1.0497
1.0596
1.0679
1.0726
1.0791
1.0909
1.0982

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1082
1.1183
1.1287
1.1362
1.1436
1.1530
1.1645
1.1757
1.1812
1.1881
1.1999
1.2091

1.1021
1.1110
1.1196
1.1260
1.1326
1.1415
1.1522
1.1620
1.1663
1.1710
1.1807
1.1903

1.1051
1.1147
1.1241
1.1310
1.1381
1.1472
1.1583
1.1689
1.1737
1.1795
1.1902
1.1996

1.1083
1.1182
1.1281
1.1354
1.1427
1.1520
1.1632
1.1739
1.1791
1.1851
1.1959
1.2051

1.1021
1.1112
1.1202
1.1268
1.1336
1.1427
1.1537
1.1642
1.1691
1.1747
1.1855
1.1952

1.1052
1.1147
1.1241
1.1311
1.1381
1.1473
1.1584
1.1691
1.1741
1.1799
1.1907
1.2002

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2184
1.2300
1.2425
1.2549
1.2687
1.2870
1.3070
1.3336
1.3492
1.3663
1.3932
1.4144

1.1980
1.2074
1.2165
1.2261
1.2379
1.2548
1.2716
1.2918
1.3063
1.3182
1.3387
1.3596

1.2082
1.2187
1.2295
1.2404
1.2532
1.2708
1.2892
1.3125
1.3276
1.3421
1.3657
1.3867

1.2142
1.2253
1.2367
1.2482
1.2615
1.2795
1.2985
1.3232
1.3386
1.3538
1.3782
1.3995

1.2033
1.2133
1.2235
1.2340
1.2464
1.2640
1.2821
1.3048
1.3203
1.3345
1.3579
1.3794

1.2087
1.2193
1.2301
1.2411
1.2540
1.2717
1.2903
1.3139
1.3294
1.3441
1.3680
1.3894
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Comparing the indexes in Tables 16.18 and 16.19, it can be seen that the approximate rolling
year ﬁxed base and chained Laspeyres, Paasche and Fisher indexes listed in Table 16.19 are very
close to their true rolling year counterparts listed in Table 16.18. In particular, the approximate
chain rolling year Fisher index (which can be computed using just base year expenditure share
information along with current information on prices) is very close to the preferred target index,
the rolling year chained Fisher index. In December of 1973, these two indexes diﬀer by only 0.014%
(1.3894/1.3892 = 1.00014). The indexes in Table 16.19 are charted in Figure 16.2. It can be seen
that Figures 16.1 and 16.2 are very similar; in particular, the Fisher ﬁxed base and chained indexes
are virtually identical in both ﬁgures.

Fig. 16.2 Rolling Year Approximate Fixed Base and Chained Laspeyres Paasche and Fisher Indexes

From the above tables, it can be seen that year over year monthly indexes and their generalizations
to rolling year indexes perform very well using the modiﬁed Turvey data set; i.e., like is compared to
like and the existence of seasonal commodities does not lead to erratic ﬂuctuations in the indexes.
The only drawback to the use of these indexes is that it seems that they cannot give any information
on short term month to month ﬂuctuations in prices. This is most evident if seasonal baskets are
totally diﬀerent for each month since in this case, there is no possibility of comparing prices on a
month to month basis. However, in the following section, it is shown how a current period year over
year monthly index can be used to predict a rolling year index that is centered at the current month.

16.6 Predicting a Rolling Year Index using a Current Period Year over
Year Monthly Index
It might be conjectured that under a regime where the long run trend in prices is smooth, changes
in the year over year inﬂation rate for this month compared to last month could give valuable
information about the long run trend in price inﬂation. For the modiﬁed Turvey data set, this
conjecture turns out to be true as will be seen below.
The basic idea will be illustrated using the ﬁxed base Laspeyres rolling year indexes that are listed
in Table 16.18 and the year over year monthly ﬁxed base Laspeyres indexes listed in Table 16.3.
In Table 16.18, the ﬁxed base Laspeyres rolling year entry for December of 1971 compares the 12
months of price and quantity data pertaining to 1971 with the corresponding prices and quantities
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pertaining to 1970. This index number is the ﬁrst entry in the ﬁrst column of Table 16.20 and
is labelled as PL . Thus in the ﬁrst column of Table 16.20, the ﬁxed base rolling year Laspeyres
index, PLRY taken from Table 16.18, is tabled starting at December of 1971 and carrying through
to December of 1973, which is 24 observations in all. Looking at the ﬁrst entry of this column, it
can be seen that the index is a weighted average of year over year price relatives over all 12 months
in 1970 and 1971. Thus this index is an average of year over year monthly price changes, centered
between June and July of the two years whose prices are being compared. Hence, an approximation
to this annual index could be obtained by taking the arithmetic average of the June and July year
over year monthly indexes pertaining to the years 1970 and 1971 (see the entries for months 6 and 7
for the year 1971 in Table 16.3, 1.0844 and 1.1103).*22 For the next rolling year ﬁxed base Laspeyres
index corresponding to the January of 1972 entry in Table 16.18, an approximation to this rolling
year index, PARY , could be obtained by taking the arithmetic average of the July and August year
over year monthly indexes pertaining to the years 1970 and 1971 (see the entries for months 7 and
8 for the year 1971 in Table 16.3, 1.1103 and 1.0783). These arithmetic averages of the two year
over year monthly indexes that are in the middle of the corresponding rolling year are listed in the
third column of Table 16.20. From Table 16.20, it can be seen that column 3, PARY , does not
approximate column 1 particularly well, since the approximate indexes in column 3 are seen to have
some pronounced seasonal ﬂuctuations whereas the rolling year indexes in column 1, PLRY , are free
from seasonal ﬂuctuations.
In the fourth column of Table 16.20, some seasonal adjustment factors are listed. For the ﬁrst 12
observations, the entries in column 4 are simply the ratios of the entries in column 1 divided by
the corresponding entries in column 3; i.e., for the ﬁrst 12 observations, the seasonal adjustment
factors, SAF , are simply the ratio of the rolling year indexes starting at December of 1971 divided
by the arithmetic average of the two year over year monthly indexes that are in the middle of the
corresponding rolling year.*23 The initial 12 seasonal adjustment factors are then just repeated for
the remaining entries for column 4.
Once the seasonal adjustment factors have been deﬁned, then the approximate rolling year index
PARY can be multiplied by the corresponding seasonal adjustment factor, SAF , in order to form
a seasonally adjusted approximate rolling year index, PSAARY , which is listed in column 2 of Table
16.20.
Comparing columns 1 and 2 in Table 16.20, the rolling year ﬁxed base Laspeyres index PLRY and
the seasonally adjusted approximate rolling year index PSAARY are identical for the ﬁrst 12 observations, which follows by construction since PSAARY equals the approximate rolling year index PARY
multiplied by the seasonal adjustment factor SAR which in turn is equal to the rolling year Laspeyres
index PLRY divided by PARY . However, starting at December of 1972, the rolling year index PLRY
diﬀers from the corresponding seasonally adjusted approximate rolling year index PSAARY . It can
be seen that for these last 13 months, PSAARY is surprisingly close to PLRY .*24
PLRY , PSAARY and PARY are graphed in Figure 16.3. Due to the acceleration in the monthly
inﬂation rate for the last year of data, it can be seen that the seasonally adjusted approximate
rolling year series, PSAARY , does not pick up this accelerated inﬂation rate for the ﬁrst few months
of the last year (it lies well below PLRY for February and March of 1973) but in general, it predicts
the corresponding centered year quite well.
*22

*23

*24

Obviously, if an average of the year over year monthly indexes for May, June, July and August were taken, a
better approximation to the annual index could be obtained and if an average of the year over year monthly
indexes for April, May, June, July, August and September were taken, an even better approximation could be
obtained to the annual index and so on.
Thus if SAF is greater than one, this means that the two months in the middle of the corresponding rolling
year have year over year rates of price increase that average out to a number below the overall average of the
year over year rates of price increase for the entire rolling year and conversely if SAF is less than one.
The means for the last 13 observations in columns 1 and 2 of Table 16.20 are 1.2980 and 1.2930. A regression
of PL on PSAARY leads to an R2 of 0.9662 with an estimated variance of the residual of .000214.
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Table. 16.20 Rolling Year Fixed Base Laspeyres and Seasonally Adjusted Approximate
Rolling Year Price Indexes
Year

Month

PLRY

PSAARY

PARY

SAF

1971

12

1.1008

1.1008

1.0973

1.0032

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1082
1.1183
1.1287
1.1362
1.1436
1.1530
1.1645
1.1757
1.1812
1.1881
1.1999
1.2091

1.1082
1.1183
1.1287
1.1362
1.1436
1.1530
1.1645
1.1757
1.1812
1.1881
1.1999
1.2087

1.0943
1.0638
1.0696
1.1092
1.1066
1.1454
1.2251
1.2752
1.2923
1.2484
1.1959
1.2049

1.0127
1.0512
1.0552
1.0243
1.0334
1.0066
0.9505
0.9220
0.9141
0.9517
1.0033
1.0032

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2184
1.2300
1.2425
1.2549
1.2687
1.2870
1.3070
1.3336
1.3492
1.3663
1.3932
1.4144

1.2249
1.2024
1.2060
1.2475
1.2664
1.2704
1.2979
1.3367
1.3658
1.3811
1.3827
1.4188

1.2096
1.1438
1.1429
1.2179
1.2255
1.2620
1.3655
1.4498
1.4943
1.4511
1.3783
1.4010

1.0127
1.0512
1.0552
1.0243
1.0334
1.0066
0.9505
0.9220
0.9141
0.9517
1.0032
1.0127

The above results for the modiﬁed Turvey data set are quite encouraging. If these results can be
replicated for other data sets, then it means that statistical agencies can use the latest information
on year over year monthly inﬂation to predict reasonably well the (seasonally adjusted) rolling year
inﬂation rate for a rolling year that is centered around the last two months. Thus policy makers
and other interested users of the Consumer Price Index can obtain a reasonably accurate forecast
of trend inﬂation (centered around the current month) some 6 months in advance before the ﬁnal
estimates are calculated.
The method of seasonal adjustment used in this section is rather crude compared to some of the
sophisticated econometric or statistical methods that are available. Thus these more sophisticated
methods could be used in order to improve the forecasts of trend inﬂation. However, it should be
noted that if improved forecasting methods are used, it will be useful to use the rolling year indexes
as targets for the forecasts rather than using a statistical package that simultaneously seasonally
adjusts current data and calculates a trend rate of inﬂation. What is being suggested here is that
the rolling year concept can be used in order to eliminate the lack of reproducibility in the estimates
of trend inﬂation that existing statistical methods of seasonal generate.*25
In this section and the previous sections, all of the suggested indexes have been based on year over
year monthly indexes and their averages. In the subsequent sections of this chapter, attention will
*25

The operator of a statistical seasonal adjustment package has to make somewhat arbitrary decisions on many
factors; e.g., are the seasonal factors additive or multiplicative? How long should the moving average be and
what type? Thus diﬀerent operators of the seasonal adjustment package will tend to produce diﬀerent estimates
of the trend and the seasonal factors.
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Fig. 16.3 Fixed Base Laspeyres, Seasonally Adjusted Approximate and Approximate Rolling
Year Indexes

be turned to more traditional price indexes that attempt to compare the prices in the current month
with the prices in a previous month.

16.7 Maximum Overlap Month to Month Price Indexes
A reasonable method for dealing with seasonal commodities in the context of picking a target index
for a month to month CPI is the following one:*26
• Determine the set of commodities that are present in the marketplace in both months of the
comparison.
• For this maximum overlap set of commodities, calculate one of the three indexes recommended
in previous chapters; i.e., calculate the Fisher, Walsh or Törnqvist Theil index.*27
Thus the bilateral index number formula is applied only to the subset of commodities that are present
in both periods.*28
The question now arises: should the comparison month and the base month be adjacent months
(thus leading to chained indexes) or should the base month be ﬁxed (leading to ﬁxed base indexes)?
It seems reasonable to prefer chained indexes over ﬁxed base indexes for two reasons:
• The set of seasonal commodities which overlaps during two consecutive months is likely to be
much larger than the set obtained by comparing the prices of any given month with a ﬁxed
base month (like January of a base year). Hence the comparisons made using chained indexes
*26
*27
*28

For more on the economic approach and the assumptions on consumer preferences that can justify month to
month maximum overlap indices, see Diewert (1999a; 51-56)[168].
In order to reduce the number of equations, deﬁnitions and tables, only the Fisher index will be considered in
detail in this chapter.
Keynes (1930; 95)[373] called this the highest common factor method for making bilateral index number comparisons. Of course, this target index drops those strongly seasonal commodities that are not present in the
marketplace during one of the two months being compared. Thus the index number comparison is not completely
comprehensive. Mudgett (1955; 46)[410] called the “error” in an index number comparison that is introduced
by the highest common factor method (or maximum overlap method) the “homogeneity error”.
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will be more comprehensive and accurate than those made using a ﬁxed base.
• In many economies, on average 2 or 3 percent of price quotes disappear each month due to
the introduction of new commodities and the disappearance of older ones. This rapid sample
attrition means that ﬁxed base indexes rapidly become unrepresentative and hence it seems
preferable to use chained indexes which can more closely follow marketplace developments.*29
It will be useful to review the notation at this point and deﬁne some new notation. Let there
be N commodities that are available in some month of some year and let pt,m
and qnt,m denote
n
30
the price and quantity of commodity n that is in the marketplace* in month m of year t (if
t,m
t,m
the commodity is unavailable, deﬁne pt,m
and qnt,m to be 0). Let pt,m ≡ [pt,m
n
1 , p2 , ..., pN ] and
t,m
] be the month m and year t price and quantity vectors respectively. Let
q t,m ≡ [q1t,m , q2t,m , ..., qN
S(t, m) be the set of commodities that is present in month m of year t and the following month.
Then the maximum overlap Laspeyres, Paasche and Fisher indexes going from month m of year t to
the following month can be deﬁned as follows:*31
∑
t,m+1 t,m
qn
n∈S(t,m) pn
t,m
t,m+1
t,m
m = 1, 2, ...11;
(16.20)
PL (p , p
, q , S(t, m)) ≡ ∑
t,m t,m ;
n∈S(t,m) pn qn
∑
t,m+1 t,m+1
qn
n∈S(t,m) pn
t,m
t,m+1
t,m+1
PP (p , p
,q
, S(t, m)) ≡ ∑
m = 1, 2, ...11;
(16.21)
t,m t,m+1 ;
n∈S(t,m) pn qn
PF (pt,m , pt,m+1 , q t,m , q t,m+1 , S(t, m))
[
]1/2
≡ PL (pt,m , pt,m+1 , q t,m , S(t, m))PP (pt,m , pt,m+1 , q t,m+1 , S(t, m))
;

m = 1, 2, ...11. (16.22)

Note that PL , PP and PF depend on the two (complete) price and quantity vectors pertaining to
months m and m + 1 of year t, pt,m , pt,m+1 , q t,m , q t,m+1 , but they also depend on the set S(t, m),
which is the set of commodities that are present in both months. Thus the commodity indices n that
are in the summations on the right hand sides of (16.20) to (16.22) include indices n that correspond
to commodities that are present in both months, which is the meaning of n ∈ S(t, m); i.e., n belongs
to the set S(t, m).
In order to rewrite deﬁnitions (16.20) to (16.22) in expenditure share and price relative form, some
additional notation is required. Deﬁne the expenditure shares of commodity n in month m and m+1
of year t, using the set of commodities that are present in month m of year t and the subsequent
month, as follows:
t,m
pt,m
n qn
t,m t,m ;
i∈S(t,m) pi qi

st,m
n (t, m) ≡ ∑

n ∈ S(t, m); m = 1, 2, ..., 11;

pt,m+1
qnt,m+1
n
t,m+1 t,m+1 ;
qi
i∈S(t,m) pi

st,m+1
(t, m) ≡ ∑
n

n ∈ S(t, m); m = 1, 2, ..., 11.

(16.23)
(16.24)

The notation in (16.23) and (16.24) is rather messy because st,m+1
(t, m) has to be distinguished
n
t,m+1
from st,m+1
(t,
m
+
1).
The
expenditure
share
s
(t,
m)
is
the
share
of commodity n in month
n
n
m + 1 of year t but where n is restricted to the set of commodities that are present in month m of
year t and the subsequent month whereas st,m+1
(t, m + 1) is the share of commodity n in month
n
*29
*30

*31

This rapid sample degradation essentially forces some form of chaining at the elementary level in any case.
t,m
at the ﬁnest level
and qn
It is necessary to have a target concept for the individual prices and quantities pt,m
n
of aggregation. Under most circumstances, these target concepts can be taken to be unit values for prices and
total quantities consumed for the quantities.
The formulae are slightly diﬀerent for the indices that go from December to January of the following year. In
order to simplify the exposition, these formulae are left for the reader.
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m + 1 of year t but where n is restricted to the set of commodities that are present in month m + 1
of year t and the subsequent month. Thus the set of superscripts, t, m + 1 in st,m+1
(t, m), indicates
n
that the expenditure share is calculated using the price and quantity data of month m + 1 of year
t and (t, m) indicates that the set of admissible commodities is restricted to the set of commodities
that are present in both month m of year and the subsequent month.
Now deﬁne vectors of expenditure shares. If commodity n is present in month m of year
t and the following month, deﬁne st,m
n (t, m) using (16.23); if this is not the case, deﬁne
st,m
(t,
m)
=
0.
Similarly,
if
commodity
n is present in month m of year t and the follown
t,m+1
ing month, deﬁne sn
(t, m) using (16.24); if this is not the case, deﬁne st,m+1
(t, m) = 0.
n
t,m
t,m
Now deﬁne the N dimensional vectors st,m (t, m) ≡ [st,m
(t,
m),
s
(t,
m),
...,
s
1
2
N (t, m)] and
t,m+1
t,m+1
t,m+1
t,m+1
(t, m)]. Using these share deﬁnitions, the month
s
(t, m) ≡ [s1
(t, m), s2
(t, m), ..., sN
to month Laspeyres, Paasche and Fisher formulae (16.20) to (16.22) can also be rewritten in
expenditure share and price form as follows:
∑
t,m+1
PL (pt,m , pt,m+1 , st,m (t, m)) ≡
st,m
/pt,m
(16.25)
n (t, m)(pn
n ); m = 1, 2, ...11;
n∈S(t,m)
]−1
[∑
t,m+1
t,m −1
(t,
m)(p
/p
)
; m = 1, 2, ...11;
st,m+1
PP (pt,m , pt,m+1 , st,m+1 (t, m)) ≡
n
n
n
n∈S(t,m)

(16.26)
PF (pt,m , pt,m+1 , st,m (t, m), st,m+1 (t, m))
]1/2 [∑
[∑
t,m
t,m+1
t,m
/pn )
sn (t, m)(pn
≡
n∈S(t,m)

n∈S(t,m)

−1
/pt,m
(t, m)(pt,m+1
st,m+1
n )
n
n

m = 1, 2, ...11.

]−1/2
;
(16.27)

It is important to recognize that the expenditure shares st,m
n (t, m) that appear in the maximum
overlap month to month Laspeyres index deﬁned by (16.25) are not the expenditure shares that
could be taken from a consumer expenditure survey for month m of year t: instead, they are
the shares that result after expenditures on seasonal commodities that are present in month m of
year t but are not present in the following month are dropped. Similarly, the expenditure shares
st,m+1
(t, m) that appear in the maximum overlap month to month Paasche index deﬁned by (16.26)
n
are not the expenditure shares that could be taken from a consumer expenditure survey for month
m + 1 of year t: instead, they are the shares that result after expenditures on seasonal commodities
that are present in month m + 1 of year t but are not present in the preceding month are dropped.*32
The maximum overlap month to month Fisher index deﬁned by (16.27) is the geometric mean of the
Laspeyres and Paasche indexes deﬁned by (16.25) and (16.26).
Table 16.21 lists the maximum overlap chained month to month Laspeyres, Paasche and Fisher price
indexes for the data listed in section 16.2 above. These indexes are deﬁned by equations (16.25),
(16.26) and (16.27) above.

*32

It is important that the expenditure shares that are used in an index number formula add up to unity. The use
of unadjusted expenditure shares from a household expenditure survey would lead to a systematic bias in the
index number formula.
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Table. 16.21 Month to Month Maximum Overlap Chained Laspeyres, Paasche and Fisher Price Indexes
Year

Month

PL

PP

PF

1970

1
2
3
4
5
6
7
8
9
10
11
12

1.0000
0.9766
0.9587
1.0290
1.1447
1.1118
1.1167
1.1307
1.0033
0.9996
1.0574
1.0151

1.0000
0.9787
0.9594
1.0534
1.1752
1.0146
1.0102
0.7924
0.6717
0.6212
0.6289
0.5787

1.0000
0.9777
0.9590
1.0411
1.1598
1.0621
1.0621
0.9465
0.8209
0.7880
0.8155
0.7665

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0705
1.0412
1.0549
1.1409
1.2416
1.1854
1.2167
1.2230
1.0575
1.0497
1.1240
1.0404

0.6075
0.5938
0.6005
0.6564
0.7150
0.6006
0.6049
0.4838
0.4055
0.3837
0.3905
0.3471

0.8064
0.7863
0.7959
0.8654
0.9422
0.8438
0.8579
0.7692
0.6548
0.6346
0.6626
0.6009

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.0976
1.1027
1.1291
1.1974
1.2818
1.2182
1.2838
1.2531
1.0445
1.0335
1.1087
1.0321

0.3655
0.3679
0.3765
0.4014
0.4290
0.3553
0.3637
0.2794
0.2283
0.2203
0.2256
0.1995

0.6334
0.6369
0.6520
0.6933
0.7415
0.6579
0.6833
0.5916
0.4883
0.4771
0.5001
0.4538

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.0866
1.1140
1.1532
1.2493
1.3315
1.2594
1.3585
1.3251
1.0632
1.0574
1.1429
1.0504

0.2097
0.2152
0.2225
0.2398
0.2544
0.2085
0.2160
0.1656
0.1330
0.1326
0.1377
0.1204

0.4774
0.4897
0.5065
0.5474
0.5821
0.5124
0.5416
0.4684
0.3760
0.3744
0.3967
0.3556
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The chained maximum overlap Laspeyres, Paasche and Fisher indexes for December of 1973 are
1.0504, 0.1204 and 0.3556 respectively. Comparing these results to the year over year results listed
in Tables 16.3, 16.4 and 16.5 indicates that the results in Table 16.21 are not at all realistic! These
hugely diﬀerent direct indexes compared with the last row of Table 16.21 indicate that the maximum
overlap indices suﬀer from a serious downward bias for the artiﬁcial data set.
What are the factors that can explain this downward bias? It is evident that part of the problem has
to do with the seasonal pattern of prices for peaches and strawberries (commodities 2 and 4). These
are the commodities that are not present in the marketplace for each month of the year. For the
ﬁrst month of the year when these commodities become available, they come into the marketplace at
relatively high prices and then in subsequent months, their prices drop substantially. The eﬀects of
these initially high prices (compared to the relatively low prices that prevailed in the last month that
the commodities were available in the previous year) are not captured by the maximum overlap month
to month indexes and so the resulting indexes build up a tremendous downward bias. The downward
bias is most pronounced in the Paasche indexes, which use the quantities of the current month, which
are relatively large compared to the quantities in the initial month when the commodities become
available, reﬂecting the eﬀects of lower prices as the quantity dumped in the market increases.
Table 16.22 lists the results using chained Laspeyres, Paasche and Fisher indexes for the artiﬁcial
data set where the strongly seasonal commodities 2 and 4 are dropped from each comparison of
prices. Thus the indexes in Table 16.22 are the usual chained Laspeyres, Paasche and Fisher indexes
restricted to commodities 1, 3 and 5, which are available in each season. These indexes are labelled
as PL (3), PP (3) and PF (3).

16.7 Maximum Overlap Month to Month Price Indexes
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Table. 16.22 Month to Month Chained Laspeyres, Paasche and Fisher Price Indexes
Year

Month

PL (3)

PP (3)

PF (3)

PL (2)

PP (2)

PF (2)

1970

1
2
3
4
5
6
7
8
9
10
11
12

1.0000
0.9766
0.9587
1.0290
1.1447
1.2070
1.2694
1.3248
1.0630
0.9759
1.0324
0.9911

1.0000
0.9787
0.9594
1.0534
1.1752
1.2399
1.3044
1.1537
0.9005
0.8173
0.8274
0.7614

1.0000
0.9777
0.9590
1.0411
1.1598
1.2233
1.2868
1.2363
0.9784
0.8931
0.9242
0.8687

1.0000
0.9751
0.9522
1.0223
1.1377
1.2006
1.2729
1.3419
1.1156
0.9944
0.9839
0.9214

1.0000
0.9780
0.9574
1.0515
1.1745
1.2424
1.3204
1.3916
1.1389
1.0087
0.9975
0.9110

1.0000
0.9765
0.9548
1.0368
1.1559
1.2214
1.2964
1.3665
1.1272
1.0015
0.9907
0.9162

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0452
1.0165
1.0300
1.1139
1.2122
1.2631
1.3127
1.3602
1.1232
1.0576
1.1325
1.0482

0.7993
0.7813
0.7900
0.8636
0.9407
0.9809
1.0170
0.9380
0.7532
0.7045
0.7171
0.6373

0.9140
0.8912
0.9020
0.9808
1.0679
1.1131
1.1554
1.1296
0.9198
0.8632
0.9012
0.8174

0.9713
0.9420
0.9509
1.0286
1.1198
1.1682
1.2269
1.2810
1.1057
1.0194
1.0126
0.9145

0.9562
0.9336
0.9429
1.0309
1.1260
1.1763
1.2369
1.2913
1.0988
1.0097
1.0032
0.8841

0.9637
0.9378
0.9469
1.0298
1.1229
1.1723
1.2319
1.2861
1.1022
1.0145
1.0079
0.8992

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1059
1.1111
1.1377
1.2064
1.2915
1.3507
1.4091
1.4181
1.1868
1.1450
1.2283
1.1435

0.6711
0.6755
0.6912
0.7371
0.7876
0.8235
0.8577
0.7322
0.5938
0.5696
0.5835
0.5161

0.8615
0.8663
0.8868
0.9430
1.0086
1.0546
1.0993
1.0190
0.8395
0.8076
0.8466
0.7682

0.9652
0.9664
0.9863
1.0459
1.1202
1.1732
1.2334
1.2562
1.1204
1.0614
1.0592
0.9480

0.9311
0.9359
0.9567
1.0201
1.0951
1.1470
1.2069
1.2294
1.0850
1.0251
1.0222
0.8935

0.9480
0.9510
0.9714
1.0329
1.1075
1.1600
1.2201
1.2427
1.1026
1.0431
1.0405
0.9204

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2038
1.2342
1.2776
1.3841
1.4752
1.5398
1.6038
1.6183
1.3927
1.3908
1.5033
1.3816

0.5424
0.5567
0.5755
0.6203
0.6581
0.6865
0.7136
0.6110
0.5119
0.5106
0.5305
0.4637

0.8081
0.8289
0.8574
0.9266
0.9853
1.0281
1.0698
0.9944
0.8443
0.8427
0.8930
0.8004

1.0033
1.0240
1.0571
1.1451
1.2211
1.2763
1.3395
1.3662
1.2530
1.2505
1.2643
1.1159

0.9408
0.9639
0.9955
1.0728
1.1446
1.1957
1.2542
1.2792
1.1649
1.1609
1.1743
1.0142

0.9715
0.9935
1.0259
1.1084
1.1822
1.2354
1.2962
1.3220
1.2081
1.2049
1.2184
1.0638
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The chained Laspeyres, Paasche and Fisher indexes (using only the 3 always present commodities)
for January of 1973 are 1.2038, 0.5424 and 0.8081 respectively. From Tables 16.8, 16.9 and 16.10, the
chained year over year Laspeyres, Paasche and Fisher indexes for January of 1973 are 1.3274, 1.3243
and 1.3258 respectively. Thus the chained indexes using the always present commodities which are
listed in Table 16.22 evidently suﬀer from substantial downward biases.
If the data in Tables 16.1 and 16.2 are examined, it can be seen that the quantities of grapes
(commodity 3) on the marketplace varies tremendously over the course of a year with substantial
increases in price for the months when grapes are almost out of season. Thus the price of grapes
decreases substantially as the quantity in the marketplace increases during the last half of each year
but the annual substantial increase in the price of grapes takes place in the ﬁrst half of the year
when quantities in the market are small. This pattern of seasonal price and quantity changes will
cause the overall index to take on a downward bias.*33 To verify that this conjecture is true, see the
last 3 columns of Table 16.22 where chained Laspeyres, Paasche and Fisher indexes are calculated
using only commodities 1 and 5. These indexes are labelled as PL (2), PP (2) and PF (2) respectively
and for January of 1973, they are equal to 1.0033, 0.9408 and 0.9715 respectively. These estimates
based on two always present commodities are much closer to the chained year over year Laspeyres,
Paasche and Fisher indexes for January of 1973, which were 1.3274, 1.3243 and 1.3258 respectively,
than the estimates based on the three always present commodities but it can be seen that the chained
Laspeyres, Paasche and Fisher indexes restricted to commodities 1 and 5 still have very substantial
downward biases for the artiﬁcial data set. Basically, the problems are caused by the high volumes
associated with low or declining prices and the low volumes caused by high or rising prices. These
weight eﬀects make the seasonal price declines bigger than the seasonal price increases using month
to month index number formulae with variable weights.*34
In addition to the downward biases that show up in Tables 16.21 and 16.22, all of these month to
month chained indexes show substantial seasonal ﬂuctuations in prices over the course of a year.
Hence these month to month indexes are of little use to policy makers who are interested in short
term inﬂationary trends. Thus if the purpose of the month to month consumer price index is to
indicate changes in general inﬂation, then statistical agencies should be cautious about including
commodities that show strong seasonal ﬂuctuations in prices in the month to month index.*35 If
seasonal commodities are included in a month to month index that is meant to indicate general
inﬂation, then a seasonal adjustment procedure should be used to remove these strong seasonal
ﬂuctuations. Some simple types of seasonal adjustment procedures will be considered in section
16.11 below.
The rather poor performance of the month to month indexes listed in the last two tables does not
always occur in the context of seasonal commodities. In the context of calculating import and export
*33

*34

*35

Baldwin (1990)[21] used the Turvey data to illustrate various treatments of seasonal commodities and has a
very good discussion of what causes various month to month indexes to behave badly. “It is a sad fact that for
some seasonal commodity groups, monthly price changes are not meaningful, whatever the choice of formula.”
Andrew Baldwin (1990; 264)[21].
This remark has an application to the chapter on elementary indices where irregular sales during the course of
a year could induce a similar downward bias in a month to month index that used monthly weights. Another
problem with month to month chained indexes is that purchases and sales of individual commodities can become
quite irregular as the time period becomes shorter and shorter and the problem of zero purchases and sales
becomes more pronounced. Feenstra and Shapiro (2003; 125)[265] ﬁnd an upward bias for their chained weekly
indexes for canned tuna compared to a ﬁxed base index; their bias was caused by variable weight eﬀects due
to the timing of advertising expenditures. In general, these drift eﬀects of chained indexes can be reduced by
lengthening the time period, so that the trends in the data become more prominent than the high frequency
ﬂuctuations.
However, if the purpose of the index is to compare the prices that consumers actually face in two consecutive
months, ignoring the possibility that the consumer may regard a seasonal good as being qualitatively diﬀerent
in the two months, then the production of a month to month Consumer Price Index that has large seasonal
ﬂuctuations can be justiﬁed.
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price indexes using quarterly data for the U.S., Alterman, Diewert and Feenstra (1999)[10] found
that maximum overlap month to month indexes worked reasonably well.*36 However, statistical
agencies should check that their month to month indexes are at least approximately consistent with
the corresponding year over year indexes.
Obviously the various Paasche and Fisher indexes computed in this section could be approximated by
indexes that replaced all current period expenditure shares by the corresponding expenditure shares
from the base year. These approximate Paasche and Fisher indexes will not be reproduced here since
they resemble their “true” counterparts and hence are also subject to tremendous downward bias.

16.8 Annual Basket Indexes with Carry Forward of Unavailable Prices
Recall that the Lowe (1823)[395] index deﬁned in earlier chapters had two reference periods:*37
• A reference period for the vector of quantity weights and
• A reference period for the base period prices.
The Lowe index for month m say was deﬁned by the following formula:
∑N
pm
n qn
PLO (p0 , pm , q) ≡ ∑n=1
N
0
n=1 pn qn

(16.28)

m
where p0 ≡ [p01 , . . . , p0N ] is the base month price vector, pm ≡ [pm
1 , . . . , pN ] is the current month m
price vector and q ≡ [q1 , . . . , qN ] is the base year reference quantity vector. For the purposes of this
section, where the modiﬁed Turvey data set is used to numerically illustrate the index, the base year
will be taken to be 1970 and the resulting base year quantity vector turns out to be:

q ≡ [q1 , . . . , q5 ] = [53889, 12881, 9198, 5379, 68653].

(16.29)

The base period for the prices will be taken to be December of 1970. For prices that are not available
in the current month, the last available price is carried forward. The resulting Lowe index with carry
forward of missing prices using the modiﬁed Turvey data set can be found in column 1 of Table 16.23.
Baldwin’s comments on this type of Annual Basket (AB) index are worth quoting at length:
“For seasonal goods, the AB index is best considered an index partially adjusted for seasonal
variation. It is based on annual quantities, which do not reﬂect the seasonal ﬂuctuations in
the volume of purchases, and on raw monthly prices, which do incorporate seasonal price
ﬂuctuations. Zarnowitz (1961; 256-257)[551] calls it an index of ‘a hybrid sort’. Being neither
of sea nor land, it does not provide an appropriate measure either of monthly or 12 month price
change. The question that an AB index answers with respect to price change from January to
February say, or January of one year to January of the next, is ‘What would have the change in
consumer prices have been if there were no seasonality in purchases in the months in question,
but prices nonetheless retained their own seasonal behaviour?’ It is hard to believe that this
is a question that anyone would be interested in asking. On the other hand, the 12 month
ratio of an AB index based on seasonally adjusted prices would be conceptually valid, if one
were interested in eliminating seasonal inﬂuences.” Andrew Baldwin (1990; 258)[21].

*36

*37

They checked the validity of their month to month indexes by cumulating them for 4 quarters and comparing
them to the corresponding year over year indices and found only relatively small diﬀerences. However, note that
irregular high frequency ﬂuctuations will tend to be smaller for quarters than for months and hence chained
quarterly indexes can be expected to perform better than chained monthly or weekly indexes.
In the context of seasonal price indexes, this type of index corresponds to Bean and Stine’s (1924; 31)[54] Type
A index.
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In spite of Baldwin’s somewhat negative comments on the Lowe index, it is the index that is preferred
by many statistical agencies so it is necessary to study its properties in the context of strongly seasonal
data.
Recall that the Young (1812)[549] index was deﬁned in earlier chapters as follows:
PY (p0 , pm , s) ≡

∑N
n=1

0
sn (pm
n /pn )

(16.30)

where s ≡ [s1 , . . . , sN ] is the base year reference vector of expenditure shares. For the purposes of
this section, where the modiﬁed Turvey data set is used to numerically illustrate the index, the base
year will be taken to be 1970 and the resulting base year expenditure share vector turns out to be:
s ≡ [s1 , . . . , s5 ] = [.3284, .1029, .0674, .0863, .4149].

(16.31)

Again, the base period for the prices will be taken to be December of 1970. For prices that are not
available in the current month, the last available price is carried forward. The resulting Young index
with carry forward of missing prices using the modiﬁed Turvey data set can be found in column 2
of Table 16.23.
The geometric Laspeyres index was deﬁned in earlier chapters as follows:
PGL (p0 , pm , s) ≡

∏N
n=1

0 sn
(pm
n /pn )

(16.32)

Thus the geometric Laspeyres index makes use of the same information as the Young index except
that a geometric average of the price relatives is taken instead of an arithmetic one. Again, the base
year is taken to be 1970 and the base period for prices is taken to be December of 1970 and the index
is illustrated using the modiﬁed Turvey data set with carry forward of missing prices; see column 3
of Table 16.23.
It is of interest to compare the above three indexes that use annual baskets to the ﬁxed base Laspeyres
rolling year indexes computed earlier. However, the rolling year index that ends in the current month
is centered ﬁve and a half months backwards. Hence the above 3 annual basket type indexes will be
compared with an arithmetic average of two rolling year indexes that have their last month moved
5 and 6 months forward. This latter centered rolling year index is labelled PCRY and is listed in the
last column of Table 16.23.*38 Note that 0’s are entered for the last six rows of this column since
the data set does not extend 6 months into 1975 and so the centered rolling year indexes cannot be
calculated for these last 6 months.
It can be seen that the Lowe, Young and Geometric Laspeyres indexes have a considerable amount
of seasonality in them and do not at all approximate their rolling year counterparts listed in the last
column of Table 16.23.*39 Hence, without seasonal adjustment, the Lowe, Young and Geometric
Laspeyres indexes are not suitable predictors for their seasonally adjusted rolling year counterparts.*40 The four series, PLO , PY , PGL and PCRY listed in Table 16.23 are also plotted in Figure
16.4. It can be seen that the Young price index is generally the highest, followed by the Lowe index
and the Geometric Laspeyres is the lowest of the three month to month indexes. The centered rolling
year Laspeyres counterpart index, PCRY , is generally below the other three indexes (and of course
does not have the strong seasonal movements of the other three series) but it moves in a roughly
*38
*39

*40

This series was normalized to equal 1 in December of 1970 so that it would be comparable to the other month
to month indexes.
The sample means of the four indexes are 1.2935 (Lowe), 1.3110 (Young), 1.2877 (Geometric Laspeyres) and
1.1282 (rolling year). Of course, the geometric Laspeyres indexes will always be equal to or less than their
Young counterparts since a weighted geometric mean is always equal to or less than the corresponding weighted
arithmetic mean.
In section 16.11 below, the Lowe, Young and Geometric Laspeyres indexes will be seasonally adjusted.
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Table. 16.23 Lowe, Young, Geometric Laspeyres and Centered Rolling Year Indexes with
Carry Forward Prices
Year

Month

PLO

PY

PGL

PCRY

1970

12

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0554
1.0711
1.1500
1.2251
1.3489
1.4428
1.3789
1.3378
1.1952
1.1543
1.1639
1.0824

1.0609
1.0806
1.1452
1.2273
1.3652
1.4487
1.4058
1.3797
1.2187
1.1662
1.1723
1.0932

1.0595
1.0730
1.1187
1.1942
1.3249
1.4068
1.3819
1.3409
1.1956
1.1507
1.1648
1.0900

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0965

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1370
1.1731
1.2455
1.3155
1.4262
1.5790
1.5297
1.4416
1.3038
1.2752
1.2852
1.1844

1.1523
1.1897
1.2539
1.3266
1.4508
1.5860
1.5550
1.4851
1.3342
1.2960
1.3034
1.2032

1.1465
1.1810
1.2363
1.3018
1.4183
1.5446
1.5349
1.4456
1.2974
1.2668
1.2846
1.1938

1.1065
1.1174
1.1254
1.1313
1.1402
1.1502
1.1591
1.1690
1.1806
1.1924
1.2049
1.2203

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2427
1.3003
1.3699
1.4691
1.5972
1.8480
1.7706
1.6779
1.5253
1.5371
1.5634
1.4181

1.2710
1.3308
1.3951
1.4924
1.6329
1.8541
1.8010
1.7265
1.5676
1.5746
1.5987
1.4521

1.2518
1.3103
1.3735
1.4675
1.5962
1.7904
1.7711
1.6745
1.5072
1.5155
1.5525
1.4236

1.2386
1.2608
1.2809
1.2966
1.3176
1.3406
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

parallel fashion to the other three indexes.*41 Note that the seasonal movements of PLO , PY and
PGL are quite regular and this regularity will be exploited in section 16.11 below in order to use
these month to month indexes to predict their rolling year counterparts.
Part of the problem may be the fact that the prices of strongly seasonal goods have been carried
forward for the months when the commodities are not available. This will tend to add to the amount
of seasonal movements in the indexes, particularly when there is high general inﬂation. Thus in the
following section, the Lowe, Young and Geometric Laspeyres indexes will be recomputed using an
imputation method for the missing prices rather than simply carrying forward the last available
*41

In Figure 16.4, PCRY is artiﬁcially set equal to the June 1973 value for the index, which is the last month that
the centered index can be constructed from the available data.

430

Chapter 16 The Treatment of Seasonal Products

Fig. 16.4 Lowe, Young, Geometric Laspeyres and Centered Rolling Year Laspeyres Indexes

price.

16.9 Annual Basket Indexes with Imputation of Unavailable Prices
Instead of simply carrying forward the last available price of a seasonal commodity that is not sold
during a particular month, it is possible to use an imputation method to ﬁll in the missing prices.
Alternative imputation methods are discussed by Armknecht and Maitland-Smith (1999)[12] and
Feenstra and Diewert (2001)[263] but the basic idea is to take the last available price and impute
prices for the missing periods that trend with another index. This other index could be an index
of available prices for the general category of commodity or higher level components of the CPI.
For the purposes of this section, the imputation index is taken to be a price index that grows at
the multiplicative rate of 1.008 since the ﬁxed base rolling year Laspeyres indexes for the modiﬁed
Turvey data set grow at approximately .8% per month.*42 Using this imputation method to ﬁll in
the missing prices, the Lowe, Young and Geometric Laspeyres indexes deﬁned in the previous section
can be recomputed. The resulting indexes are listed in Table 16.24 along with the centered rolling
year index PCRY for comparison purposes.
As could be expected, on average the Lowe, Young and Geometric Laspeyres indexes that used
imputed prices are on average a bit higher than their counterparts that used carry forward prices
but the variability of the imputed indexes is generally a bit lower.*43 The series that are listed in
Table 16.24 are also plotted in Figure 16.5. It can be seen that the Lowe, Young and Geometric
Laspeyres indexes that use imputed prices still have a huge amount of seasonality in them and do not

*42
*43

For the last year of data, the imputation index is escalated by an additional monthly growth rate of 1.008.
For the Lowe indexes, the mean for the ﬁrst 31 observations increases (with imputed prices) from 1.3009 to
1.3047 but the standard deviation decreases from .18356 to .18319; for the Young indexes, the mean for the
ﬁrst 31 observations increases from 1.3186 to 1.3224 but the standard deviation decreases from .18781 to .18730
and for the Geometric Laspeyres indexes, the mean for the ﬁrst 31 observations increases from 1.2949 to 1.2994
and the standard deviation also increases slightly from .17582 to .17599. The imputed indexes are preferred to
the carry forward indexes on general methodological grounds: in high inﬂation environments, the carry forward
indexes will be subject to sudden jumps as the previously unavailable commodities become available.
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Table. 16.24 Lowe, Young, Geometric Laspeyres and Centered Rolling Year Indexes with Imputed Prices
Year

Month

PLOI

PY I

PGLI

PCRY

1970

12

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0568
1.0742
1.1545
1.2312
1.3524
1.4405
1.3768
1.3364
1.1949
1.1548
1.1661
1.0863

1.0624
1.0836
1.1498
1.2334
1.3682
1.4464
1.4038
1.3789
1.2187
1.1670
1.1747
1.0972

1.0611
1.0762
1.1238
1.2014
1.3295
1.4047
1.3798
1.3398
1.1955
1.1514
1.1672
1.0939

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0965

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1426
1.1803
1.2544
1.3260
1.4306
1.5765
1.5273
1.4402
1.3034
1.2758
1.2875
1.1888

1.1580
1.1971
1.2630
1.3374
1.4545
1.5831
1.5527
1.4841
1.3343
1.2970
1.3062
1.2078

1.1523
1.1888
1.2463
1.3143
1.4244
1.5423
1.5326
1.4444
1.2972
1.2675
1.2873
1.1981

1.1065
1.1174
1.1254
1.1313
1.1402
1.1502
1.1591
1.1690
1.1806
1.1924
1.2049
1.2203

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2506
1.3119
1.3852
1.4881
1.6064
1.8451
1.7679
1.6773
1.5271
1.5410
1.5715
1.4307

1.2791
1.3426
1.4106
1.5115
1.6410
1.8505
1.7981
1.7263
1.5700
1.5792
1.6075
1.4651

1.2601
1.3230
1.3909
1.4907
1.6095
1.7877
1.7684
1.6743
1.5090
1.5195
1.5613
1.4359

1.2386
1.2608
1.2809
1.2966
1.3176
1.3406
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

closely approximate their rolling year counterparts listed in the last column of Table 16.24.*44 Hence,
without seasonal adjustment, the Lowe, Young and Geometric Laspeyres indexes using imputed
prices are not suitable predictors for their seasonally adjusted rolling year counterparts.*45 As these
indexes stand, they are not suitable as measures of general inﬂation going from month to month.

*44
*45

Note also that Figures 16.4 and 16.5 are very similar.
In section 16.11 below, the Lowe, Young and Geometric Laspeyres indexes using imputed prices will be seasonally
adjusted.
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Fig. 16.5 Lowe, Young and Geometric Laspeyres with Imputed Prices and Centered Rolling Year Indexes

16.10 Bean and Stine Type C or Rothwell Indexes
The ﬁnal month to month index*46 that will be considered in this chapter is the Bean and Stine
Type C (1924; 31)[54] or Rothwell (1958; 72)[452] index.*47 This index makes use of seasonal baskets
in the base year, denoted as the vectors q 0,m for the months m = 1, 2, . . . , 12. The index also makes
use of a vector of base year unit value prices, p0 ≡ [p01 , . . . , p05 ] where the nth price in this vector is
deﬁned as:
∑12
0,m 0,m
0
m=1 pn qn
pn ≡ ∑
; n = 1, 2, . . . , 5.
(16.33)
12
0,m
m=1 qn
The Rothwell price index for month m in year t can now be deﬁned as follows:
∑5
0,m
pt,m
n qn
0
t,m
0,m
PR (p , p , q ) ≡ ∑n=1
; m = 1, . . . , 12.
5
0 0,m
n=1 pn qn

(16.34)

Thus as the month changes, the quantity weights for the index change and hence the month to month
movements in this index are a mixture of price and quantity changes.*48
Using the modiﬁed Turvey data set, the base year is chosen to be 1970 as usual and the index
is started oﬀ at December of 1970. The Rothwell index PR is compared to the Lowe index with
carry forward of missing prices PLO in Table 16.25. To make the series a bit more comparable, the
normalized Rothwell index PN R is also listed in Table 16.25; this index is simply equal to the original
Rothwell index divided by its ﬁrst observation.

*46
*47
*48

For other suggested month to month indices in the seasonal context, see Balk (1980a)[27] (1980b)[28] (1980c)[29]
(1981)[30].
This is the index favored by Baldwin (1990; 271)[21] and many other price statisticians in the context of seasonal
commodities.
Rothwell (1958; 72)[452] showed that the month to month movements in the index have the form of an expenditure ratio divided by a quantity index.
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Table. 16.25 The Lowe with Carry Forward Prices, Rothwell and Normalized Rothwell Indexes
Year

Month

PLO

PN R

PR

1970

12

1.0000

1.0000

0.9750

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0554
1.0711
1.1500
1.2251
1.3489
1.4428
1.3789
1.3378
1.1952
1.1543
1.1639
1.0824

1.0571
1.0234
1.0326
1.1288
1.3046
1.2073
1.2635
1.2305
1.0531
1.0335
1.1432
1.0849

1.0306
0.9978
1.0068
1.1006
1.2720
1.1771
1.2319
1.1997
1.0268
1.0077
1.1146
1.0577

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.1370
1.1731
1.2455
1.3155
1.4262
1.5790
1.5297
1.4416
1.3038
1.2752
1.2852
1.1844

1.1500
1.1504
1.1752
1.2561
1.4245
1.3064
1.4071
1.3495
1.1090
1.1197
1.2714
1.1960

1.1212
1.1216
1.1459
1.2247
1.3889
1.2737
1.3719
1.3158
1.0813
1.0917
1.2396
1.1661

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.2427
1.3003
1.3699
1.4691
1.5972
1.8480
1.7706
1.6779
1.5253
1.5371
1.5634
1.4181

1.2664
1.2971
1.3467
1.4658
1.6491
1.4987
1.6569
1.6306
1.2683
1.3331
1.5652
1.4505

1.2348
1.2647
1.3130
1.4292
1.6078
1.4612
1.6155
1.5898
1.2366
1.2998
1.5261
1.4143

Viewing Figure 16.6, which plots the Lowe index with the carry forward of the last price and the
normalized Rothwell index, it can be seen that the Rothwell index has smaller seasonal movements
than the Lowe index and it is less volatile in general.*49 However, it is evident that there still are
large seasonal movements in the Rothwell index and it may not be a suitable index for measuring
general inﬂation without some sort of seasonal adjustment.
In the following section, the annual basket type indexes (with and without imputation) deﬁned
earlier in sections 16.8 and 16.9 will be seasonally adjusted using essentially the same method that
was used in section 16.6.

*49

For all 37 observations in Table 16.22, 16.25, the Lowe index has a mean of 1.3465 and a standard deviation of
.20313 while the normalized Rothwell has a mean of 1.2677 and a standard deviation of .18271.
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Fig. 16.6 The Lowe and Rothwell Prices Indexes

16.11 Forecasting Rolling Year Indexes using Month to Month Annual
Basket Indexes
Recall Table 16.23 in section 16.8 which tabled the Lowe, Young, Geometric Laspeyres (using carry
forward prices) and the centered rolling year indexes for the 37 observations running from December
1970 to December 1973: PLO , PY , PGL and PCRY respectively. For each of the ﬁrst three series,
deﬁne a seasonal adjustment factor, SAF , as the centered rolling year index PCRY divided by
PLO , PY and PGL respectively for the ﬁrst 12 observations. Now for each of the three series, repeat
these 12 seasonal adjustment factors for observations 13 to 24 and then repeat them again for the
remaining observations. These operations will create 3 SAF series for all 37 observations (label
them SAFLO , SAFY and SAFGL respectively) but of course, only the ﬁrst 12 observations in the
PLO , PY , PGL and PCRY series are used to create the 3 SAF series. Finally, deﬁne seasonally
adjusted Lowe, Young and Geometric Laspeyres indexes by multiplying each unadjusted index by
the appropriate seasonal adjustment factor:
PLOSA ≡ PLO SAFLO ; PY SA ≡ PY SAFY ; PGLSA ≡ PGL SAFGL .

(16.35)

These 3 seasonally adjusted annual basket type indexes are listed in Table 16.26 along with the
target index, the centered rolling year index, PCRY .
The 4 series in Table 16.26 coincide for their ﬁrst 12 observations, which follows from the way the
seasonally adjusted series were deﬁned. Also, the last 6 observations are missing for the centered
rolling year series, PCRY , since data for the ﬁrst 6 months of 1974 would be required in order to
calculate all of these index values. Note that from December 1971 to December 1973, the three
seasonally adjusted annual basket type indexes can be used to predict the corresponding centered
rolling year entries; see Figure 16.7 for plots of these predictions. What is remarkable in Table 16.26
and Figure 16.7 is that the predicted values of these seasonally adjusted series are fairly close to the
corresponding target index values.*50 This result is somewhat unexpected since the annual basket
*50

For observations 13 through 31, one can regress the seasonally adjusted series on the centered rolling year series.
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Table. 16.26 Seasonally Adjusted Lowe, Young and Geometric Laspeyres Indexes with Carry
Forward Prices and the Centered Rolling Year Index
Year

Month

PLOSA

PY SA

PGLSA

PCRY

1970

12

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0824

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0932

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0900

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0965

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.0871
1.1148
1.1093
1.1057
1.0983
1.1467
1.1701
1.1456
1.1703
1.1946
1.2019
1.1844

1.0960
1.1207
1.1214
1.1132
1.1039
1.1471
1.1667
1.1443
1.1746
1.2017
1.2102
1.2032

1.0919
1.1204
1.1318
1.1226
1.1120
1.1505
1.1715
1.1461
1.1642
1.1905
1.2005
1.1938

1.1065
1.1174
1.1254
1.1313
1.1402
1.1502
1.1591
1.1690
1.1806
1.1924
1.2049
1.2203

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.1882
1.2357
1.2201
1.2349
1.2299
1.3421
1.3543
1.3334
1.3692
1.4400
1.4621
1.4181

1.2089
1.2536
1.2477
1.2523
1.2425
1.3410
1.3512
1.3302
1.3800
1.4601
1.4844
1.4521

1.1922
1.2431
1.2575
1.2656
1.2514
1.3335
1.3518
1.3276
1.3524
1.4242
1.4508
1.4236

1.2386
1.2608
1.2809
1.2966
1.3176
1.3406
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

indexes use price information for only two consecutive months whereas the corresponding centered
rolling year index uses price information for some 25 months!*51 It should also be noted that the
seasonally adjusted Geometric Laspeyres index is generally the best predictor of the corresponding

*51

For the seasonally adjusted Lowe index, an R2 of .8816 is obtained; for the seasonally adjusted Young index, an
R2 of .9212 is obtained and for the seasonally adjusted Geometric Laspeyres index, an R2 of .9423 is obtained.
These ﬁts are not as good as the ﬁt obtained in section 16.6 above where the seasonally adjusted approximate
rolling year index was used to predict the ﬁxed base Laspeyres rolling year index. This R2 was .9662; recall the
discussion around Table 16.20.
However, for seasonal data sets that are not as regular as the modiﬁed Turvey data set, the predictive power
of the seasonally adjusted annual basket type indexes may be considerably less; i.e., if there are abrupt changes
in the seasonal pattern of prices, one could not expect these month to month indexes to accurately predict a
rolling year index.
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rolling year index for this data set. It can be seen viewing Figure 16.7 that for the ﬁrst few months
of 1973, the 3 month to month indexes underestimate the centered rolling year inﬂation rate but by
the middle of 1973, the month to month indexes are right on target.*52

Fig. 16.7 Seasonally Adjusted Lowe,Young and Geometric Laspeyres Indexes with Carry
Forward Prices and the Centered Rolling Year Index

The above manipulations can be repeated, replacing the carry forward annual basket indexes by
their imputed counterparts; i.e., use the information in Table 16.24 in section 16.9 above (instead of
Table 16.23 in section 16.8) and Table 16.27 replaces Table 16.26. A seasonally adjusted version of
the Rothwell index presented in the previous section may also be found in Table 16.27.*53 The ﬁve
series in Table 16.27 are also graphed in Figure 16.8.

*52
*53

Recall that the last 6 months of PCRY has been artiﬁcially held constant; six months of data for 1974 would be
required to evaluate these centered rolling year index values and these data are not available.
The same seasonal adjustment technique as was deﬁned by equations (16.35) was used.

16.11 Forecasting Rolling Year Indexes using Month to Month Annual Basket Indexes
Table. 16.27 Seasonally Adjusted Lowe, Young and Geometric Laspeyres Indexes with Imputed Prices, Seasonally Adjusted Rothwell and Centered Rolling Year Indexes
Year

Month

PLOSA

PY SA

PGLSA

PROT HSA

PCRY

1970

12

1.0000

1.0000

1.0000

1.0000

1.0000

1971

1
2
3
4
5
6
7
8
9
10
11
12

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0863

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0972

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0939

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0849

1.0091
1.0179
1.0242
1.0298
1.0388
1.0478
1.0547
1.0631
1.0729
1.0814
1.0885
1.0965

1972

1
2
3
4
5
6
7
8
9
10
11
12

1.0909
1.1185
1.1129
1.1091
1.0988
1.1467
1.1701
1.1457
1.1703
1.1947
1.2019
1.1888

1.0999
1.1245
1.1250
1.1167
1.1043
1.1469
1.1666
1.1442
1.1746
1.2019
1.2103
1.2078

1.0958
1.1244
1.1359
1.1266
1.1129
1.1505
1.1715
1.1461
1.1642
1.1905
1.2005
1.1981

1.0978
1.1442
1.1657
1.1460
1.1342
1.1339
1.1746
1.1659
1.1298
1.1715
1.2106
1.1960

1.1065
1.1174
1.1254
1.1313
1.1402
1.1502
1.1591
1.1690
1.1806
1.1924
1.2049
1.2203

1973

1
2
3
4
5
6
7
8
9
10
11
12

1.1941
1.2431
1.2289
1.2447
1.2338
1.3421
1.3543
1.3343
1.3712
1.4430
1.4669
1.4307

1.2149
1.2611
1.2565
1.2621
1.2459
1.3406
1.3510
1.3309
1.3821
1.4634
1.4895
1.4651

1.1983
1.2513
1.2677
1.2778
1.2576
1.3335
1.3518
1.3285
1.3543
1.4271
1.4560
1.4359

1.2089
1.2901
1.3358
1.3373
1.3131
1.3007
1.3831
1.4087
1.2921
1.3949
1.4903
1.4505

1.2386
1.2608
1.2809
1.2966
1.3176
1.3406
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
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Fig. 16.8 Seasonally Adjusted Lowe,Young and Geometric Laspeyres Indexes with Imputed
Prices, Adjusted Rothwell and Centered Rolling Year Index

Again, the seasonally adjusted annual basket type indexes listed in the ﬁrst 3 columns of Table 16.27
(using imputations for the missing prices) are reasonably close to the corresponding centered rolling
year index listed in the last column of Table 16.27.*54 The seasonally adjusted Geometric Laspeyres
index is the closest to the centered rolling year index and the seasonally adjusted Rothwell index is
the furthest away. The three seasonally adjusted month to month indexes that use annual weights,
PLOSA , PY SA and PGLSA , dip below the corresponding centered rolling year index, PCRY , for the
ﬁrst few months of 1973 when the rate of month to month inﬂation suddenly increases but by the
middle of 1973, all four indexes are fairly close to each other. The seasonally adjusted Rothwell does
not do a very good job of approximating PCRY for this particular data set although this could be a
function of the rather simple method of seasonal adjustment that was used.
Comparing the results in Tables 16.26 and 16.27, it can be seen that it did not make a great deal of
diﬀerence for the modiﬁed Turvey data set whether missing prices are carried forward or imputed;
the seasonal adjustment factors picked up the lumpiness in the unadjusted indices that occurs if
the carry forward method is used. However, the three month to month indexes that used annual
weights and imputed prices did predict the corresponding centered rolling year indexes somewhat
better than the three indexes that used carry forward prices. Hence, the use of imputed prices over
carry forward prices is recommended.
The conclusions that emerge from this section are rather encouraging for statistical agencies that
wish to use an annual basket type index as their ﬂagship index.*55 It appears that for commodity
groups that have strong seasonality, an annual basket type index for this group can be seasonally
adjusted*56 and the resulting seasonally adjusted index value can be used as a price relative for the
*54

*55
*56

Again for observations 13 through 31, one can regress the seasonally adjusted series on the centered rolling year
series. For the seasonally adjusted Lowe index, an R2 of .8994 is obtained; for the seasonally adjusted Young
index, an R2 of .9294 is obtained and for the seasonally adjusted Geometric Laspeyres index, an R2 of .9495 is
obtained. For the seasonally adjusted Rothwell index, an R2 of .8704 is obtained, which is lower than the other
three ﬁts. For the Lowe, Young and Geometric Laspeyres indexes using imputed prices, these R2 are higher
than those obtained using carry forward prices.
Using the results of previous chapters, the use of the annual basket Young index is not encouraged due to its
failure of the time reversal test and the resulting upward bias.
It is not necessary to use rolling year indexes in the seasonal adjustment process but the use of rolling year
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group at higher stages of aggregation. The preferred type of annual basket type index appears to
be the Geometric Laspeyres index rather than the Lowe index but the diﬀerences between the two
were not large for this data set.

16.12 Conclusion
A number of tentative conclusions can be drawn from the results of the previous sections in this
chapter:
• The inclusion of seasonal commodities in maximum overlap month to month indexes will
frequently lead to substantial biases. Hence unless the maximum overlap month to month
indexes using seasonal commodities cumulated for a year are close to their year over year
counterparts, the seasonal commodities should be excluded from the month to month index
or the seasonal adjustment procedures suggested in section 16.11 should be used.
• Year over year monthly indexes can always be constructed even if there are strongly seasonal
commodities.*57 Many users will be interested in these indexes and moreover, these indexes
are the building blocks for annual indexes and for rolling year indexes. Hence, statistical
agencies should compute these indexes. They can be labelled as “analytic series” in order to
prevent user confusion with the primary month to month CPI.
• Rolling year indexes should also be made available as analytic series. These indexes will give
the most reliable indicator of annual inﬂation at a monthly frequency. This type of index can
be regarded as a seasonally adjusted CPI and this type of index is the most natural to use as
a central bank inﬂation target. It has the disadvantage of measuring year over year inﬂation
with a lag of 6 months; hence it cannot be used as a short run indicator of month to month
inﬂation. However, the techniques suggested in sections 16.6 and 16.11 could be used so that
timely forecasts of these rolling year indexes can be made using current price information.
• Annual basket indexes can also be successfully used in the context of seasonal commodities.
However, most users of the CPI will want to use seasonally adjusted versions of these annual
basket type indexes. The seasonal adjustment can be done using the index number methods
explained in section 16.11 or traditional statistical agency seasonal adjustment procedures
could be used.*58
• From an a priori point of view, when making a price comparison between any two periods,
the Paasche and Laspeyres indexes are of equal importance. Under normal circumstances, the
spread between the Laspeyres and Paasche indexes will be reduced by using chained indexes
rather than ﬁxed base indexes. Hence, it is suggested that when constructing year over year
monthly or annual indexes, the chained Fisher index (or the chained Törnqvist Theil index,
which closely approximates the chained Fisher) be chosen as the target index that a statistical
agency should aim to approximate. However, when constructing month to month indexes,
chained indexes should always be checked against their year over year counterparts to check
for chain drift. If substantial drift is found, the chained month to month indexes must be

*57

*58

indexes is recommended since they will increase the objectivity and reproducibility of the seasonally adjusted
indexes.
There can be problems with the year over year indices if shifting holidays or abnormal weather changes “normal”
seasonal patterns. In general, choosing a longer time period will mitigate these types of problems; i.e., quarterly
seasonal patterns will be more stable than monthly patterns which in turn will be more stable than weekly
patterns.
However, there is a problem with using traditional X-11 type seasonal adjustment procedures for seasonally
adjusting the ﬂagship CPI due to the fact that “ﬁnal” seasonal adjustment factors are generally not available
until an additional 2 or 3 years data has been collected. Since the ﬂagship CPI cannot be revised, this may
preclude using X-11 type seasonal adjustment procedures on it. Note that the index number method of seasonal
adjustment explained in this chapter does not suﬀer from this problem.
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replaced by ﬁxed base indexes or seasonally adjusted annual basket type indices.*59
• If current period expenditure shares are not all that diﬀerent from base year expenditure
shares, approximate chained Fisher indexes will normally provide a very close practical approximation to the chained Fisher target indexes. Approximate Laspeyres, Paasche and Fisher
indexes use base period expenditure shares whenever they occur in the index number formula in place of current period (or lagged current period) expenditure shares. Approximate
Laspeyres, Paasche and Fisher indexes can be computed by statistical agencies using their
normal information sets.
• The Geometric Laspeyres index is an alternative to the approximate Fisher index that uses
the same information and it will normally be close to the approximate Fisher index.

It is evident that more research needs to be done on the problems associated with the index number
treatment of seasonal commodities. A consensus on what is best practice in this area has not yet
formed.
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Chapter 17

Recent Developments in Consumer Price
Index Theory
17.1 Introduction
There have been some important new developments in Consumer Price Index theory during the past
few years. In this chapter, we will outline many of these new developments.*1
In section 17.2, the chain drift problem will be deﬁned. Sections 17.3 and 17.4 will discuss two
possible solutions to the chain drift problem.
Section 17.5 will discuss various problems associated with the construction of elementary indexes.
These indexes are constructed using price information only. When value or quantity information is
not available to the price statistician, then it is only possible to construct an elementary index.
Section 17.6 will brieﬂy review recent developments on alternative approaches to quality adjustment.
Section 17.7 will discuss additional problem areas associated with the construction of Consumer Price
Indexes where further research is required.

17.2 The Chain Drift Problem
The Consumer Price Index Manual *2 recommended that the Fisher or Törnqvist-Theil price index
(or other superlative index) be used as a target month to month index, in a Consumer Price Index, provided that monthly price and expenditure data for the class of expenditures in scope were
available. Recently, grocery chains in some countries (e.g., Australia, Japan, the Netherlands and
Norway) have been willing to donate their sales value and quantity information by detailed product
to their national statistical agencies so it has become possible to calculate month to month superlative indexes for at least some strata of the country’s Consumer Price Index. However, the following
issue arises: should the indexes ﬁx a base month (for 13 months) and calculate Fisher or Theil
indexes as chained indexes or as ﬁxed base indexes? The CPI Manual oﬀered the following advice
on this choice in the chapter on seasonal commodities:
“22.63 A reasonable method for dealing with seasonal commodities in the context of picking
a target index for a month to month CPI is the following one:*3
*1
*2
*3

This chapter is based on Diewert (2013a)[213].
See the ILO, Eurostat, IMF, OECD, UN and the World Bank (2004)[355].
For more on the economic approach and the assumptions on consumer preferences that can justify month to
month maximum overlap indexes, see Diewert (1999a; 51-56)[168].
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•
•

Determine the set of commodities that are present in the marketplace in both months
of the comparison.
For this maximum overlap set of commodities, calculate one of the three indices recommended in previous chapters; i.e., calculate the Fisher, Walsh or Törnqvist Theil
index.

Thus the bilateral index number formula is applied only to the subset of commodities that are
present in both periods.
22.64 The question now arises: should the comparison month and the base month be adjacent
months (thus leading to chained indices) or should the base month be ﬁxed (leading to ﬁxed
base indices)? It seems reasonable to prefer chained indices over ﬁxed base indices for two
reasons:
•

•

The set of seasonal commodities which overlaps during two consecutive months is likely
to be much larger than the set obtained by comparing the prices of any given month
with a ﬁxed base month (like January of a base year). Hence the comparisons made
using chained indices will be more comprehensive and accurate than those made using
a ﬁxed base.
In many economies, on average 2 or 3 percent of price quotes disappear each month
due to the introduction of new commodities and the disappearance of older ones. This
rapid sample attrition means that ﬁxed base indices rapidly become unrepresentative
and hence it seems preferable to use chained indices which can more closely follow
marketplace developments.” ILO (2004; 407)[355]

Thus the Manual recommended chained Fisher or Törnqvist-Theil indexes as a target index concepts.
But as we shall see in the following paragraphs, this advice does not always work out too well.
We will ﬁrst review some material on ﬁxed base versus chained indexes. Suppose that we have
decided on a “best” price index formula that compares the prices of period 0 with those of period
1, say P (p0 , p1 , q 0 , q 1 ). Suppose further that we have price and quantity data for 3 periods. There
are at least two ways that a sequence of price levels for the three periods could be formed using the
given index number formula:
• Fixed base indexes or
• Chained indexes.
The sequence of the price levels for the three periods under consideration, p0 , p1 and p2 , using ﬁxed
base (or direct) indexes can be constructed as follows:
p0 ≡ 1; p1 ≡ P (p0 , p1 , q 0 , q 1 ); p2 ≡ P (p0 , p2 , q 0 , q 2 ).

(17.1)

Thus the prices in period 2, p2 , are compared directly with the prices in period 0, p0 .
The sequence of the three price levels, p0 , p1 and p2 , using chained indexes can be constructed as
follows:
p0 ≡ 1; p1 ≡ P (p0 , p1 , q 0 , q 1 ); p2 ≡ P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ).
(17.2)
Thus ﬁxed base and chained price levels coincide for the ﬁrst two periods but in subsequent periods
t, the ﬁxed base indexes compare the prices in period t directly to the prices in period 0 whereas the
chained indexes simply update the price level in the previous period by multiplying by the period
over period chain link index P (pt−1 , pt , q t−1 , q t ).
The two methods of index construction will coincide if the bilateral price index formula
P (p0 , p1 , q 0 , q 1 ) satisﬁes the following test:
Circularity Test: P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 ) = P (p0 , p2 , q 0 , q 2 ).

(17.3)
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If there is only one commodity in the aggregate, then the price index P (p0 , p1 , q 0 , q 1 ) just becomes
the single price ratio, p11 /p01 , and the circularity test becomes the equation [p11 /p01 ][p21 /p11 ] = [p21 /p01 ],
which is obviously satisﬁed. The equation in the circularity test illustrates the diﬀerence between
chained index numbers and ﬁxed base index numbers. The left hand side of (17.3) uses the chain
principle to construct the overall inﬂation between periods 0 and 2 whereas the right hand side uses
the ﬁxed base principle to construct an estimate of the overall price change between periods 0 and
2.*4
It would be good if our preferred index number formulae, the Fisher and Törnqvist indexes (PF and
PT ), satisﬁed the circularity test but unfortunately, they do not satisfy (17.3).*5 Hence, a statistical
agency compiling a CPI has to choose between the two methods of index construction. As indicated
above, the Manual favoured the use of chained superlative indexes for the reasons indicated above.
A main advantage of using chained indexes is that if prices and quantities are trending relatively
smoothly, chaining will reduce the spread between the Paasche and Laspeyres indexes.*6 These two
indexes each provide an asymmetric perspective on the amount of price change that has occurred
between the two periods under consideration and it could be expected that a single point estimate of
the aggregate price change should lie between these two estimates. Thus the use of either a chained
Paasche or Laspeyres index will usually lead to a smaller diﬀerence between the two and hence to
estimates that are closer to the “truth”. Since annual data generally has smooth trends, the use of
chained indexes is generally appropriate at this level of aggregation; see Hill (1993; 136-137)[333].
However, the story is diﬀerent at subannual levels; i.e., if the index is to be produced at monthly
or quarterly frequencies. Hill (1993; 388)[333], drawing on the earlier research of Szulc (1983)[497]
and Hill (1988; 136-137)[332], noted that it is not appropriate to use the chain system when prices
oscillate or “bounce” to use Szulc’s (1983; 548)[497] term. This phenomenon can occur in the context
of regular seasonal ﬂuctuations or in the context of sales. The extent of the price bouncing problem
or the problem of chain drift can be measured if we make use of the following test due to Walsh
(1901; 389)[530], (1921; 540)[534]:*7
Multiperiod Identity Test: P (p0 , p1 , q 0 , q 1 )P (p1 , p2 , q 1 , q 2 )P (p2 , p0 , q 2 , q 0 ) = 1.

(17.4)

Thus price change is calculated over consecutive periods but an artiﬁcial ﬁnal period is introduced
where the prices and quantities revert back to the prices and quantities in the very ﬁrst period. The
test asks that the product of all of these price changes should equal unity. If prices have no deﬁnite
trends but are simply bouncing up and down in a range, then the above test can be used to evaluate
the amount of chain drift that occurs if chained indexes are used under these conditions. Chain drift
occurs when an index does not return to unity when prices in the current period return to their
levels in the base period; see the ILO (2004; 445)[355]. Fixed base indexes that satisfy Walsh’s test
will not be subject to chain drift.

*4
*5

*6
*7

Recall that Fisher (1911; 203)[272] introduced this ﬁxed base and chain terminology. The concept of chaining
is due to Lehr (1885)[388] and Marshall (1887; 373)[398].
Alterman, Diewert and Feenstra (1999; 61-65)[10] showed that if the logarithmic price ratios ln(ptn /pt−1
n ) trend
linearly with time t and the expenditure shares sti also trend linearly with time, then the Törnqvist index PT
will satisfy the circularity test exactly. They extended this exactness result to cover the case when there are
monthly proportional variations in prices and the expenditure shares have constant seasonal eﬀects in addition
to linear trends. However, when sales of products at irregular intervals occur, PT will no longer satisfy the
circularity test. Recall that section 4.10 in Chapter 4 looked at axioms on P (p0 , p1 , q 0 , q 1 ) that ensured that
the circularity test would be satisﬁed. However, all known indexes that satisfy the circularity test will be subject
to a certain amount of substitution bias.
See Diewert (1978; 895)[128] and Hill (1988)[332] (1993; 387-388)[333]. Chaining under these conditions will
also reduce the spread between ﬁxed base and chained indexes using PF or PT as the basic bilateral formula.
This is Diewert’s (1993; 40)[148] term for the test.
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The Manual did not take into account how severe the chain drift problem could be in practice.*8
The problem is mostly caused by periodic temporary promotional sales of products.*9 An example
will illustrate the problem.
Suppose that we are given the price and quantity data for 2 commodities for 4 periods. The data
are listed in Table 17.1 below.*10
Table. 17.1 Price and Quantity Data for Two Products for Four Periods
Period t

pt1

pt2

q1t

q2t

1
2
3
4

1.0
0.5
1.0
1.0

1.0
1.0
1.0
1.0

10
5000
1
10

100
100
100
100

The ﬁrst commodity is subject to periodic sales (in period 2), when the price drops to 1/2 of its
normal level of 1. In period 1, we have a “normal” oﬀ sale demand for commodity 1 which is equal
to 10 units. In period 2, the sale takes place and demand explodes to 5000 units.*11 In period 3, the
commodity is oﬀ sale and the price is back to 1 but most shoppers have stocked up in the previous
period so demand falls to only 1 unit.*12 Finally in period 4, the commodity is oﬀ sale but we are
back to the “normal” demand of 10 units. Commodity 2 is dull: its price is 1 in all periods and the
quantity sold is 100 units in each period. Note that the only thing that has happened going from
period 3 to 4 is that the demand for commodity one has picked up from 1 unit to the “normal” level
of 10 units. Also note that, conveniently, the period 4 data are exactly equal to the period 1 data so
that for Walsh’s test to be satisﬁed, the product of the period to period chain links must equal one.
Table 17.2 lists the ﬁxed base Fisher, Laspeyres and Paasche price indexes, PF (F B) , PL(F B) and
PP (F B) and as expected, they behave perfectly in period 4, returning to the period 1 level of 1. Then
the chained Fisher, Törnqvist-Theil, Laspeyres and Paasche price indexes, PF (CH) , PT (CH) , PL(CH)
and PP (CH) are listed. Obviously, the chained Laspeyres and Paasche indexes have chain link bias
that is extraordinary but what is interesting is that the chained Fisher has a 2% downward bias and
the chained Törnqvist has a close to 3% downward bias.
Table. 17.2 Fixed Base and Chained Fisher, Törnqvist-Theil, Laspeyres and Paasche Indexes
Period
1
2
3
4

PF (F B)

PL(F B)

PP (F B)

PF (CH)

PT (CH)

PL(CH)

PP (CH)

1.000
0.698
1.000
1.000

1.000
0.955
1.000
1.000

1.000
0.510
1.000
1.000

1.000
0.698
0.979
0.979

1.000
0.694
0.972
0.972

1.000
0.955
1.872
1.872

1.000
0.510
0.512
0.512

The above indexes are plotted in Figure 17.1 below. Because of the wide spreads between the chained
Laspeyres and Paasche indexes, it is diﬃcult to distinguish the small bias in the chained Fisher and
*8

*9
*10
*11

*12

Szulc (1983)[497] (1987)[499] demonstrated how big the chain drift problem could be with chained Laspeyres
indexes but the authors of the Manual did not realize that chain drift could also be a problem with chained
superlative indexes.
Pronounced ﬂuctuations in the prices of seasonal commodities can also cause chain drift.
This example is taken from Diewert (2012)[209].
This example is based on an actual example that used Dutch scanner data. When the price of a detergent
product went on sale at approximately one half of the regular price, the volume sold shot up approximately one
thousand fold; see de Haan (2008)[114]. This paper brought home the magnitude of volume ﬂuctuations due to
sales.
Feenstra and Shapiro (2003)[264] also looked at the chain drift problem that was caused by sales and restocking
dynamics. Their suggested solution to the chain drift problem was to use ﬁxed base indexes.
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Theil indexes. Nevertheless, these small biases are signiﬁcant when they cumulate over long periods
of time.

Fig. 17.1 Fixed Base and Chained Fisher, Laspeyres, Paasche and Törnqvist-Theil Indexes

If the above data were monthly, and they repeated themselves 3 times over the year, the overall
chain link bias would build up to the 6 to 8% range, which is signiﬁcant.
What explains the results in the above table? The problem is this: when commodity one comes oﬀ
sale and goes back to its regular price in period 3, the corresponding quantity does not return to the
level it had in period 1 : the period 3 demand is only 1 unit whereas the “normal” period 1 demand
for commodity 1 was 10 units. It is only in period 4, that demand for commodity one recovers to
the period 1 level. However, since prices are the same in periods 3 and 4, all of the chain links show
no change (even though quantities are changing) and this is what causes the diﬃculties. If demand
for commodity one in period 3 had immediately recovered to its “normal” period 1 level of 10, then
there would be no chain drift problem.
There are at least three possible solutions to the chain drift problem that is associated with the use
of a superlative index in a situation where monthly scanner data is available to the statistical agency
for components of the CPI:*13
• Stick to the usual annual basket Lowe (1823)[395] index that uses annual expenditure weights
from a past year;
• Use Rolling Year GEKS to control for chain drift or
• Use the Weighted Time Dummy Product method to control for chain drift.
The last two methods will be explained below along with a discussion of their relative merits. The
problem with the ﬁrst method is that the Lowe index is subject to a small amount of upper level
*13

There is a possible fourth method to avoid chain drift within a year when using a superlative index and that is
to simply compute a sequence of 12 year over year monthly indexes so that say January prices in the previous
year would be compared with January prices in the current year and so on. Handbury, Watanabe and Weinstein (2013)[306] use this methodological approach for the construction of year over year monthly superlative
Japanese consumer price indexes using the Nikkei point of sale data base. This data base has monthly price
and expenditure data covering the years 1988 to 2010 and contains 4.82 billion price and quantity observations.
This type of index number was recommended in the ILO (2004; chapter 22)[355] as a valid year over year index
that would avoid seasonality problems. However, central banks and other users require month to month CPIs
in addition to year over year monthly CPIs and so the approach of Handbury, Watanabe and Weinstein does
not solve the problems associated with the construction of superlative month to month indexes.

448

Chapter 17 Recent Developments in Consumer Price Index Theory

substitution bias, usually in the range of 0.15 to 0.40 percentage points per year.*14 Note that
none of the four main approaches to index number theory that were described in previous chapters
endorsed the Lowe index as a target index. The widespread use of the Lowe index is due to its
practical nature and the fact that the amount of substitution bias is generally not all that large.*15

17.3 The Rolling Year GEKS Approach to Index Number Theory
We turn now to an explanation of the Rolling Year GEKS method. The GEKS method for making
international index number comparisons between countries is due to Gini (1931; 12)[287]. It was
derived in a diﬀerent fashion by Eltetö and Köves (1964)[254] and Szulc (1964)[496] and thus the
method is known as either the GEKS or EKS method for making multilateral comparisons. Of
course, it can also be adapted to making comparisons between multiple time periods. Basically,
the GEKS method in the time series context works as follows. Suppose we have price and quantity
information for a component of the CPI on a monthly basis for a sequence of 13 consecutive months.
Now pick one month (say month k) in this augmented year as the base month and construct Fisher
price indexes for all 13 months relative to this base month. Denote the resulting sequence of Fisher
indexes as PF (1/k), PF (2/k), ..., PF (13/k).*16 The ﬁnal set of GEKS indexes for the 13 months is
simply geometric mean of all 13 of the speciﬁc month indexes; i.e., the ﬁnal set of GEKS indexes for
the months in the augmented year is any normalization of the following sequence of indexes:*17
∏13
∏13
∏
1/13
[ k=1 PF (1/k)]1/13 , [ k=1 PF (2/k)]1/13 , . . . , [ 13
.
k=1 PF (13/k)]

(17.5)

The above GEKS indexes have a number of important properties:*18
• They satisfy Walsh’s multiperiod identity test so that if any two months in the augmented year
have exactly the same price and quantity vectors, then the above index values will coincide
for those two months; i.e., the above indexes are free from chain drift.
• The above indexes do not asymmetrically single out any single month to play the role of a
base period; all possible base months contribute to the overall index values.*19
• The above indexes make use of all possible bilateral matches of the price data between any
two months in the augmented year.
• Strongly seasonal commodities make a contribution to the overall index values.
The last property explains why the augmented year should include at least 13 consecutive months,
*14

*15
*16

*17

*18

*19

For recent retrospective studies on upper level substitution bias for national CPIs, see Armknecht and Silver
(2014)[13], Diewert, Huwiler and Kohli (2009)[233] and Huang, Wimalaratne and Pollard (2013)[346]. For
studies of lower level substitution bias for a Lowe index, see Diewert, Finkel and Artsev (2009)[228] and Diewert
(2013a)[213].
Recent Canadian research has indicated that the substitution bias can be reduced substantially by more frequent
updating of the annual basket; see Huang, Wimalaratne and Pollard (2013)[346].
Using scanner data, it is not trivial to construct these Fisher indexes. The problem is that for each pair of
months, it is necessary to determine the list of products that sold in both months so that the relevant Fisher
index between those two months can be constructed; see Nakamura and Steinsson (2008)[413] and Nakamura,
Nakamura and Nakamura (2011)[412] on these diﬃculties.
Balk (1981; 74)[31] derived the GEKS parities using this type of argument rather than the usual least squares
derivation of the GEKS parities; see Balk (1996)[36] (2008)[45] and Diewert (1999b)[166] for these alternative
derivations.
The basic idea of adapting a multilateral method to the time series context is due to Balk (1981)[31] who set up
a framework that is very similar to the one explained here (which follows Ivancic, Diewert and Fox (2011)[360]
more closely). Balk (1981)[31] used an index number formula due to Vartia (1976)[516] in place of maximum
overlap bilateral Fisher indexes as his basic building blocks and he considered augmented years of varying length
instead of a 13 month augmented year but the basic idea of adapting multilateral methods to the time series
context is certainly due to him.
Thus the above GEKS procedure seems to be an improvement over the suggestion of Feenstra and Shapiro
(2003)[264] who chose only a single base month.
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so that strongly seasonal commodities *20 can make a contribution to the overall index.
The major problem with the GEKS indexes deﬁned by (17.5) is that the indexes change as the data
for a new month becomes available. A headline CPI cannot be revised from month to month due to
the fact that many contracts are indexed to a country’s headline consumer price index. A solution
to this problem was proposed by Ivancic, Diewert and Fox (2011)[360]. Their method added the
price and quantity data for the most recent month to the augmented year and dropped the oldest
month from the old augmented year in order to obtain a new augmented year. The GEKS indexes
for the new augmented year are calculated in the usual way and the ratio of the index values for
the last month in the new augmented year to the index value for the previous month in the new
augmented year is used as an update factor for the value of the index for the last month in the
previous augmented year. The resulting indexes are called Rolling Year GEKS indexes.
Numerical experiments with Australian and Dutch scanner data from grocery chains show that
the Rolling Year GEKS indexes work well when up to date price and quantity data are made
available to the statistical agency; see Ivancic, Diewert and Fox (2011)[360], de Haan and van der
Grient (2011)[120], Johansen and Nygaard (2011)[366], van der Grient and de Haan (2011)[514]
and Krsinich (2011)[382]. In particular, adding and dropping a month of data and recomputing the
GEKS indexes does not seem to change past index values very much.*21 Basically, the method seems
to control chain drift quite well.*22 More research on the method needs to be done*23 but it looks
quite promising.
We turn to an alternative method that could be used to control the chain drift problem.

17.4 The Weighted Time Product Dummy Approach to Index Number
Theory
The Rolling Year Weighted Time Product Dummy (RYWTPD) method for constructing indexes
that are largely free of chain drift had its origins in the international comparisons literature, just
as GEKS also had its origins in that literature. The Country Product Dummy (CPD) method*24
is due to Summers (1973)[495] and a version of it (adapted to the time series context) will now be
explained.*25
Suppose that we are attempting to make a comparison of prices over T consecutive months over a
reasonably homogeneous group of say N items. Suppose initially no expenditure weights are available
for the collected prices and that exactly K outlets are sampled for each of the N items in each time
period. Thus there are T N K price quotes collected across all of the time periods.
Let ptnk denote the price of item n in outlet k in time period t for t = 1, . . . , T ; n = 1, . . . , N ;

*20
*21

*22

*23
*24

*25

A strongly seasonal commodity is one that is not present in the marketplace for all months of the year.
Balk (1981; 77)[31] also observed the same phenomenon as he computed his GEKS indexes using successively
larger data sets. Diewert (2013a)[213] also found that Rolling Year GEKS estimates were quite close to their
GEKS counterparts for his small data set on Israeli seasonal commodities.
The Australian Bureau of Statistics plans to use RYGEKS for some components of its Consumer Price Index.
Statistics Netherlands also computed RYGEKS indexes for some components of its CPI on an experimental basis
with good results but they did not implement the method oﬃcially; see de Haan and van der Grient (2011)[120].
A problem is that the method is diﬃcult to explain to users.
An issue that requires further research is the eﬀects of having diﬀerent window lengths on the estimates.
This method can be viewed as a simple type of hedonic regression model or alternatively, as a descriptive
statistics method that summarizes price movements into simple indexes along the lines pioneered by Theil
(1967; 136-138)[500].
This material on the TPD method is adapted from Rao (2004)[440] (2005)[441] and Diewert (2004)[189]
(2005)[193]. The term TPD is due to de Haan and Krsinich (2012)[117] (2014)[118]. The adaptation of the CPD
method to the time series context is due to Aizcorbe, Corrado and Doms (2003)[8].
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k = 1, . . . , K. The basic statistical model that is assumed is the following one:
ptnk = at bn utnk ;

t = 1, . . . , T ; n = 1, . . . , N ; k = 1, . . . , K

(17.6)

where the at and bn are unknown parameters to be estimated and the utnk are independently
distributed error terms with means 1 and constant variances. The parameter at is to be interpreted
as the average level of prices (over all items in this group of items) in time period t and the parameter
bn is to be interpreted as multiplicative units of measurement factor that is speciﬁc to product n.*26
If the error terms are all unity, then it can be seen that the N item prices move in a proportional
manner over time and thus weighting is not important since all reasonable price index formula will
generate the at as the overall price levels up to a factor of proportionality. Thus the at are the period
t price levels that we want to determine while the bn are product eﬀects. The basic hypothesis is
that the price of product n in outlet k in time period t is equal to a price level at times an item
commodity adjustment factor bn times a random error that ﬂuctuates around 1. Taking logarithms
of both sides of (17.6) leads to the following model:
ytnk = αt + βn + εtnk ;

t = 1, . . . , T ; n = 1, . . . , N ; k = 1, . . . , K

(17.7)

where ytnk ≡ ln ptnk , αt ≡ ln at , βn ≡ ln bn and εtnk ≡ ln utnk .
The model deﬁned by (17.7) is a linear regression model where the independent variables are dummy
variables. The least squares estimators for the αt and βn can be obtained by solving the following
least squares minimization problem:
{∑
}
∑N ∑K
T
2
min
[ytnk − αt − βn ] .
(17.8)
αt ,βn

t=1

n=1

k=1

We also require a normalization on the αt and βn such as α1 = 0.*27 Solve (17.8) for the least
squares solution parameters αt∗ and βn∗ and let at ≡ exp[αt∗ ] for t = 2, 3, ..., T and bn ≡ exp[βn∗ ] for
n = 1, ..., N . It turns out that the price level for period t, at , is the following expression:
∏N ∏K
1/N K
n=1
k=1 ptnk
; t = 1, ..., T.
(17.9)
at = ∏N ∏K
1/N K
n=1
k=1 p1nk
Thus the TPD price level for period t (using the balanced sample of prices) is equal to the geometric
mean of all of the period t prices divided by the geometric mean of all of the period 1 prices; i.e.,
it is a Jevons (1865)[364] index! However, the solution is much more complicated when some outlet
prices are missing from some period or when the number of outlets varies from period to period. We
will deal with these more complicated situations below when we introduce weighting.
Now introduce weighting into the picture. Thus for product n in time period t, we assume that
there are K(t, n) outlets that have transactions in product n*28 and that the unit value price for the
kth such transaction is ptnk and the associated quantity transacted is qtnk for k = 1, 2, . . . , K(t, n).
Again, ytnk ≡ ln ptnk is the logarithm of the price ptnk . For each time period t, we use the prices
and quantities ptnk and qtnk in order to form the following period t expenditure shares across all
products n and all outlets k:
ptnk qtnk
stnk ≡ ∑N ∑K(t,n)
; t = 1, ..., T ; n = 1, . . . , N ; k = 1, . . . , K(t, n).
(17.10)
ptij qtij
i=1
j=1
*26

*27
*28

The model assumes that the quality of the outlet k is the same for each product n. If this is not the case, then
each product in each outlet should be considered a separate commodity and the k index disappears from the
model.
This normalization implies that a1 = 1; i.e., the aggregate price level is set equal to unity in the ﬁrst period.
Thus the price levels for subsequent periods at become price indexes (relative to the level of prices in period 1).
We allow K(t, n) to be zero; i.e., it can be the case that for some time periods t, there are no price quotes
collected for product n.
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For each time period t, these expenditure shares sum up to 1:
∑N ∑K(t,n)
i=1

j=1

stnk = 1;

t = 1, ..., T.

(17.11)

The Weighted Time Product Dummy (WTPD) counterpart to the unweighted least squares minimization problem (17.8) above is:
{∑
}
∑N ∑K(t,n)
T
2
min
stnk [ytnk − αt − βn ] .
(17.12)
αt ,βn

t=1

n=1

k=1

Again, the parameters αt and βn cannot be uniquely identiﬁed so we will choose to set the price level
in period 1, a1 ≡ exp[α1 ], equal to 1, which implies the following normalization on the parameters
appearing in (17.12):
α1 = 0.
(17.13)
In order to obtain a classical regression model that has a solution consistent with the weighted
least squares minimization problem (17.12) subject to the constraint (17.13), we need to multiply
each ytnk by the square root of the associated expenditure share stnk deﬁned by (17.10); i.e., the
counterparts to our linear regression equations (17.7) are now the following equations:
1/2

1/2

1/2

stnk ytnk = stnk αt + stnk βn + εtnk ;

t = 1, . . . , T ; n = 1, . . . , N ; k = 1, . . . , K(t, n)

(17.14)

where ytnk ≡ ln ptnk and the αt for t = 2, . . . , T and βn for n = 1, . . . ., N are parameters to be
estimated (α1 is set equal to 0) and the εtnk are assumed to be independently distributed error
terms with means 0 and variances σ 2 . If for any t and n, K(t, n) = 0 so that there are no item n
prices collected in time period t, then the corresponding equations in (17.14) are dropped.
In order to rigorously justify the linear regression model (17.14) from an econometric point of view,
we need to assume that the variance of ytnk is proportional to σ 2 /stnk for t = 1, . . . , T ; n = 1, . . . , N ;
k = 1, . . . , K(t, n).*29 This means that the smaller is the expenditure share stnk , the bigger will be
the variance of ytnk . This assumption is not likely to be precisely justiﬁed from a statistical point of
view but solving the weighted least squares problem (17.12) leads to very reasonable estimates for
the period t price levels, at ≡ exp[αt∗ ] for t = 2, 3, ..., T where the αt∗ are the least squares estimates
of the αt for the linear regression model deﬁned by (17.14). These estimates are reasonable from the
viewpoint of classical index number theory, where weighting by economic importance is regarded as
being extremely important. It is worth quoting Irving Fisher on the importance of weighting:
“It has already been observed that the purpose of any index number is to strike a ‘fair average’
of the price movements—or movements of other groups of magnitudes. At ﬁrst a simple average
seemed fair, just because it treated all terms alike. And, in the absence of any knowledge of the
relative importance of the various commodities included in the average, the simple average is
fair. But it was early recognized that there are enormous diﬀerences in importance. Everyone
knows that pork is more important than coﬀee and wheat than quinine. Thus the quest for
fairness led to the introduction of weighting.” Irving Fisher (1922; 43)[274].
“But on what principle shall we weight the terms? Arthur Young’s guess and other guesses at
weighting represent, consciously or unconsciously, the idea that relative money values of the
various commodities should determine their weights. A value is, of course, the product of a
*29

An alternative way for justifying the weighted model (17.12) is to argue that each logarithmic price ln ptnk should
be repeated according to its economic importance; i.e., if consumers are spending etnk dollars on commodity n
during time period t, then ln ptnk should appear etnk times in the regression instead of only once. In order to
standardize these weights across time periods, we change the etnk weight to stnk . This type of argument was
used by Diewert (2005)[193] (2006)[196].
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price per unit, multiplied by the number of units taken. Such values aﬀord the only common
measure for comparing the streams of commodities produced, exchanged, or consumed, and
aﬀord almost the only basis of weighting which has ever been seriously proposed.” Irving
Fisher (1922; 45)[274].

Thus it can be argued that solving (17.12) leads to index numbers that are reasonable from a
descriptive statistics point of view ; i.e., the resulting price levels are a reasonable way of summarizing
overall price trends in the data, where the relative economic importance of each unit value price is
taken into account in the model.*30
It can be veriﬁed that if the expenditure and price data are exactly the same for any two periods,
then the WTDP method will generate price levels for the two periods that are also identical. Thus
the WTPD estimates satisfy an identity test and hence are free of chain drift over the T periods in
the sample.*31
The WTPD price level estimates suﬀer from the same problem that the GEKS estimates suﬀer
from: the addition of one more period to the sample will change all of the estimates. Thus Ivancic,
Diewert and Fox (2009)[359] proposed a Rolling Year approach to the Weighted Time Product
Dummy (RYTPD) estimation procedure; i.e., set T = 13 and as a new month’s data is added,
delete the data for the oldest month in the sample, obtain new WTPD estimates and use the month
over month movement in the estimated price levels for the last two months to update the previous
estimates.*32
When we move from WTPD estimates to RYWTPD estimates, the Multiperiod Identity Test is no
longer satisﬁed by the price level estimates and so the rolling year variant of the method is subject to
possible chain drift. However, as was the case with the move from GEKS to RYGEKS, empirically
very little diﬀerence is found between the rolling year indexes and their ﬁxed sample counterparts.*33
Thus both the RYGEKS and RYWTPD methods seem to be largely free of chain drift.
How do the RYGEKS estimates compare with the corresponding RYWTPD estimates when using
the same data set? Empirical experience is limited but in the studies that have compared the two
methods, there is a general tendency for the RYWTPD estimates to be slightly less than their
RYGEKS counterparts.*34
A possible explanation for the diﬀerences in the indexes generated by the two methods may be due
to the democratic weighting that is inherent in the GEKS method. Thus the GEKS estimates are
formed by averaging a series of 13 separate sets of index numbers where the data of each month in
the augmented rolling year are used as the base price and quantities in each of the bilateral indexes.
If the data for one month is sparse so that the value of transactions in that month is unusually
low and perhaps not “typical”, then these atypical indexes are averaged with all of the other 12
*30

*31
*32

*33
*34

There is another way of proceeding and that is to solve the weighted least squares problem but instead of
assuming the stochastic speciﬁcation given below (17.14), assume that ytnk = αt + βn + εtnk where the εtnk
are independently distributed and have mean zero and variance σ 2 . We still solve (17.12) for the weighted least
∗ but the resulting parameter estimates are no longer minimum variance unbiased for the new
squares α∗t and βn
stochastic speciﬁcation. However, the resulting estimates are still unbiased under the new stochastic speciﬁcation
and they are representative from the viewpoint of index number theory. Hill and Timmer (2006)[331] take this
point of view. Note also that Diewert (2005)[193] derived an explicit index number formula for a2 using the
weighted least squares model deﬁned by (17.12) for the two period case; i.e., the case where T = 2. Diewert also
showed that the resulting index number formula approximated the Törnqvist-Theil index to the second order
around an equal price and quantity point.
De Haan and Krsinich (2012)[117] noted this property of the method.
Ivancic, Diewert and Fox (2009)[359] is essentially the same as Ivancic, Diewert and Fox (2011)[360] except the
former paper had an extra section in it which compared the RYWTPD method to the RYGEKS method using
Australian scanner data.
See Ivancic, Diewert and Fox (2009)[359] and de Haan and Krsinich (2012)[117] (2014)[118].
See Ivancic, Diewert and Fox (2009)[359] and de Haan and Krsinich (2012)[117] (2014)[118]. The latter authors
used the Törnqvist-Theil index formula as their basic bilateral formula in their RYGEKS estimates instead of
the Fisher index but it is unlikely that this formula diﬀerence would aﬀect the results.
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sets of indexes and given an equal weight in the averaging process.*35 On the other hand, the
WTPD method would automatically give a much lower weight to the possibly atypical prices in the
low volume month. The WTPD method works on a principle that tries to ﬁt heterogeneous price
movements over the sample into a simpler framework where all price movements are approximated
by proportional movements in prices over time, taking into account the economic importance of the
prices.
A simple (extreme) example may help to illustrate possible problems with the GEKS methodology.
Suppose we have price and expenditure share data for 3 products for 3 periods but each product is
present in only 2 of the 3 periods. Suppose the ﬁrst product is present in periods 1 and 2 with prices
p11 , p21 , the second product is present in periods 2 and 3 with prices p22 , p32 and the third product
is present in periods 1 and 3 with prices p13 , p33 . The period 1 expenditure shares for products 1
and 3 are s11 and s13 , the period 2 expenditure shares for products 1 and 2 are s21 and s22 and the
period 3 expenditure shares for products 2 and 3 are s32 and s33 . The expenditure shares for each
period sum to one. Because of the missing data, we can only calculate 3 matched product bilateral
indexes across the 3 periods. The Fisher index for period 2 relative to period 1, PF (2/1), turns out
to equal the price ratio p21 /p11 ; the Fisher index for period 3 relative to period 2, PF (3/2), turns out
to equal the price ratio p32 /p22 and the Fisher index for period 3 relative to period 1, PF (3/1), turns
out to equal the price ratio p33 /p13 . We can compute three separate set of price levels using diﬀerent
combinations of the available bilateral indexes.
The ﬁrst set of parities uses the index PF (2/1) to determine the period 2 price level relative to the
period 1 level and the period 3 price level relative to the period 1 level is determined as PF (3/1).
The resulting price levels are the following ones:
P 1 = 1; P 2 = (p21 /p11 ); P 3 = (p33 /p13 ).

(17.15)

The second set of parities uses the index PF (2/1) to determine the period 2 price level relative to the
period 1 level and the period 3 price level relative to the period 1 level is determined as the product
PF (2/1) times PF (3/2).*36 The resulting price levels are the following ones:
P 1 = 1; P 2 = (p21 /p11 ); P 3 = (p21 /p11 )(p32 /p22 ).

(17.16)

The third set of parities uses the index PF (3/1) to determine the period 3 price level relative to the
period 1 level and the period 2 price level relative to the period 1 level is determined as the product
PF (3/1) times PF (2/3). The resulting price levels are the following ones:
P 1 = 1; P 2 = (p33 /p13 )(p22 /p32 ); P 3 = (p33 /p13 ).

(17.17)

The price levels deﬁned by (17.15) are a normalization of the Fisher parities generated by using
period 1 as the base period, while the price levels deﬁned by (17.16) and (17.17) are normalizations
of the Fisher parities that use periods 2 and 3 as the base periods respectively.
Taking the geometric mean of the above price levels leads to the following GEKS price levels:
P 1 = 1; P 2 = [(p21 /p11 )2 (p33 /p13 )(p22 /p32 )]1/3 ; P 3 = [(p21 /p11 )(p32 /p22 )(p33 /p13 )2 ]1/3 .

(17.18)

Note that the GEKS price levels do not depend on the expenditure shares. However, the Weighted
Time Product Dummy price levels for this example will depend on the expenditure shares. The
exact formula for these price levels is too complicated to be exhibited here but we know that the
*35
*36

This situation occurs frequently in the context of making international comparisons of prices using the GEKS
method.
Because there is only one commodity whose price is compared in each bilateral Fisher index, these bilateral
Fisher (and Laspeyres and Paasche) indexes all collapse down to simple price ratios.
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WTPD price levels will be weighted according to the size of the expenditure shares in each period.*37
In particular, suppose the commodity 3 expenditure shares, s13 and s33 , are tiny. Then the WTPD
price levels will be close to the price levels deﬁned by (17.16) (which do not involve the prices p13
and p33 ). On the other hand, suppose the commodity 2 expenditure shares, s22 , s32 , are close to zero.
Then the WTPD price levels will be close to the price levels deﬁned by (17.15) (which do not involve
the prices p22 and p32 ). Finally, suppose the commodity 1 expenditure shares, s11 , s21 , are close to
zero. Then the WTPD price levels will be close to the price levels deﬁned by (17.17) (which do not
involve the prices p11 and p21 ). In each of the three cases just considered, the WTPD price levels
are very reasonable; the unimportant commodity is given a low weighting in the overall index but
this is not the case for the GEKS price levels: the GEKS price levels remain the same under all
three scenarios! Thus if price movements are far from proportional over time, so that the price levels
deﬁned by (17.15)-(17.17) are very diﬀerent, then the GEKS indexes may be rather far removed from
their WTPD counterparts, which will be much more reasonable in each of the three cases considered
above. These possible problems with the GEKS indexes carry over to Rolling Year GEKS indexes.
More research is required on pinning down the diﬀerences between the GEKS estimates and their
WTPD counterparts but at this stage, we tentatively conclude that in the case where the period
to period data is sparse and there is a lack of product matching for each pair of periods under
consideration, the WTPD estimates may be preferable to the corresponding GEKS estimates (and
the RYWTPD estimates may be preferable to the corresponding RYGEKS estimates).

17.5 Elementary Indexes: New Developments
The ILO Manual basically recommended the Jevons formula for elementary indexes.*38 This advice
was based on the axiomatic approach to elementary indexes; see Diewert (1995)[157]. In the case
of complete data on a sample of products with no sample attrition, we end up with the formula
(17.9) in the previous section. But real life does not generate complete samples with no attrition;
products disappear and then reappear*39 and some products disappear permanently. If a product
disappearance is thought to be temporary, price statisticians typically impute the missing prices.
But there are many imputation methods*40 and this creates a certain amount of uncertainty about
the accuracy of the index at any give time period.
There is another problem associated with elementary indexes that the Manual did not deal with
and that is the fact that many statistical agencies do not chain their elementary indexes every
month: they choose a reference month and then calculate item prices relative to the item price in
the base month for 13 months.*41 The problem with this strategy is that the procedure depends
asymmetrically on the choice of the base month. Some items will not be available in the base month
and so how are we to treat these items which appear in subsequent months?
Thus chaining elementary price quotes is problematic (due to the necessity of imputing prices for
temporarily disappearing items and for strongly seasonal items) and using a ﬁxed base methodology
for elementary indexes is also problematic (due to the fact that some products may not be available
in the base month and more generally, due to the asymmetry of choosing one month out of 12 months
as the base month).
*37
*38
*39
*40
*41

In this example, K(t, n) is always equal to 1; i.e., we have only one outlet for each product.
Elementary indexes are constructed using item prices only (due to the unavailability of quantity information).
This can happen with strongly seasonal products or the temporary disappearance may be due to the fact that
retailers sometimes rotate the brand items that they sell in order to generate price discounts from manufacturers.
See Feenstra and Diewert (2001)[263] for a review of alternative imputation methods and references to the
literature.
Thus the Retail Prices Index in the UK uses January as its base month whereas the Harmonized Index of
Consumer Prices used as the oﬃcial Eurostat measure of European household inﬂation uses December as its
base month for a sequence of 13 months; see Diewert (2012)[209] for more discussion on these short term ﬁxed
base methods. In many other countries, month to month chained elementary indexes are used.
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A solution to these problems was suggested by de Haan and Krsinich (2012)[117] and Diewert
(2012)[209]: use the Time Product Dummy methodology in order to construct elementary indexes.
These TPD indexes are generated by solving the least squared minimization problem (17.12) above,
except the expenditure shares stnk are all set equal to one. The resulting elementary indexes,
a1 = 1, a2 = exp[α2 ], ..., aN = exp[αN ] have a large number of good axiomatic properties.*42 This
new approach to the construction of elementary indexes seems promising. De Haan and Krsinich
(2012)[117] and Diewert (2012)[209] suggested that the TPD methodology could be generalized into
a Rolling Year Time Product Dummy (RYTPD) method where a moving sample of 13 consecutive
months of item price data is used to generate TPD price levels and then the movement in the index
for the last two months is used to update the previous index.
The RYTPD method for constructing elementary indexes seems to be very promising. It is relatively
easy to implement, there are no imputations required for the method and it treats the price data for
each period in a symmetric manner.
More research into the method is required. It would also be useful to look at variants of the method
that allowed for longer windows; e.g., instead of using 13 consecutive months of data, perhaps more
stable estimates may be obtained using 25 consecutive months of data in each RYTPD regression.*43

17.6 New Approaches to Quality Adjustment
A problem with the RYGEKS and RYWTPD methods described above is that these methods do
not deal adequately with the introduction of new products. Thus if a new product enters the
marketplace during the last period in the Rolling Year, it will have no eﬀect on the index for the
current period and all previous periods. De Haan and Krsinich (2012)[117] (2014)[118] invented a
method that deals with this problem. The basic building block in their method is a time dummy
hedonic regression model that uses the data for two periods. The dependent variable in the model is
the logarithm of the item price and a time dummy and various characteristics of the product enter the
regression as independent variables. The time dummy coeﬃcient and the characteristic “prices” are
the result of a weighted least squares minimization problem. If an item appears in both periods under
consideration, the weights in the weighted regression are the (arithmetic) average of the expenditure
shares for the item in the two periods; if the item appears in only one of the two periods, one half of
the expenditure share on the item for that period is used as the weight. The resulting bilateral price
index turns out to equal the usual Törnqvist index if all items are present in both periods but for
unmatched items, an imputed price for the missing price enters the index number formula and this
imputed price is obtained as a predicted price using hedonic regression. Thus in the general case
when there are unmatched items in the two periods under consideration, we obtain a generalization
of the usual Törnqvist index that makes use of imputed prices from the hedonic regression and hence
de Haan and Krsinich (2012)[117] call the resulting bilateral index number formula the Imputation
Törnqvist index.*44 De Haan and Krsinich (2012)[117] (2014)[118] proposed the following variation
of the Rolling Year GEKS method: instead of using bilateral Fisher indexes as the basic building
blocks, the Fisher indexes are replaced by bilateral Imputation Törnqvist indexes. They call the
resulting indexes ITRYGEKS indexes.*45
*42
*43
*44
*45

See de Haan and Krsinich (2012)[117] (2014)[118]. If approximate share weights are available, then these
approximate weights should be used and the Weighted TPD method should be used.
If the time period is longer than an (augmented) year, then the term Rolling Window TPD method is more
appropriate.
This index is derived in de Haan and Krsinich (2012)[117] (2014)[118] and draws on earlier contributions by
Diewert (2003)[184] and de Haan (2003)[112] (2004)[113].
It might be more appropriate to call these indexes ITRYCCD indexes since multilateral Caves, Christensen
and Diewert (1982)[87] indexes are used in place of multilateral GEKS indexes in the case where all items are
matched.
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Which of the three methods discussed above is “best”? Methods 1 and 2 (RYGEKS and RYWTPD)
have the disadvantage that unmatched items in any bilateral index used as building blocks in these
methods have no impact on the resulting indexes. But these methods have the advantage that no
information on product characteristics is required in order to implement these indexes. Method
3 (ITRYGEKS) has the advantage that it is likely to have the least amount of bias due to the
introduction of new models and the disappearance of old models but of course, it has the disadvantage
that product characteristics information is required in order to implement the method. The bottom
line is that ITRYGEKS may be the best method that can deal with chain drift and quality change
in the context of using scanner data.*46
De Haan and Krsinich (2012)[117] (2014)[118] and Krsinich (2013)[383] showed that for electronic
products in New Zealand, the RYWTPD indexes were closer to their “gold standard” ITRYGEKS
indexes than their RYGEKS counterparts. This is a somewhat surprising result since it is known
that in the two period case where all products are present in both periods, RYGEKS and RYWTPD
approximate each other closely.*47 However, the results presented by Krsinich indicate that this close
correspondence does not necessarily hold in more realistic environments when not all products are
present in all periods. The implication of the results presented by de Haan and Krsinich is that when
information on product characteristics is not available, the RYWTPD method may be preferred to
the RYGEKS method. This is an important result but more research on this is required.*48
The results derived by de Haan and Krsinich required the availability of scanner data on sales and
the prices of various electronic products. Suppose the statistical agency does not have access to data
on sales and prices. What is the “best” approach to quality adjustment when only price data is
collected? This is an open question.
The work by de Haan and Krsinich is perhaps the most important work on the theory and practice
of quality adjustment that has appeared since the publication of the Manual. Of lesser importance is
the research by Diewert, Heravi and Silver (2009)[232] and de Haan (2010)[115] that examines more
closely the diﬀerences between the time dummy approach and the hedonic imputation approach to
hedonic regressions.

17.7 Long Time Problems with the CPI that Still Need to be Addressed
There are several long standing problems associated with the construction of a CPI that have troubled
national statisticians over the years. The author’s list of vexing problems is the following list:
•
•
•
•
•

Should the CPI be compiled on a domestic, national or household inﬂation basis?
What is the appropriate treatment of Owner Occupied Housing (OOH) in the CPI?
How exactly should ﬁnancial services be treated in the CPI?
How can strongly seasonal commodities make a contribution to the month to month CPI?
Is it possible to construct real time CPIs, using current month information on prices and older
information on household expenditure shares, that will approximate a superlative CPI that is
constructed later when additional data on expenditures shares become available?

These problems will be discussed in the following subsections.

17.7.1 National versus Domestic Versus Household Inﬂation
If the CPI is to be used to deﬂate the consumption expenditures of domestic households in a nation,
then the national CPI should be calculated on a domestic basis; i.e., the expenditures of households
*46
*47
*48

However, it should be possible to adapt the WTPD method to deal with quality change.
See Diewert (2005; 564)[193].
This result reinforces the earlier misgivings about the democratic nature of the GEKS indexes in the context of
sparse data.
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that primarily reside in the nation should be used as weights in the national CPI. Many economists
use the domestic CPI to deﬂate nominal consumer expenditures to look at the welfare of residents in
the country. Thus from the viewpoint of welfare economics, nations should provide a national CPI.
However, when we look at the production accounts of a country (and the associated Multifactor
Productivity or Total Factor Productivity accounts of a nation), we require a “domestic” CPI which
is usually labelled as the Domestic Consumption Deﬂator. This deﬂator is used to convert all sales
of consumer goods generated by producers domiciled in the country into real domestic consumption.
Thus we require both the national and domestic consumption deﬂators to ﬁll in the deﬂator cells in
the System of National Accounts.*49
The Harmonized Index of Consumer Prices was introduced by Eurostat to measure consumer inﬂation
across countries belonging to the European Union in a comparable manner. The HICP is widely
used by central banks use to gauge relative inﬂation rates across member countries. This is a valid
household inﬂation index but it does not provide a substitute for the national and domestic consumer
price indexes described in the above paragraph.*50

17.7.2 The Problem of Owner Occupied Housing in the CPI
There is no consensus on how Owner Occupied Housing (OOH) should be treated in the CPI. The
main approaches to the treatment of OOH are as follows:
• The rental equivalence approach. In this approach, the value of the services of OOH is the
rent that the owned unit could accrue if it were rented.
• The monetary expenditures approach. In this approach, the out of pocket costs of home
ownership are totalled to provide an imputed “rent”.*51
• The acquisitions approach. In this approach, the ownership of previously purchased housing
properties is ignored; only newly constructed housing units are in scope.*52
• The user cost approach. In this approach, the imputed value of housing services is set equal
to the ﬁnancial cost of tying up owner’s capital in the house.
• The opportunity cost approach. In this approach, the maximum of the user cost and rental
equivalent price is used as the valuation of the services of the housing unit.*53
Since no consensus on the appropriate approach to the valuation of the services of Owner Occupied
Housing has been achieved in the literature, it seems reasonable to ask national statistical agencies
to provide analytical series for all ﬁve approaches to the valuation of housing services. To date, these
analytical series have not been forthcoming!

*49
*50

*51

*52
*53

The main diﬀerence between the two indexes is the expenditures of nationals abroad (this is in scope for the
national concept) and the expenditures of tourists in the home country (this is in scope for the domestic concept).
The Eurostat HICP index was originally introduced as an index that would make absolutely no imputations.
However, over time, it was recognized that quality change required imputations and eventually the HICP allowed
imputations for quality change. Diewert (2002)[177] criticized the HICP from the viewpoint that it did not
exactly ﬁt into the System of National Accounts. However, if central banks want a minimal imputation index
that measures consumer inﬂation, then the HICP ﬁlls a very useful function.
The problem with this approach is that it does not list all of the (opportunity) costs and beneﬁts of ownership.
The main missing costs are depreciation and the ﬁnancial capital tied up in the equity of the housing unit
and the main beneﬁt that is missing is the expected capital gains (or losses) on the property. This is my least
preferred alternative treatment of owner occupied housing.
This is the variant that the HICP has chosen to implement. There are two variants of the method: include only
the structure portion of the new building or include the structure and land components together.
See Diewert (2011)[207] and Diewert, Nakamura and Nakamura (2009)[237] for a description of the alternative
approaches.
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17.7.3 The Measurement of Financial Services in the CPI
Financial services are an important component of GDP and a somewhat important component of
household consumption. What is amazing is that there is absolutely no agreement on how to measure
these services. The main components of ﬁnancial services for households are the services provided
by their monetary deposits and insurance services for property and life. There are other ﬁnancial
services that are easier to measure such as stock trading (this is basically a margin industry and can
be treated in a manner similar to wholesaling and retailing).*54
Reviewing all of the alternative treatments of ﬁnancial services that have been suggested in the
literature would be a major task. Suﬃce it to say that there is extreme heterogeneity in these
treatments.*55 It would be good if academics could turn their attention to these basic measurement
problems in the area of ﬁnancial services in the near future.

17.7.4 How Can Strongly Seasonal Commodities Make a Contribution to the Month to
Month CPI?
The answer to the above question is relatively straightforward in the light of the analysis that we
have done above in looking at the properties of the GEKS and WTPD methods. For both of these
methods, strongly seasonal commodities play a role in the overall index construction. Similarly, if
we look at elementary indexes, the TPD method explained above deals adequately with strongly
seasonal commodities.
The practical question to be resolved in the coming years is whether the RYGEKS is better than
the RYWTPD method. This is an open question.
At the elementary level, the RYTPD method seems to be a much superior option to other methods
for constructing elementary indexes.

17.7.5 Predicting Superlative CPIs Using Current Prices and Past Expenditure Shares
Is it possible to construct a real time CPI using current month information on prices and older information on household expenditure shares that will approximate a superlative CPI that is constructed
later when additional data on expenditures shares become available? It seems unlikely that we will
be able to approximate a superlative CPI perfectly using currently available data but recent research
has indicated that it is possible to obtain pretty good approximations to a superlative CPI using
current data; see Armknecht and Silver (2014)[13] and Huang, Wimalaratne and Pollard (2013)[346].
This is an promising area which requires more research.

17.8 Conclusion
In the decade since the Consumer Price Index Manual appeared, there have been some signiﬁcant
new developments in the theory and practice of CPI construction. A new development is the fact
that some supermarket ﬁrms in some countries are willing to share their price and quantity data with

*54
*55

However, in wholesaling and retailing, the price of the service is the margin times the price of the products being
purchased. In the case of stock trading, the appropriate price is not completely clear.
For materials on variants of the user cost approach to measuring ﬁnancial sector inputs and outputs, see Barnett (1980)[49], Hancock (1985)[304] (1991)[305], Wang, Basu and Fernald (2009)[536], Colangelo and Inklaar
(2012)[97], Diewert, Fixler and Zieschang (2013a)[229] (2013b)[230], Inklaar and Wang (2013)[357] and Diewert
(2014)[215].
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national statistical agencies. Hopefully, this spirit of cooperation will spread to other countries.*56
With the advent of scanner data availability, it becomes possible to compute the type of indexes
that have been recommended by index number theorists over the past century. But new problems
have emerged; in particular the problem of chain drift for superlative indexes has emerged.
This chapter has indicated methods for overcoming the chain drift problem. When price and quantity
information is available, the Rolling Year GEKS or the Rolling Year Weighted Time Product Dummy
method is recommended. For high tech products that are undergoing rapid technological change,
the methods for quality adjustment developed by de Haan and Krsinich are recommended. At the
level of elementary indexes, the Rolling Year Time Product Dummy method is recommended.
However, the above methods have not been thoroughly tested and so perhaps some caution is in order.
Hopefully, further research in the coming years will demonstrate whether the suggested methods are
deﬁnitely preferred.
Finally, in section 17.7 above, some long standing problem areas with respect to CPI construction
have been highlighted. It would be good if some progress could be made on resolving these problems
in the coming decade.
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Chapter 18

Index Number Theory: Past Progress and
Problems for the Future
18.1 Introduction
The past quarter century has seen a remarkable amount of progress in both the theory and practice
of index number theory and the closely related problems associated with the measurement of output,
input and productivity. In section 18.2 below, we will review some of the signiﬁcant developments
in these areas over the past 30 years or so.
In section 18.3, we will take a look at some of the signiﬁcant challenges that still face us in the price
measurement area while in section 18.4, we will discuss some of the challenges that face measurement
economists and price statisticians in measuring the productivity performance of establishments, ﬁrms,
industries and economies.

18.2 Past Progress in the Measurement of Price and Quantity Change
In this section, we will discuss ten areas where progress in measuring price change has been made
over the past 30 years.

18.2.1 Alternative Approaches to Index Number Theory Have Converged Substantially
Index number theory gives statistical agencies some guidance on what is the “right” theoretical
target index.*1 The problem historically has been that there have been many alternative index
number theories and so statistical agencies have been unable to agree on a single target index to
guide them in the preparation of their consumer price indexes or their indexes of real output. Most
of the theoretical literature on index numbers centers on the case where complete price and quantity
information is available for two periods where it is desired to compare say the level of prices in one of
the periods with those of the other period. This is called bilateral index number theory as opposed
to multilateral index number theory, which deals with many periods instead of just two. However,
multilateral approaches can readily be built up using bilateral index number theory. There are ﬁve
main approaches to bilateral index number theory:

*1

Of course, the target index may not be achievable by a statistical agency but it is necessary to have some sort of
theoretical target so that procedures can be adjusted so as to come closer to the target concept. Having a target
concept is also necessary so that the index that is actually produced by a statistical agency can be evaluated
from the perspective of how close the actual index comes to the theoretical ideal.
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1.
2.
3.
4.
5.

Fixed basket approaches and symmetric averages of ﬁxed baskets;
The stochastic approach to index number theory;
Test approaches;
The economic approach and
The approach of Divisia (1926)[240].

Approaches 3 and 4 will be familiar enough to many price statisticians and expert users of the CPI
but perhaps a few words about the other approaches are in order.
The Laspeyres index is an example of a ﬁxed basket index. The problem from a theoretical point
of view is that it has an equally valid “twin” between the same two periods under consideration,
the Paasche index. If we have two equally valid estimators for the same concept, then statistical
theory tells us to take the average of the two estimators in order to obtain a more accurate estimator.
However, there is more than one way of taking an average so the question of the “best” average to
take of the Paasche and Laspeyres indexes is not trivial. The ILO (2004)[355] CPI Manual suggested
that the two “best” averages that emerge are the Fisher (1922)[274] ideal and the Walsh (1901)[530]
(1921)[531] price indexes.*2
The unweighted stochastic approach to index number theory is also an easy one for price statisticians
to follow: if we have lots of independent item price relatives between two periods, then some sort
of average of them ought to be a pretty good estimator for the average amount of price change
between the two periods. Moreover, this approach has the advantage of giving us a standard error
for the estimated aggregate price change. Unfortunately, this straightforward stochastic approach
neglects one key variable: namely, the economic importance of each price relative. Thus to get a
more accurate stochastic approach to index number theory, it is necessary to bring into the picture
expenditure weights for each item. When this is done, the Törnqvist (1936)[509] Theil (1967)[500]
formula emerges as being perhaps “best” from the viewpoint of weighted stochastic approaches to
index number theory.*3
It turns out that the test and economic approaches to bilateral index number theory also end up
endorsing the Fisher, Walsh and Törnqvist Theil price indexes as being “best” from their perspectives
as well.*4
The ﬁfth approach to index number theory, the continuous time Divisia approach, does not lead to
a single discrete time bilateral index number formula that is most consistent with this approach*5
so it provides little practical advice for statistical agencies, although it can be conceptually useful at
times.*6
Thus four of the ﬁve major approaches to bilateral index number theory lead to the same three
formulae as being best. Which formula should then be used by a statistical agency as their target
index? It turns out that for “typical” time series data, it will not matter much, since the three
indexes approximate each other very closely.*7
The fact that four rather diﬀerent approaches to index number theory lead to the same small number
of index number formulae as being “best” and the fact that these formulae closely approximate
each other for annual time series data has been a positive development. Twenty-ﬁve years ago,
*2

*3
*4

*5
*6
*7

See Chapter 15 in the ILO (2004)[355] CPI Manual. These recommendations are based on the research of
Diewert (1997; 138 )[160] (2001c; section 7)[175]. The IMF (2004)[356] PPI Manual contains the same basic
information on index number theory.
See Chapter 16 in the ILO (2004)[355] CPI Manual.
See Chapter 16 in the ILO (2004)[355] CPI Manual. These three index number formulae are all examples of
superlative index number formulae; see Diewert (1976)[127] for an explanation of this concept and some examples
of superlative formulae.
See Frisch (1936; 7-9)[281] and Chapter 15 of the ILO (2004)[355] CPI Manual, where it is shown that both the
Paasche and Laspeyres indexes can be regarded as discrete time approximations to the Divisia index.
See the excellent survey paper on Divisia indexes by Balk (2000)[40].
See Diewert (1978; 888)[128] on this point but see also Hill (2006)[329] for some limitations of Diewert’s results.
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measurement economists and price statisticians from North America tended to favor the economic
approach to index number theory whereas their counterparts in Europe tended to favor the test*8 or
stochastic approaches. This diﬀerence in views led to a great deal of counterproductive discussion
on the relative merits of the various approaches to index number theory at international meetings
on price measurement. Since for all practical purposes, the various approaches lead to the same
small number of index number formulae as being “best”, recent international meetings have been far
more productive, with everyone focused on how to improve price measurement rather than ﬁghting
methodological wars.

18.2.2 New Insights into Fixed Base versus Chained Indexes
The chain system *9 measures the change in prices going from one period to a subsequent period
using a bilateral index number formula involving the prices and quantities pertaining to the two
adjacent periods. These one period rates of change (the links in the chain) are then cumulated to
yield the relative levels of prices over the entire period under consideration. On the other hand, the
ﬁxed base system of price levels using the same bilateral index number formula P simply computes
the level of prices in period t relative to the base period 0 in one step using the long term price
relatives between the two periods.
For at least 70 years, economists and statisticians have been arguing about the relative merits of ﬁxed
base versus chained index numbers.*10 Thanks to the contributions of Szulc (1983)[498], T.P. Hill
(1988)[332] (1993)[333] and R.J. Hill (1995)[322] (1999a)[323] (1999b)[324] (2001)[325] (2004)[327],
(2009)[330] and Diewert (2009)[201], I think that we have come to a much better understanding of
the conditions when it will be useful to chain or not.
The main advantage of the chain system is that under normal conditions, chaining will reduce
the spread between the Paasche and Laspeyres indexes.*11 These two indexes each provide an
asymmetric perspective on the amount of price change that has occurred between the two periods
under consideration and it could be expected that a single point estimate of the aggregate price
change should lie between these two estimates. Thus under these as yet to be speciﬁed normal
conditions, the use of either a chained Paasche or Laspeyres index will usually lead to a smaller
diﬀerence between the two and hence to estimates that are closer to the “truth”.
Hill (1993; 388)[333], drawing on the earlier research of Szulc (1983)[498] and Hill (1988; 136137)[332], noted that it is not appropriate to use the chain system when prices oscillate (or “bounce”
to use Szulc’s (1983; 548)[498] term). This phenomenon can occur in the context of regular seasonal
ﬂuctuations or in the context of price wars as we have seen in the previous chapter. However, in the
context of roughly monotonically changing prices and quantities, Hill (1993; 389)[333] recommended
the use of chained symmetrically weighted indexes.*12 The Fisher, Törnqvist and Walsh indexes are
examples of symmetrically weighted indexes.
Under what conditions one should chain or not chain? Basically, one should chain if the prices and
quantities pertaining to adjacent periods are more similar than the prices and quantities of more
distant periods, since this strategy will lead to a narrowing of the spread between the Paasche and
*8

*9

*10
*11
*12

The work of the Europeans Eichhorn and Voeller (1976)[253], Eichhorn (1978)[251] and Balk (1995)[35] (2008)[45]
have been very inﬂuential in popularizing the test approach to index number theory. See also Diewert
(1992b)[146].
The chain principle was introduced independently into the economics literature by Lehr (1885; 45-46)[388] and
Marshall (1887; 373)[398]. Both authors observed that the chain system would mitigate the diﬃculties due to
the introduction of new commodities into the economy, a point also mentioned by Hill (1993; 388)[333]. Fisher
(1911; 203)[272] introduced the term “chain system”.
See the discussion in Frisch (1936)[281].
See Diewert (1978; 895)[128] and Hill (1988)[332] (1993; 387-388)[333].
Note that all known superlative indexes are symmetrically weighted.
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Laspeyres indexes at each link.*13 Of course, one needs a measure of how similar are the prices
and quantities pertaining to two periods. The similarity measures could be relative ones or absolute
ones. In the case of absolute comparisons, two vectors of the same dimension are similar if they
are identical and dissimilar otherwise. In the case of relative comparisons, two vectors are similar
if they are proportional and dissimilar if they are nonproportional.*14 Once a similarity measure
has been deﬁned, the prices and quantities of each period can be compared to each other using this
measure and a “tree” or path that links all of the observations can be constructed where the most
similar observations are compared with each other using a bilateral index number formula.*15 Hill
(1995)[322] deﬁned the price structures between the two countries to be more dissimilar the bigger
is the spread between PL and PP ; i.e., the bigger is max{PL /PP , PP /PL }. The problem with this
measure of dissimilarity in the price structures of the two countries is that it could be the case that
PL = PP (so that the Hill measure would register a maximal degree of similarity) but the base
period prices could be very diﬀerent than the current period prices. Thus there is a need for a
more systematic study of similarity (or dissimilarity) measures in order to pick the “best” one that
could be used as an input into Hill’s (1999a)[323] (1999b)[324] (2001)[325] (2004)[327] spanning tree
algorithm for linking observations.*16 However, there is no doubt that the recent research by the
Hills has put the question of whether to chain or not on a much more scientiﬁc basis. This is a very
useful recent advance.

18.2.3 The Importance of Quality Change
Another element of progress in index number theory is the widespread recognition of the importance
of adjusting prices for quality change. Thus there are a substantial number of papers*17 that are now
being devoted to this extremely important but conceptually diﬃcult topic in recent years. I view this
as a very positive development. It might be argued that this is not really a new development, since
many of the early index number theorists were very concerned about the problem of introducing
new goods into their preferred indexes.*18 Index number practitioners have also been interested in
*13

*14
*15

*16
*17
*18

Walsh in discussing whether ﬁxed base or chained index numbers should be constructed, took for granted that
the precision of all reasonable bilateral index number formulae would improve, provided that the two periods or
situations being compared were more similar and hence, for this reason, favored the use of chained indexes: “The
question is really, in which of the two courses [ﬁxed base or chained index numbers] are we likely to gain greater
exactness in the comparisons actually made? Here the probability seems to incline in favor of the second course;
for the conditions are likely to be less diverse between two contiguous periods than between two periods say ﬁfty
years apart.” Correa Moylan Walsh (1901; 206)[530]. Walsh (1921; 84-85)[531] later reiterated his preference
for chained index numbers. Fisher also made use of the idea that the chain system would usually make bilateral
comparisons between price and quantity data that was more similar and hence the resulting comparisons would
be more accurate: “The index numbers for 1909 and 1910 (each calculated in terms of 1867-1877) are compared
with each other. But direct comparison between 1909 and 1910 would give a diﬀerent and more valuable result.
To use a common base is like comparing the relative heights of two men by measuring the height of each above
the ﬂoor, instead of putting them back to back and directly measuring the diﬀerence of level between the tops
of their heads.” Irving Fisher (1911; 204)[272]. “It seems, therefore, advisable to compare each year with the
next, or, in other words, to make each year the base year for the next. Such a procedure has been recommended
by Marshall, Edgeworth and Flux. It largely meets the diﬃculty of non-uniform changes in the Q’s, for any
inequalities for successive years are relatively small.” Irving Fisher (1911; 423-424)[272].
Diewert (2009)[201] took an axiomatic approach to deﬁning various indexes of absolute and relative dissimilarity.
Fisher (1922; 271-276)[274] hinted at the possibility of using spatial linking; i.e., of linking countries that are
similar in structure. However, the modern literature has grown due to the pioneering eﬀorts of Robert Hill
(1995)[322] (1999a)[323] (1999b)[324] (2001)[325] (2004)[327]. Hill (1995)[322] used the spread between the
Paasche and Laspeyres price indexes as an indicator of similarity and showed that this criterion gives the same
results as a criterion that looks at the spread between the Paasche and Laspeyres quantity indexes.
For a more systematic discussion of the properties of various measures of dissimilarity, see Diewert (2009)[201].
The recent work by de Haan and Krsinich (2012)[117] (2014)[118] is particularly important.
Walsh (1901; 207)[530] argued that Lehr (1885; 45-46)[388] was motivated to introduce the chain system in
order to facilitate the introduction of new goods into price indexes. Marshall (1887; 373)[398], Fisher (1911;
204)[272] and Divisia (1926; 44-47)[240] all made similar arguments for the use of the chain principle as an aid
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the problems of quality adjustment for a long time as well.*19 However, interest in this topic is now
at unprecedented levels, perhaps due to the fact that about 2 per cent of the price quotes collected
by a typical statistical agency in one month are no longer available in the following month. Some of
these disappearing price quotes can be traced to seasonal and other factors but a substantial amount
of the problem of disappearing quotes can be traced to new products replacing old products.
The main practical method that can be used to deal with quality change is the hedonic regression methodology, due initially to Court (1939)[99] and popularized by Griliches (1971a)[293]
(1971b)[294]. A recent survey of hedonic regression techniques can be found in Triplett (2004)[507].
In the Japanese context, the main contributor to the quality adjustment debate has been Shiratsuka while in the UK context, the main contributor has been Silver; see Shiratsuka (1995a)[473]
(1995b)[474] (1999a)[475] (1999b)[476] and Silver (1995)[478] and Silver and Heravi (2001a)[479]
(2001b)[480] (2002a)[484] (2002b)[485] (2003)[486]. Additional important contributions have been
made by Diewert (2003a)[185] (2003b)[188] (2006a)[197], de Haan (2003)[112] (2004)[113] (2010)[115]
and de Haan and Krsinich (2012)[117] (2014)[118]. We will discuss the problem of quality change in
more detail in section 18.3.2 below.

18.2.4 The Usefulness of Multiple Consumer Price Indexes to Suit Diﬀerent Purposes
Many years ago, Jack Triplett (1983)[503] pointed out that more than one CPI may be required to
meet the needs of diﬀerent users.*20 For example, some users may require information on the month
to month movement of prices in a timely fashion. This requirement leads to a Laspeyres type CPI
along the lines of existing CPI’s, where current information on weights is not necessarily available.
However, other users may be more interested in a more accurate or representative measure of price
change and may be willing to sacriﬁce timeliness for increased accuracy. Thus the Bureau of Labor
Statistics in the U.S. provides, on a delayed basis, a superlative index that uses current period weight
information as well as base period weight information.*21 This is an entirely reasonable development,
recognizing that diﬀerent users have diﬀerent needs. A second example where multiple indexes would
be useful occurs in the context of the treatment of owner occupied housing. Researchers have made
solid cases for at least three diﬀerent treatments of owner occupied housing: the acquisitions approach
(just price out purchases of new dwelling units), the rental equivalence approach (impute a rent for
the dwelling based on market rents for comparable housing units) and the user cost approach (work
out all of the anticipated or actual costs of owning the house for the reference period including
depreciation and the opportunity cost of the capital tied up in owning the dwelling).*22 However,
these three approaches to the treatment of owner occupied housing will usually give quite diﬀerent
numerical results in the short run. Since all three approaches have strong support, it would be
reasonable for a statistical agency to pick one approach for their ﬂagship index but make available
the other two treatments as “analytical series” for interested users. A third example where multiple
indexes would be useful occurs in the context of seasonal commodities. The usual CPI is a month
to month index and it is implicitly assumed that all commodities are available in each month. But
this assumption is not warranted: in most countries, some 5 to 10% of all commodities are generally
not available in all months. In this context, a month to month CPI will not be as “accurate” as a

*19
*20

*21
*22

to introducing new products into price indexes.
The Stigler (1961)[493] report stressed the importance of quality change as did the more recent Boskin (1996)[64]
and Schultze and Mackie (2002)[465] reports on the Consumer Price Index.
Edgeworth (1888)[246] (1925)[248] also was a ﬁrm believer in multiple indexes for multiple purposes and opposed
the views of Walsh (1901)[530] (1921)[531] and Fisher (1922)[274] who thought that once the transactions domain
of deﬁnition for the index was chosen, then there was a single best way of constructing the index for all purposes.
See Cage, Greenlees and Jackman (2003)[76].
Diewert (2011)[207] and Diewert and Nakamura (2009)[236] suggested a fourth approach: the opportunity cost
approach. This approach values the services of OOH at the maximum of the user cost and the imputed rent for
the owned dwelling unit.
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year over year CPI that compares the prices of commodities in this month with the corresponding
commodities in the same month a year ago. Hence again, the need for multiple indexes emerges to
cater to the needs of diﬀerent users.*23
I believe that there is an emerging consensus that it is permissible to have more than one price index
where the diﬀerent indexes might serve diﬀerent purposes. I see this as a positive development.

18.2.5 Problems in Constructing Elementary Indexes have been Recognized
When price statisticians construct a component of a CPI or PPI, they do not use Laspeyres price
indexes at the elementary (or ﬁrst) stages of aggregation, because the Laspeyres index requires
quantity or expenditure weights, which are generally not available. Hence, at the ﬁrst stage of
aggregation, the Carli (1764)[78] (arithmetic average of price relatives), Jevons (1865)[364] (geometric
average of price relatives) or Dutot (1738)[244] (arithmetic average of current period prices divided
by arithmetic average of base period prices) indexes are used. The Carli has a deﬁnite upward bias
but all three indexes suﬀer from being unweighted indexes. Until relatively recently, when scanner
data has become more readily available, it was thought that the biases that might result from the use
of unweighted indexes were not particularly signiﬁcant but recent evidence points to a very signiﬁcant
bias problem at lower levels of aggregation compared to results that are generated by the preferred
target indexes mentioned above (i.e., the Fisher, Walsh and Törnqvist Theil price indexes). In any
case, the standard statistical agency practice at lower levels of aggregation is simply not consistent
with the Laspeyres index as a target index (since the Laspeyres index requires proper weighting at
all levels of aggregation). Until recently, the problems with the construction of price indexes at the
elementary level of aggregation were not generally recognized as being as serious as they appear to
be.
Until fairly recently, it was not possible to determine how close an unweighted elementary index of the
type noted above (the Carli, Jevons and Dutot indexes) is compared to an elementary aggregate that
was constructed using a weighted superlative formula. However, with the availability of scanner data
(i.e., of detailed data on the prices and quantities of individual items that are sold in retail outlets),
it has been possible to compute ideal elementary aggregates for some item strata and compare the
results with statistical agency estimates of price change for the same class of items. Of course, the
statistical agency estimates of price change are usually based on the use of the Dutot, Jevons or
Carli formulae. The following quotations summarize many of the early scanner data studies:
“A second major recent development is the willingness of statistical agencies to experiment
with scanner data, which are the electronic data generated at the point of sale by the retail
outlet and generally include transactions prices, quantities, location, date and time of purchase
and the product described by brand, make or model. Such detailed data may prove especially
useful for constructing better indexes at the elementary level. Recent studies that use scanner
data in this way include Silver (1995)[478], Reinsdorf (1996)[444], Bradley, Cook, Leaver
and Moulton (1997)[70], Dalén (1997)[105], de Haan and Opperdoes (1997)[119] and Hawkes
(1997)[314]. Some estimates of elementary index bias (on an annual basis) that emerged
from these studies were: 1.1 percentage points for television sets in the United Kingdom; 4.5
percentage points for coﬀee in the United States; 1.5 percentage points for ketchup, toilet
tissue, milk and tuna in the United States; 1 percentage point for fats, detergents, breakfast
cereals and frozen ﬁsh in Sweden; 1 percentage point for coﬀee in the Netherlands and 3
percentage points for coﬀee in the United States respectively. These bias estimates incorporate
both elementary and outlet substitution biases and are signiﬁcantly higher than our earlier
ballpark estimates of .255 and .41 percentage points. On the other hand, it is unclear to what
*23

Diewert (1999)[167], Diewert, Alterman and Feenstra (2004)[219] and Diewert, Finkel and Artsev (2009)[228]
advocated the construction of at least 3 indexes in the seasonal context. See also Diewert (2013a)[213].
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extent these large bias estimates can be generalized to other commodities.” W. Erwin Diewert
(1998; 54-55)[161].
“Before considering the results it is worth commenting on some general ﬁndings from scanner
data. It is stressed that the results here are for an experiment in which the same data were
used to compare diﬀerent methods. The results for the U.K. Retail Prices Index can not be
fairly compared since they are based on quite diﬀerent practices and data, their data being
collected by price collectors and having strengths as well as weaknesses (Fenwick, Ball, Silver
and Morgan (2003)[267]). Yet it is worth following up on Diewert’s (2002a)[180] comment
on the U.K. Retail Prices Index electrical appliances section, which includes a wide variety
of appliances, such as irons, toasters, refrigerators, etc. which went from 98.6 to 98.0,a drop
of 0.6 percentage points from January 1998 to December 1998. He compares these results
with those for washing machines and notes that ‘..it may be that the non washing machine
components of the electrical appliances index increased in price enough over this period to
cancel out the large apparent drop in the price of washing machines but I think that this is
somewhat unlikely.’ A number of studies on similar such products have been conducted using
scanner data for this period. Chained Fishers indices have been calculated from the scanner
data, (the RPI (within year) indices are ﬁxed base Laspeyres ones), and have been found to
fall by about 12% for televisions (Silver and Heravi, 2001a[479]), 10% for washing machines
(Table 7 below), 7.5% for dishwashers, 15% for cameras and 5% for vacuum cleaners (Silver
and Heravi (2001b)[480]. These results are quite diﬀerent from those for the RPI section
and suggest that the washing machine disparity, as Diewert notes, may not be an anomaly.
Traditional methods and data sources seem to be giving much higher rates for the CPI than
those from scanner data, though the reasons for these discrepancies were not the subject of
this study.” Mick Silver and Saeed Heravi (2002a; 25)[484].
The above quotations summarize the results of many of the early elementary aggregate index number
studies that are based on the use of scanner data.*24 These studies indicated that when detailed
price and quantity data are used in order to compute superlative indexes or hedonic indexes for
an expenditure category, the resulting measures of price change are often below the corresponding
oﬃcial statistical agency estimates of price change for that category. However, the above bias
measures were constructed using a chained superlative index as the target index and the various
unweighted elementary indexes were compared to the target chained superlative index. As we saw
in Chapter 17, chained superlative indexes are often subject to a certain amount of chain drift bias
and so the above early studies of elementary index bias probably overstate the bias in the various
elementary indexes. But there is little doubt that chained Carli indexes are subject to a considerable
amount of upward bias. More recent results on elementary index bias*25 indicate that there may be
large gains in the precision of elementary indexes if a weighted sampling framework is adopted.

18.2.6 Towards a Better Understanding of a Typical CPI
At the ﬁnal stages of aggregation, the standard CPI index is not a true Laspeyres index since the
expenditure weights used at higher levels of aggregation pertain to a base year which is diﬀerent
from the base month (or quarter) for prices. Thus the expenditure weights are chosen at an annual
frequency whereas the prices are collected at a monthly frequency. To be a true Laspeyres index,
the base period expenditures should coincide with the base period for the prices. In fact, the actual
target index used by many statistical agencies at the last stage of aggregation is usually a Lowe
(1823)[395]*26 or a Young (1812)[549] index, which is equal to a share weighted average of the
*24
*25
*26

See also Silver and Heravi (2003)[486].
See for example Diewert (2013a)[213] and Armknecht and Silver (2014)[13].
Recall that a Lowe index is similar to a Laspeyres index in that it is the ratio of a ﬁxed basket of commodities
priced out at the prices of the current month (say month t) divided by the same basket priced out at the prices

472

Chapter 18 Index Number Theory: Past Progress and Problems for the Future

monthly price ratios of period t prices to period 0 prices but instead of using month 0 expenditure
shares as weights, the Young index uses the expenditure shares of a (possibly distant) base year.
Thus the Young index depends on the prices of the base month, the prices of the current month and
the expenditure shares of a base year. It can be seen that the Young index is a weighted version
of the unweighted Carli index.*27 Both the Young and Carli indexes have deﬁnite upward biases
compared to theoretical target indexes.*28
Before the publication of the CPI Manual, most measurement economists did not realize that a
typical CPI is based on either a Lowe or Young index instead of a Laspeyres index. However, the
2004 CPI Manual deals more fully with the complexities of the Lowe and Young indexes. This is
also an important new development in index number theory.

18.2.7 Gaps with Respect to Service Prices have been Recognized
A troublesome problem with the system of price statistics in most countries is that the problems of
measuring complex services are generally neglected by statistical agencies due to diﬃculties in funding
the collection of services prices. For the most part, the economics profession has not strongly lobbied
for more price collection in the services area, so we bear some responsibility for this situation.*29
At present, a typical CPI program will collect many more goods prices than services prices and will
have many more commodity classes for goods rather than services. In a way, this just reﬂects the
historical origins of existing CPI theory. Until 2004, CPI theory remained essentially unchanged
for 80 years but 90 years ago, goods were much more signiﬁcant than services, and hence, there
was not much focus on the problems involved in measuring services. It is only over the last 40
or 50 years that the shift to services has caused service expenditures to exceed those on goods in
many countries. However, if one looks at published CPI categories, there will generally be many
more goods categories than services categories.*30 In addition to inertia, there are some serious
conceptual problems involved in measuring the prices of many services. Some examples of diﬃcult
to measure services are: expenditures on insurance, gambling, ﬁnancial services, advertising services,
telecommunication services (with complex plans), advertising expenditures, entertainment services
and rental housing. In many cases, statistical agencies simply do not have appropriate methodologies
to deal with these diﬃcult conceptual measurement problems and so in many cases, these service
sector outputs are either not measured at all or deﬂated with a very rough and ready deﬂator. We
will have more to say about these problems in section 18.3.4 below but in the present section, we
want to stress that at least in Canada and the U.S. and many other countries, the data deﬁciencies
in the service sectors are being addressed.*31 I view this as a very positive development.

18.2.8 The Price of Capital Services has Made its Appearance in SNA 2008
Prior to 2008, the international System of National Accounts did not have a proper decomposition of
sources of income into price and quantity components (as was the case with outputs and intermediate

*27
*28
*29
*30
*31

of a base month (say month 0). However, instead of the quantity basket being the basket of purchases at month
0, the quantity basket is the basket of a base year (say year a), which usually precedes the base month 0. For
an analysis of the substitution bias in this index, see Balk and Diewert (2004)[47].
The Carli index is simply an evenly weighted average of the price ratios. Hence, if the base year expenditure
shares were all equal, the Young index would collapse down to a Carli index.
The usual theoretical target indexes would be either the Fisher, Walsh or Törnqvist Theil index.
A notable exception is Zvi Griliches (1992)[295] (1994)[296], who brought the data deﬁciency in services to the
attention of economists.
Ten years ago, detailed consumer price indexes for approximately 160 commodities were available from Statistics
Canada on a monthly basis. Of these 160 consumer price indexes, only about 40 were devoted to service prices.
The Bureau of Labor Statistics has greatly expanded its service prices program and so has Statistics Canada.
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inputs).*32 However, statistical agencies in many countries*33 produced Multifactor Productivity or
Total Factor Productivity estimates following along the lines originally suggested by Jorgenson and
Griliches (1967)[369]. In order to construct these productivity estimates, it is necessary to construct
prices for the services of reproducible capital inputs (machinery and equipment and structures) as
well as for land and inventories. Thus government statisticians have gradually warmed to the idea of
providing prices or user costs for various capital services*34 and so ﬁnally in SNA 2008, it is permitted
(but not required) to decompose Gross Operating Surplus into price and quantity components where
the price of capital services is a user cost.*35 I view this as a very positive recent development.

18.2.9 The Contribution of Entering and Exiting Firms to Productivity Growth
Another relatively recent development in economic measurement theory is the recognition of the
role that entering and disappearing production units might play in contributing to the productivity
growth of a country or an industry. John Haltiwanger (1997)[302] (2000)[303] has been a pioneer
in bringing this factor to the attention of the profession.*36 I believe that this is an exciting and
relatively new area of research in index number theory.

18.2.10 Growth Decompositions
A ﬁnal area of index number theory where progress has been made in the past 30 years is the development of index number decompositions into explanatory factors that are tied to economic theory.
Decompositions of a quantity index number measure of overall growth into individual component
sources of growth is not new*37 but what is new is decompositions that have an explicit economic
interpretation. Diewert and Morrison (1986)[221] obtained this type of economic decomposition
for the Törnqvist quantity index and the same decomposition was independently derived by Kohli
(1990)[376].*38 Diewert (2002b)[183] obtained an analogous economic decomposition for the Fisher
formula. The full potential of these decompositions has perhaps not been generally recognized by
economists and statisticians but it is likely that it will be in coming years.
*32
*33

*34
*35

*36

*37

*38

SNA 1993 did recommend a decomposition of compensation of employees into wage and quantity components;
see Eurostat (1993)[257].
The oﬃcial measurement of TFP started in the U.S. with the BLS program (see the Bureau of Labor Statistics
(1983)[74] and Dean and Kunze (1992)[109] for a description). Australia, Canada, the Netherlands, New Zealand,
the UK, the US and many other countries also now have extensive oﬃcial TFP programs.
The excellent productivity and capital measurement Manuals written by Schreyer (2001)[460] (2009)[461] also
helped popularize the user cost idea among national statisticians.
Some countries, such as the U.S., may implement prices for capital services in their own oﬃcial accounts in
any case; see Jorgenson and Landefeld (2006)[370] for a proposed framework for the US (which has not been
oﬃcially implemented as of this date).
Some of the more important papers in this area are Baldwin and Gorecki (1991)[23], Baily, Hulten and Campbell
(1992)[20], Griliches and Regev (1995)[297], Baldwin (1995)[22], Haltiwanger (1997)[302], Ahn (2001)[5], Foster, Haltiwanger and Krizan (2001)[278], Aw, Chen and Roberts (2001)[18], Bartelsman and Doms (2000)[51],
Baldwin and Gu (2002)[24] (2003)[25], Balk (2003)[43], Bartelsman, Haltiwanger and Scarpetta (2004)[52],
Diewert and Fox (2011)[231] and Fox (2012)[279]. Balk (2003; 29)[43] emphasized the importance of a symmetric treatment of time. A symmetric decomposition was proposed earlier by Griliches and Regev (1995)[297]
and a modiﬁcation of it was used by Aw, Chen and Roberts (2001)[18]. Diewert and Fox (2011)[231] noted the
relationship of this literature with the literature on making multilateral comparisons.
An interesting decomposition for the Fisher quantity index was obtained by Van Ijzeren (1987)[515] and it has
been independently derived by Dikhanov (1997)[239]. The Van Ijzeren decomposition is currently being used
by Bureau of Economic Analysis; see Moulton and Seskin (1999; 16)[409] and Ehemann, Katz and Moulton
(2002)[249]. For more on this decomposition and its relationship to “economic” decompositions, see Reinsdorf,
Diewert and Ehemann (2002)[448].
For closely related materials, see Morrison and Diewert (1990)[407] and Fox and Kohli (1998)[280]. The graphical
presentation of the Törnqvist decomposition that is in the latter paper is particularly useful. For applications
of this economic approach to productivity decompositions, see Diewert, Mizobuchi and Nomura (2005)[234],
Diewert and Lawrence (2006)[226], Diewert and Yu (2012)[238] and Diewert (2014b)[217].
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We turn now to a discussion of future challenges.

18.3 Future Challenges in Measuring Price Change
Many of the future challenges are follow up items from the progress list set out in the previous
section. Thus I think that although we have made some progress in recognizing the problems that
make price measurement diﬃcult, our future challenges will be to ﬁx these problems as best we can.

18.3.1 The Problem of Quantity or Expenditure Weights at the Elementary Level
As was mentioned in the previous section, there seem to be problems with statistical agency methodology in collecting prices at the elementary index level. I believe that the problems are mostly due to
the fact that statistical agencies generally do not collect quantities transacted to go with the prices
that are collected and so unreliable, unweighted price indexes must be used at the elementary level.
The future challenge will be to convince agencies to collect quantities along with prices.*39

18.3.2 The Problems Associated with Adjusting Prices for Quality Change Need to be
Solved
There are two main classes of methods that can be used to address the problem of adjusting prices
for quality change:
• Hedonic regression techniques and
• Econometric estimation of reservation prices.
Hedonic regression techniques date back to Waugh (1929)[537] and Court (1939)[99],*40 while the
reservation price methodology for dealing with the introduction of new goods dates back to Hicks
(1940, 114)[317]. Hausman (1997)[311] (1999)[312] has implemented the Hicksian methodology but
it has not been adopted by any statistical agency as of this date.
Hedonic regression methods were reviewed in Chapter 4 of Schultze and Mackie (2002)[465], where a
rather cautious approach to the use of hedonic regressions was advocated due to the fact that many
issues had not yet been completely resolved. A paper by Silver and Heravi (2002b)[485] also raised
questions about the usefulness of hedonic regressions since this paper presented several alternative
hedonic regression methodologies and obtained diﬀerent empirical results using the alternative models.*41 However, a consensus is perhaps forming that the recent hedonic regression methodology
developed by de Haan and Krsinich (2012)[117] (2014)[118] is particularly promising.
Some of the more important issues that need to be resolved before hedonic regressions can be
routinely applied by statistical agencies include:*42
• Should the dependent variable be transformed or not?
• Should separate hedonic regressions be run for each of the comparison periods or should we
use the dummy variable adjacent year regression technique initially suggested by Court (1939;
*39

*40
*41
*42

As we have seen in Chapter 17, several statistical agencies are collecting price and quantity information at the
elementary level and are using this information to construct weighted elementary indexes for some strata of their
CPIs. The list of countries using at least some scanner data to help construct their CPIs includes Australia,
Japan, the Netherlands, Norway and Switzerland.
The manual on methods for quality adjustment by Triplett (2004)[507] gives the most comprehensive review of
hedonic regression methods.
The observation that diﬀerent variants of hedonic regression techniques can generate quite diﬀerent answers
empirically dates back to Triplett and McDonald (1977; 150)[508] at least.
Diewert (2003b)[188] (2006a)[197], de Haan (2003)[112] (2004)[113] (2010)[115], Diewert, Heravi and Silver
(2009)[232] and de Haan and Krsinich (2014)[118] have addressed many of these problems in recent years.
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109-11)[99] and used by Berndt, Griliches and Rappaport (1995; 260)[59] and many others?
• Should regression coeﬃcients be sign restricted or not?
• Should the hedonic regressions be weighted or unweighted? If they should be weighted, should
quantity or expenditure weights be used?
• How should outliers in the regressions be treated? Can inﬂuence analysis be used?
However, the above issues are being addressed and perhaps a consensus on “best practice” hedonic
regression techniques is slowly emerging.

18.3.3 How Should Seasonal Prices be Treated?
The problem of seasonal prices was mentioned in section 18.2.4 above. I personally feel that the
existence of seasonal prices (particularly prices that are available in some seasons but not in all
seasons) means that one month to month price index will not serve all purposes. For forecasting
short term changes in general inﬂation, a month to month index is required. But for longer term
purposes, year over year indexes for each month will generally be more accurate and thus there is
a need for at least two indexes. However, once year over year monthly indexes are available, it is
useful to combine these indexes into a rolling year annual index that compares the prices of the
past 12 months with the corresponding seasonal prices in a base year.*43 However, a “best practice”
methodology for dealing with seasonal prices has not yet emerged and so this topic remains on the
list of challenges for the future.

18.3.4 The Development of Measurement Methodologies for Diﬃcult to Measure Service
Sector Outputs
In the North American Industrial Classiﬁcation System, there are some 926 NAICS 6-digit industries.
Of these, 381 are goods industries. The remaining 545 service sector industries break down as follows:
•
•
•
•
•
•

Public administration (29 industries).
Religious, grant-making, civic and professional service industries (10 industries).
Education, health and social assistance industries (49 industries).
Wholesale and retail trade (147 industries).
Transportation (51 industries).
Services 1 (Communication Services consisting of 37 industries), including postal and courier
services, warehousing, periodicals and books, software publishers, movies, music, radio and
television, telecommunications, news and data processing.
• Services 2 (Business Services consisting of 98 industries) including property leasing, real estate
management, car and other rental and leasing, lawyers, accountants, architectural engineering, drafting, design and similar business services, computer services, administrative services,
consulting and R&D services, advertising, photography, veterinary services, head oﬃce services, employment agencies, telephone call centers, collection agencies, travel agencies, security
services, janitorial and cleaning services, and waste collection and disposal services.
• Services 3, (Personal Services consisting of 79 industries), including performing arts, professional sports, museums, parks, zoos, gambling, sports facilities, hotels and other accommodation, food services, drinking places, auto repair, car washes, equipment maintenance and
repair, barber shops and beauty salons, funeral homes, laundries, pet care, photo ﬁnishing
and parking lots.
• Finance and insurance, (45 industries), including the Bank of Canada, banking and related
services, brokerages, exchanges, investment advice, accident, property and life insurance agen*43

See Diewert (1999)[167] (2013a)[213], Diewert, Finkel and Artsev (2009)[228] or the ILO (2004)[355] CPI Manual
for the details.

476

Chapter 18 Index Number Theory: Past Progress and Problems for the Future
cies, brokerages and carriers, pension funds and other ﬁnancial services.

Some of the above industries have outputs that seem fairly straightforward to price. As of 10 years
ago, Statistics Canada has developed price indexes for the wholesale and retail trade industries (147
industries)*44 and more accurate price indexes for the 51 transportation industries.*45 Statistics
Canada also has approximately 60 indexes from the Consumer Price Index that it uses to deﬂate
the outputs of some of the remaining service sector industries. This leaves about 290 industries for
which there was no appropriate deﬂator at all as of 10 years ago. Due to limited resources, the
situation has not improved a lot over the past 10 years.
It is not entirely Statistics Canada’s fault that many service industries do not have speciﬁc price
indexes. The problem is partly the fault of academics! The outputs of many service sector industries
are extremely diﬃcult to measure in a manner that will command general acceptance. Hence, this
would seem to be a natural area for academics to enter and develop methodologies for measuring
these diﬃcult to measure outputs. However, with a few exceptions, this has not happened. Hopefully,
in the future, academics will become interested in these very complex measurement problems.
We conclude this section by commenting on some general categories of diﬃcult to measure service
products (the categories overlap).
• Unique products. That is, in diﬀerent periods, diﬀerent products are produced. This prevents
routine matching of prices. This is a pervasive problem in the measurement of the prices of
services.
• Complex products. Many service products are very complicated; e.g., telephone service plans.
• Tied products. Many service products are bundled together and oﬀered as a single unit; e.g.,
newspapers, cablevision plans, banking services packages. In principle, hedonic regression
techniques could be used to price out these ﬁrst three types of service products.
• Joint products. For this type of product, the value depends partially on the characteristics of
the purchaser; e.g., the value of a year of education depends not only on the characteristics
of the school and its teachers but also on the social and genetic characteristics of the student
population.
• Marketing and advertising products. This class of service sector outputs is dedicated to inﬂuencing or informing consumers about their tastes. A standard economic paradigm for this
type of product has not yet emerged.
• Heavily subsidized products. In the limit, subsidized products can be supplied to consumers
free of (explicit) charges. Is zero the “right” price for this type of product?
• Financial products. What is the “correct” real price of a household’s monetary deposits?
Somewhat surprisingly, this question has not yet been resolved in a deﬁnitive manner.
• Products involving risk and uncertainty. What is the correct pricing concept for gambling and
insurance expenditures? What is the correct price for a movie or a record original when it is
initially released?

18.3.5 The Transfer Price Problem
A big problem facing statistical agencies trying to construct import and export price indexes is: how
to deal with transfer prices. A transfer price is a border price set by a multinational ﬁrm that trades
products between subsidiaries in diﬀerent countries. Current transfer price theory*46 suggests that
multinationals have incentives to choose transfer prices strategically in order to minimize their global
*44
*45
*46

A detailed methodology for pricing the outputs and intermediate inputs of a distribution ﬁrm can be found in
Diewert and Smith (1994)[227].
The methodology for measuring the prices of transportation outputs is generally well developed.
See Eden (1998)[245] and Diewert (1985)[140].
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tax burdens. National tax authorities have rules to prevent multinationals from choosing total junk
as their transfer prices but it is likely that currently reported transfer prices represent “economic”
prices that reﬂect the resource costs of the exports or imports. Thus it becomes an increasingly
diﬃcult challenge for statistical agencies to produce price indexes for exports and imports that are
meaningful, given that the proportion of international trade that is conducted between subsidiaries
is about 50 per cent.*47

18.3.6 What is the Right Household Price of Time?
There is increasing interest in measuring welfare in a more comprehensive manner; i.e., many researchers would like to value household uses of time that are used to produce services that are either
substitutes for commodities that could be purchased on the market (e.g., meals or cleaning services)
or that are used to produce ﬁnal consumption services (e.g., reading a book or watching television).
For the ﬁrst type of activity, one could use either the household opportunity cost wage or the cost of
hiring the service. A fairly recent paper on this valuation issue describes the problem as follows:*48
“How to measure the value of unpaid time devoted to nonmarket production is the central
input valuation issue. One possible approach is to value this time at the opportunity cost of
the person performing the nonmarket activity. Another approach employed in the literature
has been to value this time at market substitute prices—the wage that would be paid to a
person hired to perform the task in question. The two approaches may give quite diﬀerent
answers if higher wage individuals devote time to tasks for which the market wage is relatively
low.” Abraham and Mackie (2004)[1].
There is a need to work out what is the “best practice” treatment of this time valuation problem—a
challenge for the future.
In the following section, we review some of the challenges that are involved in measuring Total Factor
Productivity Growth.

18.4 Measuring Productivity Growth
In this section, we go through the major classes of inputs used and outputs produced by a “typical”
industry and note some of the measurement problems that face statistical agencies when they attempt
to produce TFP growth rates for that industry.*49

18.4.1 Gross Outputs
In order to measure the productivity of a ﬁrm, industry or economy, we need information on the
outputs produced by the production unit for each time period in the sample along with the average
price received by the production unit in each period for each of the outputs. In practice, period by
*47
*48

*49

A recent paper that looks at some of the practical measurement issues involving transfer prices is Diewert,
Alterman and Eden (2004)[218]
See also Abraham and Mackie (2004)[1], the published version of this paper. Recent papers that discuss these
household valuation of time issues are Nordhaus (2004)[415], Diewert and Schreyer (2013)[224] and Schreyer
and Diewert (2014)[463].
See Diewert (1992a)[145], Balk (2003)[43] and Diewert and Nakamura (2003)[235] for surveys on the measurement
of Total Factor Productivity. This section draws heavily on Diewert (2001b)[174] (2005b)[195]. The modern
literature on this topic starts with Jorgenson and Griliches (1967)[369] and Christensen and Jorgenson (1969)[90]
(1970)[91]. Jorgenson and his coworkers introduced the decomposition of inputs into KLEMS components
(capital services, labour, energy, materials and services inputs). The work of Jorgenson led to the adoption
of his methodology by European Union countries; see Timmer, Inklaar, O’Mahony and van Ark (2010)[501]
for materials on the EU KLEMS program. Jorgenson and his coworkers have extended this data construction
program to cover other countries in the World KLIEMS program.
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period information on revenues received by the industry for a list of output categories is required
along with either an output index or a price index for each output. In principle, the revenues
received should exclude any commodity taxes imposed on the industry’s outputs, since producers in
the industry do not receive these tax revenues.*50 The above sentences sound very straightforward
but many ﬁrms produce thousands of commodities so the aggregation diﬃculties are formidable.
Moreover, as we have noted earlier, many outputs in service sector industries are diﬃcult to measure
conceptually: think of the proliferation of telephone service plans and the diﬃculties involved in
measuring insurance, gambling, banking and options trading.

18.4.2 Intermediate Inputs
Again, in principle, we require information on all the intermediate inputs utilised by the production
unit for each time period in the sample along with the average price paid for each of the inputs.
In practice, period by period information on costs paid by the industry for a list of intermediate
input categories is required along with either an intermediate input quantity index or a price index
for each category. In principle, the intermediate input costs paid should include any commodity
taxes imposed on the intermediate inputs, since these tax costs are actually paid by producers in
the industry.
The major classes of intermediate inputs at the industry level are:
• materials
• business services
• leased capital.
The current input–output framework deals reasonably well in theory with the ﬂows of materials but
not with intersectoral ﬂows of contracted labour services or rented capital equipment. The inputoutput system was designed long ago when the leasing of capital was not common and when ﬁrms
had their own in house business services providers. Thus there is little or no provision for business
service and leased capital intermediate inputs in the present system of accounts. With the exception
of the manufacturing sector, even the intersectoral value ﬂows of materials are largely incomplete in
the industry statistics. There is also the problem of a lack of price surveys for intermediate inputs:
typically, a price index for an intermediate input class into some industry is approximated by an
output price index, which will generally have a diﬀerent mix of detailed products in it.

18.4.3 Labor Inputs
Using the number of employees as a measure of labour input into an industry will not usually be
a very accurate measure of labour input due to the possibility of changes in average hours worked
per full time worker and possible changes in the use of part time workers. However, even total
hours worked in an industry is not a satisfactory measure of labour input if the industry employs a
mix of skilled and unskilled workers. Hours of work contributed by highly skilled workers generally
contribute more to production than hours contributed by very unskilled workers. Hence, it is best
to decompose aggregate labour compensation into its aggregate price and quantity components
using index number theory.*51 The practical problem faced by statistical agencies is: how should
the various categories of labour be deﬁned? Dean and Harper (2001)[108] provide an accessible
summary of the literature in this area.
Another important problem associated with measuring real labour input is ﬁnding an appropriate
*50
*51

A recent paper that discusses the treatment of indirect taxes in the context of productivity measurement in
more detail is Diewert (2006b)[198].
The current SNA does recommend a wage index to deﬂate employee compensation; see Eurostat (1993)[257]
(2008)[259].

18.4 Measuring Productivity Growth

479

allocation of the operating surplus of proprietors and the self employed into labour and capital
components. There are two broad approaches to this problem:
• If demographic information on the self employed is available along with hours worked, then
an imputed wage can be assigned to those hours worked based on the average wage earned by
employees of similar skills and training. Then an imputed wage bill can be constructed and
subtracted from the operating surplus of the self employed. The reduced amount of operating
surplus can then be assigned to capital.
• If information on the capital stocks utilised by the self employed is available, then these capital
stocks can be assigned user costs and then an aggregate imputed rental can be subtracted from
operating surplus. The reduced amount of operating surplus can then be assigned to labour.
These imputed labour earnings can then be divided by hours worked by proprietors to obtain
an imputed wage rate.
The problems posed by allocating the operating surplus of the self employed are becoming increasingly more important as this type of employment grows. Fundamentally, the problem appears to be
that the current System of National Accounts (SNA) does not address this problem in a completely
adequate manner.

18.4.4 Reproducible Capital Inputs
When a ﬁrm purchases a durable capital input, it is not appropriate to allocate the entire purchase
price as a cost to the initial period when the asset was purchased. It is necessary to distribute this
initial purchase cost across the useful life of the asset. National income accountants recognize this
and use depreciation accounts to do this distribution of the initial cost over the life of the asset.
However, prior to the revision of the international Manual on the System of National Accounts made
in 2008, national income accountants were reluctant to recognize the interest tied up in the purchase
of the asset as a true economic cost. Rather, they tended to regard interest as an (unproductive)
transfer payment. Thus the user cost of an asset (which recognizes the opportunity cost of capital
as a valid economic cost) was not regarded as a valid approach to valuing the services provided by
a durable capital input by many national income accountants. However, if a ﬁrm buys a durable
capital input and leases or rents it to another sector, national income accountants regard the resulting
rental cost as a legitimate cost for the using industry. It seems very unlikely that the leasing price
does not include an allowance for the capital tied up by the initial purchase of the asset; i.e., market
rental prices include interest. Hence, it seems reasonable to include an imputed interest cost in the
user cost of capital even when the asset is not leased. Put another way, prior to SNA 2008, interest
was still not accepted as a cost of production in the SNA, since it was regarded as an unproductive
transfer payment. But interest is productive; it is the cost of inducing savers to forego immediate
consumption.
The treatment of capital gains on assets is even more controversial than the national accounts
treatment of interest. In the national accounts, capital gains are not accepted as being productive*52
but if resources are transferred from a period where they are less valuable to a period where they
are more highly valued, then a gain has occurred; i.e., capital gains are productive according to this
view. A similar story holds for capital losses on an asset. For example, computer prices typically
decline about 15% per year and thus the purchaser of a computer will experience a capital loss for
each year that the computer is held. The services rendered by the computer typically do not decline
by much as the computer ages so economic depreciation should not include the decline in price.
Nevertheless, the decline in the price of computer should be recognized as an actual cost in using
the computer for each year of use; i.e., the capital loss should be added to the imputed interest
*52

Capital gains do appear in the SNA 1993 and 2008 in the Revaluation Accounts.
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charge and deterioration of the computer for each period of use. Thus expected revaluation should
in principle be included in the user cost of an asset, no matter what the sign of the asset revaluation
is for the accounting period.*53
The treatment of interest and capital gains pose practical problems for statistical agencies. For
example, which interest rate should be used?
• An ex post economy wide rate of return which is the alternative used by Christensen and
Jorgenson (1969)[90] (1970)[91]?
• An ex post ﬁrm or sectoral rate of return? This method seems appropriate from the viewpoint
of measuring ex post performance.
• An ex ante safe rate of return like a Federal Government one year bond rate? This method
seems appropriate from the viewpoint of constructing ex ante user costs that could be used in
econometric models.
• Or should the ex ante safe rate be adjusted for the risk of the ﬁrm or industry?*54
Since the ex ante user cost concept is not observable, the statistical agency will have to make
somewhat arbitrary decisions in order to construct expected capital gains.*55 This is a strong
disadvantage of the ex ante concept. On the other hand, the use of the ex post concept will lead to
rather large ﬂuctuations in user costs, which in some cases will lead to negative user costs, which in
turn may be hard to explain to users. However, a negative user cost simply indicates that instead
of the asset declining in value over the period of use, it rose in value to a suﬃcient extent to oﬀset
deterioration. Hence, instead of the asset being an input cost to the economy during the period, it
becomes an intertemporal output. This makes sense from the ex post point of view but not from
the ex ante point of view.*56 Thus it is necessary to be clear whether an ex ante or ex post user cost
should appear in the production accounts.*57
A further complication is that our empirical information on the actual eﬃciency decline of assets is
weak. We do not have good information on the useful lives of assets. The UK statistician assumes
machinery and equipment in manufacturing lasts on average 26 years while the Japanese statistician
assumes machinery and equipment in manufacturing lasts on average 11 years; see the OECD (1993;
13)[417]. The problems involved in measuring capital input have not been settled and should be
addressed on a continuing basis by the international statistical community. There was such an
international expert group on capital measurement problems at one time: the Canberra Group on
Capital. But the Australian Bureau of Statistics decided to abolish the Group after a few years
of operation. I believe that this was an unfortunate decision. There are many outstanding capital
measurement problems that need to be addressed.
A ﬁnal set of problems associated with the construction of user costs is the treatment of business
income taxes: should we assume ﬁrms are as clever as Hall and Jorgenson (1967)[301] and can
work out their rather complex tax–adjusted user costs of capital or should we go to the accounting
literature and allocate capital taxes in the rather unsophisticated ways that are suggested there?
My conclusion at this point is that there are signiﬁcant problems associated with the measurement
of capital input in the production accounts of the System of National Accounts that still need to be
addressed.
*53

*54
*55
*56
*57

Anticipated capital gains should in principle be subtracted from the user cost and anticipated capital losses
should be added to the user cost. This advice follows Hayek (1941)[315] whereas Pigou (1941)[430] thought that
capital gains or losses should not be part of the production accounts (or part of user costs of capital).
I would favour this alternative.
Alternatively, the statistical agency could combine the nominal interest rate term in the user cost formula with
the expected capital (or holding) gains term and simply assume a real interest rate.
No one rents an asset for a period of time at a negative price. Hence if we want the user cost to approximate a
rental price, the user cost must be nonnegative.
The choice of concept depends to a certain extent on what the purpose of the measurement is. The debate on
whether the ex post or ex ante viewpoint is “correct” is far from being settled.
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18.4.5 Inventories
Because interest was not a cost of production in the national accounts and the depreciation rate for
inventories is close to zero, many productivity studies neglect the user cost of inventories. This leads
to misleading productivity statistics for industries where inventories are large relative to output, such
as retailing and wholesaling. In particular, rates of return that are computed neglecting inventories
will be too high since the opportunity cost of capital that is tied up in holding the beginning of the
period stocks of inventories is neglected.
The problems involved in accounting for inventories are complicated by the way accountants and
the tax authorities treat inventories. These accounting treatments of inventories are problematic in
periods of high or moderate inﬂation. A treatment of inventories that is suitable for productivity
measurement can be found in Diewert and Smith (1994)[227]. These inventory accounting problems
seem to carry over to the national accounts in that for virtually all OECD countries, there are time
periods where the real change in inventories has the opposite sign to the corresponding nominal
change in inventories. The problem is that national income accountants attempted to apply normal
index number theory to a value aggregate that can change sign going from one period to the next.
But bilateral index number theory fails when the value aggregate under consideration has a positive
sign in one period and a negative sign in the other period being compared. There are two possible
solutions to this problem:
• Do not attempt to calculate the real change in inventories as a stand alone entry in the SNA.
Combine the change in inventories with another investment category that has substantially
large positive values in all periods being compared so that the aggregate value of inventory
change and the other investment aggregate remains positive for all periods in the comparisons.
• Calculate the value of inventories at the beginning and end of the accounting period. Use
normal bilateral index number theory to deﬂate these nominal inventory stocks into real
inventory stocks. Then calculate the real value of inventory change over the period as the
diﬀerence in the real stocks.*58

18.4.6 Land
The production accounts in the current SNA has no role for land as a factor of production, perhaps
because it is thought that the quantity of land in use remains roughly constant across time and hence
it can be treated as a ﬁxed, unchanging factor in the analysis of production. However, the quantity
of land in use by any particular ﬁrm or industry does change over time. Moreover, the price of land
can change dramatically over time and thus the user cost of land will also change over time and this
changing user cost will, in general, aﬀect correctly measured productivity.
Land ties up capital just like inventories (both are zero depreciation assets). Hence, when computing
ex post rates of return earned by a production unit, it is important to account for the opportunity
cost of capital tied up in land. Neglect of this factor can lead to biased rates of return on ﬁnancial
capital employed. Thus, industry rates of return and TFP estimates may not be accurate for sectors
like agriculture which are land intensive.
Finally, property taxes that fall on land must be included as part of the user cost of land. In general,
it may not be easy to separate the land part of property taxes from the structures part. In the
national accounts, property taxes (which are input taxes) are lumped together with other indirect
taxes that fall on outputs which is another shortcoming of the current SNA.
*58

Diewert (2005a)[194] suggested this second strategy. The Bureau of Economic Analysis now uses this second
strategy to calculate real changes in inventory stocks in the oﬃcial production accounts for the US.
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It should be noted that the TFP programs in the U.S., Canada and Australia all recognize the need
to have land and inventories in their measures as inputs and they work out user costs for these
inputs.

18.4.7 Resources
Examples of resource inputs include:
• depletion of ﬁshing stocks, forests, mines and oil wells
• improvement of air, land or water environmental quality (these are resource “outputs” if
improvements have taken place and are resource “inputs” if degradation has occurred).
The correct prices for resource depletion inputs are the gross rents (including resource taxes) that
these factors of production earn. Resource rents are usually not linked up with the depletion of
resource stocks in the national accounts although some countries, including Australia, Canada, the
US and other OECD countries have developed statistics for forest, mining and oil depletion; see
Nordhaus and Kokkelenberg (1999)[416] and Brandt, Schreyer and Zipperer (2013)[71] (2014)[72].
The pricing of environmental inputs or outputs is much more diﬃcult. From the viewpoint of traditional productivity analysis based on shifts in the production function, the ‘correct’ environmental
quality prices are marginal rates of transformation while, from a consumer welfare point of view, the
‘correct’ prices are marginal rates of substitution; see Gollop and Swinand (2001)[289]. Needless to
say, there are many diﬃculties involved in estimating these environmental prices.
The above seven major classes of inputs and outputs represent a minimal classiﬁcation scheme for
organizing information to measure TFP at the sectoral level. Unfortunately, no country has yet been
able to provide satisfactory price and quantity information on all seven of these classes.*59 To ﬁll in
the data gaps, it would be necessary for governments to expand the budget of the relevant statistical
agencies considerably. This is one area of government expenditure that cannot be readily ﬁlled by
the private sector. Given the importance of productivity improvements in improving standards of
living, the accurate measurement of productivity seems necessary.

18.4.8 Other Statistical Agency Challenges in Measuring Productivity
One problem with current estimates of productivity growth is that every statistical agency uses different surveys to collect to collect information on the outputs of an industry and on the various input
components. Furthermore, every statistical agency also uses diﬀerent surveys to collect information
on prices and values.
These separate data collection surveys do not greatly impede the construction of reasonably accurate
price and quantity aggregates for the components of ﬁnal demand for the economy as a whole but
they lead to extremely inaccurate estimates of prices and quantities for industries or smaller units
such as ﬁrms or establishments. In particular, the ﬁrm or industry speciﬁc price indexes that are
applied to the ﬁrm’s or industry’s value components (such as output, intermediate input, labor input,
etc.) will typically be very inaccurate.*60
*59

*60

No country to my knowledge has been able to provide accurate estimates for the value of commercial land by
industry. Estimates for the value of residential land are also problematic but the recent Eurostat Handbook
on Residential Property Price Indices (RPPIs) should lead to improvements for the measurement of this land
category; see Eurostat (2013)[260].
These measurement errors show up at the industry level as well as is evidenced by persistent unusually high (or
low) industry rates of return on capital employed in the industry. For evidence on the size of these unusual rates
of return for Canadian industries, see Diewert (2012a; 70)[210]. Similar hard to believe industry rates of return
are present in the World KLEMS data base. However, when economy wide estimates of the rate of return on
employed capital in the aggregate business sector are made, the resulting rates of return look quite reasonable.
For evidence on these economy wide rates of return, see Diewert, Mizobuchi and Nomura (2005)[234], Diewert and
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Many ﬁrms have taken advantage of the low cost of computing and have detailed data on all of their
ﬁnancial transactions (e.g., they have the value of each sale and the quantity sold by commodity).
This opens up the possibility of the statistical agency replacing or supplementing their surveys
on say, prices of outputs, by the electronic submission by ﬁrms to the statistical agency of their
computerized transaction histories for a certain number of periods. This information would provide
the industry/ﬁrm counterparts to the scanner data studies that have proved to be so useful in the
context of the Consumer Price Index. This information would also lead to true microeconomic price
and quantity indexes at the ﬁrm level and to accurate ﬁrm and industry productivity indexes.
We conclude our discussion of productivity measurement challenges by discussing another topic that
has not received the attention it deserves.

18.4.9 System Wide Versus Sectoral Productivity Measurement
Individual ﬁrms or establishments could be operating eﬃciently (i.e., be on the frontiers of their
production possibilities sets) but yet, the economy as a whole may not be operating eﬃciently. How
can this be? The explanation for this phenomenon was given by Gerard Debreu (1951)[110]*61 : there
is a loss of system wide output (or waste, to use Debreu’s term) due to the imperfection of economic
organization; i.e., diﬀerent production units, while technically eﬃcient, face diﬀerent prices for the
same input or output, and this causes net outputs aggregated across production units to fall below
what is attainable if the economic system as a whole, were eﬃcient. In other words, a condition
for system wide eﬃciency is that all production units face the same price for each separate input or
output that is produced by the economy as a whole. Thus, if producers face diﬀerent prices for the
same commodity and if production functions exhibit some substitutability, then producers will be
induced to jointly supply an ineﬃcient economy wide net output vector. What are sources of system
wide waste?
• Industry speciﬁc taxes or subsidies that create diﬀerences in prices faced by production units
for the same commodity; e.g., an industry speciﬁc subsidy for an output or a tax on the output
of one industry where that output is used as an input by other industries (an example of the
latter is a gasoline tax).
• Tariﬀs on imports or subsidies or taxes on exports.
• Union induced wage diﬀerentials across ﬁrms for the same type of labor service.
• Monopolistic or monopsonistic markups on commodities by ﬁrms or any kind of price discrimination on the part of ﬁrms.
• Imperfect regulation which of course is related to the point listed immediately above.
• A source of commodity price wedges that is related to the last point above is the diﬃculty

*61

Lawrence (2006)[226], Diewert and Yu (2012)[238] and Diewert (2014b)[217]. Gu (2012)[298] politely criticized
the “top down” estimates of business sector productivity that were constructed by Diewert and Yu (2012)[238]
and made a strong methodological case for preferring the oﬃcial Statistics Canada “bottom up” estimates
of business sector Multifactor Productivity growth that aggregate up the industry estimates of MFP growth.
Diewert (2012a)[210] agreed with Gu on methodological grounds (Diewert (1980)[132] took Gu’s point of view
as being the theoretically correct method for aggregating capital over production units) but he pointed out
that the measurement errors in the oﬃcial rates of return were likely very large and this aﬀected the quality of
the overall oﬃcial estimates. Diewert argued that the business sector aggregates were likely to have far fewer
measurement errors and hence the top down estimates of Canadian MFP growth were preferable. Schreyer
(2012)[462] weighed in on this discussion and noted that the top down estimates also were of independent
interest, in that they looked at the eﬃciency of the business sector in its use of the aggregate resources that
were available to it in each accounting period.
Debreu (1951; 285)[110] distinguished two other sources of waste in the allocation of resources: (a) waste due to
the underemployment of available physical resources (e.g., unemployed workers) and (b) waste due to technical
ineﬃciency in production. Obviously, the application of knowledge capital could be useful in diminishing waste
(b). Waste (a) results from market imperfections between the aggregate production sector and the household
sector of the economy.
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that multiproduct ﬁrms have in pricing their outputs, particularly when there are large ﬁxed
costs involved in producing new (or old) products.

Diewert (1983)[139] adapted Debreu’s (1951)[110] methodology and provided measures of the loss of
eﬃciency due to the fact that diﬀerent sectors in the economy may face diﬀerent prices for the same
input or output. However, Diewert used international prices as reference prices in his calculations
and it is not clear that this choice of reference prices is the “right” one. Thus there is room for
future research in this area.*62

18.5 Conclusion
I have not covered all of the recent developments in index number theory and in the measurement
of productivity but I hope that I have indicated that there has been a great deal of relevant research
in the past 30 years.
During the past 30 years, there have been a number of groups who have kept up a focus on measurement problems:
• Wolfgang Eichhorn’s series of meetings in Karlsruhe during the 1970’s and 1980’s that focused
on index number theory.
• The Productivity Program in the National Bureau of Economic Research, which started in the
late 1970’s under the direction of Zvi Griliches and later under the direction of Ernst Berndt.
• The Conference for Research in Income and Wealth headed up by Charles Hulten for most of
the past 20 years, which has worked closely with the NBER in having meetings and sponsoring
the NBER/CRIW Studies in Income and Wealth books.
• The International Association for Research in Income and Wealth (IARIW) which sponsors
a journal on economic measurement (The Review of Income and Wealth) and holds a major
international meeting every two years.*63
• The International Working Group on Price Indices (the Ottawa Group), which had its ﬁrst
meeting in Ottawa in 1994.*64
• The International Working Group on the Measurement of Capital (the Canberra Group),
which met over the years 1997-2007.
The Ottawa Group consists mostly of price statisticians and other researchers working in statistical
agencies around the world. This group was formed so that “best practice” developments in the
measurement of prices could be more readily transmitted across countries.*65 Another improvement
that I have noticed in the last two decades is that the old gulf between academics interested in
measurement problems and “practical” statisticians has narrowed to the point where there is no
obvious diﬀerence between the two groups. I regard this as a very positive development.
Another very positive development has been the production of the new ILO (2004)[355] CPI and
IMF (2004)[356] PPI Manuals. These Manuals ﬁll a gap in that until these Manuals were produced,
there was no comprehensive single source of materials on index number theory and the measurement
problems that are associated with the production of a CPI and PPI.*66
A not so positive development that has occurred in the past 30 years is that national income ac*62
*63
*64
*65
*66

It is of some interest that macroeconomists are becoming interested in this aspect of productivity performance;
see Basu and Fernald (2002)[53].
Somewhat surprisingly, the IARIW is completely independent of the CRIW. The IARIW has an international
focus while the CRIW has a North American focus.
The Ottawa Group was started by Bert Balk, Bohdan Schultz and Jacob Ryten. It is still going strong!
A similar comment applies to the Canberra Group.
Hill (1993)[333] provided an excellent exposition of index number theory in SNA 1993, but he was not able to
go into the level of detail that is present in the new Manuals and there were very few references to the literature
in his exposition.
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counting and the associated measurement problems are no longer taught in graduate macroeconomics
courses. However, I believe that academic interest in measurement problems is increasing and so
perhaps in coming years, index number theory*67 and the associated measurement problems will
creep back into graduate economics programs.
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Statistik ) 230, 772-791.

18.6 References

487

de Haan, J. and F. Krsinich (2012), “The Treatment of Unmatched Items in Rolling Year GEKS
Price Indexes: Evidence from New Zealand Scanner Data”, paper presented at the Meeting of Groups
of Experts on Consumer Price Indices Organized jointly by UNECE and ILO at the United Nations
Palais des Nations, Geneva Switzerland, May 30-June 1, 2012.
de Haan, J. and F. Krsinich (2014), “Scanner Data and the Treatment of Quality Change in Rolling
Year GEKS Indexes”, Journal of Business and Economic Statistics 32:3, 341-358.
de Haan, J. and E. Opperdoes (1997), “Estimation of the Coﬀee Price Index Using Scanner Data:
Simulation of Oﬃcial Practices”, Third Meeting of the International Working Group on Price Indices,
Statistics Netherlands, Voorburg, April 16-18.
Debreu, G. (1951), “The Coeﬃcient of Resource Utilization”, Econometrica 19, 273-292.
Diewert, W.E. (1976), “Exact and Superlative Index Numbers”, Journal of Econometrics 4, 114-145.
Diewert, W.E. (1978), “Superlative Index Numbers and Consistency in Aggregation”, Econometrica
46, 883-900.
Diewert, W.E. (1980), “Aggregation Problems in the Measurement of Capital”, pp. 433-528 in The
Measurement of Capital, Dan Usher (ed.), University of Chicago Press, Chicago.
Diewert, W.E. (1983), “The Measurement of Waste Within the Production Sector of an Open Economy”, Scandinavian Journal of Economics 85:2, 159-179.
Diewert, W. E. (1985), “Transfer Pricing and Economic Eﬃciency”, pp. 47-81 in Multinationals and
Transfer Pricing, A. M. Rugman and L. Eden (eds.), London: Croom Helm.
Diewert, W.E. (1992a), “The Measurement of Productivity,” Bulletin of Economic Research
44:3,163-198.
Diewert, W.E. (1992b), “Fisher Ideal Output, Input, and Productivity Indexes Revisited,” Journal
of Productivity Analysis 3, 211-248.
Diewert, W.E. (1997), “Commentary on Mathew D. Shapiro and David W. Wilcox: Alternative
Strategies for Aggregating Prices in the CPI”, The Federal Reserve Bank of St. Louis Review, Vol.
79:3, 127-138.
Diewert, W.E. (1998), “Index Number Issues in the Consumer Price Index”, The Journal of Economic Perspectives 12, 47-58.
Diewert, W.E. (1999), “Index Number Approaches to Seasonal Adjustment”, Macroeconomic Dynamics 3, 1-21.
Diewert, W.E. (2001a), “Research on Price Index Measurement: Agendas for the Next Twenty
Years” Ernst R. Berndt (ed.), Journal of Economic and Social Measurement 27, 105-116.
Diewert, W. E. (2001b), “Which (Old) Ideas on Productivity Measurement are Ready to Use?” pp.
85-101 in New Developments in Productivity Analysis, C.R. Hulten, E.R. Dean and M.J. Harper
(eds.), Chicago: University of Chicago Press.
Diewert, W. E. (2001c), “The Consumer Price Index and Index Number Purpose”, Journal of Economic and Social Measurement 27, 167-248.
Diewert, W.E. (2002a), “Harmonized Indexes of Consumer Prices: Their Conceptual Foundations”,
Swiss Journal of Economics and Statistics, 138, 547-637.
Diewert, W.E. (2002b), “The Quadratic Approximation Lemma and Decompositions of Superlative
Indexes”, Journal of Economic and Social Measurement 28, 63-88.
Diewert, W.E. (2003a), “Hedonic Regressions: A Consumer Theory Approach”, pp. 317-348 in
Scanner Data and Price Indexes, Studies in Income and Wealth, R.C. Feenstra and M.D. Shapiro
(eds.), Chicago: University of Chicago Press.
Diewert, W.E. (2003b), “Hedonic Regressions: A Review of Some Unresolved Issues”, Paper presented at the Seventh Meeting of the Ottawa Group, Paris, France, May 27-29.

488

Chapter 18 Index Number Theory: Past Progress and Problems for the Future

Diewert, W.E. (2005a), “On Measuring Inventory Change in Current and Constant Dollars”, Discussion Paper 05-12, Department of Economics, University of British Columbia, Vancouver, B.C.,
Canada, V6T 1Z1.
Diewert, W.E. (2005b), “Issues in the Measurement of Capital Services, Depreciation, Asset Price
Changes and Interest Rates”, pp. 479-542 in Measuring Capital in the New Economy, C. Corrado,
J. Haltiwanger and D. Sichel (eds.), Chicago: University of Chicago Press.
Diewert, W.E. (2006a), “Adjacent Period Dummy Variable Hedonic Regressions and Bilateral Index
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Dutot, C. (1738), Réﬂexions politiques sur les ﬁnances et le commerce, Volume 1, La Haye: Les
frères Vaillant et N. Prevost.
Eden, L. (1998), Taxing Multinationals: Transfer Pricing and Corporate Income Taxation in North
America, Toronto: University of Toronto Press.
Edgeworth, F.Y. (1888), “Some New Methods of Measuring Variation in General Prices”, Journal
of the Royal Statistical Society 51, 346-368.
Edgeworth, F.Y. (1925), “The Plurality of Index Numbers”, The Economic Journal 35, 379-388.
Ehemann, C., A.J. Katz and B.R. Moulton (2002), “The Chain-Additivity Issue and the U.S. National Accounts”, Journal of Economic and Social Measurement 28, 37-49.
Eichhorn, W. (1978), Functional Equations in Economics, Reading, MA: Addison-Wesley Publishing
Company.
Eichhorn, W. and J. Voeller (1976), Theory of the Price Index, Lecture Notes in Economics and
Mathematical Systems, Vol. 140, Berlin: Springer-Verlag.
Eurostat (1993), System of National Accounts 1993, Eurostat, IMF, OECD, UN and World Bank,
Luxembourg, Washington, D.C., Paris, New York, and Washington, D.C.

490

Chapter 18 Index Number Theory: Past Progress and Problems for the Future

Eurostat (2008), System of National Accounts 2008, Eurostat, IMF, OECD, UN and World Bank,
Luxembourg, Washington, D.C., Paris, New York, and Washington, D.C.
Eurostat (2013), Handbook on Residential Property Price Indices (RPPIs), 2013 Edition, Luxembourg: Publications Oﬃce of the European Union.
Feenstra, R.C. (2004), Advanced International Trade: Theory and Practice, Princeton: Princeton
University Press.
Fenwick, D., A. Ball, M. Silver and P. H. Morgan (2003), “Price Collection and Quality Assurance
of Item Sampling in the Retail Price Index: How Can Scanner Data Help?”, pp. 67-87 in Scanner
Data and Price Indexes, Mathew Shapiro and Rob Feenstra (eds.), National Bureau of Economic
Research, Studies in Income and Wealth, Volume 61, Chicago: University of Chicago Press.
Fisher, I. (1911), The Purchasing Power of Money, London: Macmillan.
Fisher, I. (1922), The Making of Index Numbers, Houghton-Miﬄin, Boston.
Foster, L., J. Haltiwanger and C.J. Krizan (2001), “Aggregate Productivity Growth: Lessons from
Microeconomic Evidence”, pp. 303-372 in New Developments in Productivity Analysis, C.R. Hulten,
E.R. Dean and M.J. Harper (eds.), NBER Studies in Income and Wealth Volume 63, Chicago:
University of Chicago Press.
Fox, K.J. (2012), “Problems with (Dis) Aggregating Productivity and Another Productivity Paradox”, Journal of Productivity Analysis 37, 249-259.
Fox, K.J. and U. Kohli (1998), “GDP Growth, Terms of Trade Eﬀects and Total Factor Productivity”, The Journal of International Trade and Economic Development 7:1, 87-110.
Frisch, R. (1936), “Annual Survey of General Economic Theory: The Problem of Index Numbers”,
Econometrica 4, 1-38.
Gollop, F.M. and G.P. Swinand (2001), “Total Resource Productivity: Accounting for Changing
Environmental Quality”, pp. 587-605 in New Developments in Productivity Analysis, C.R. Hulten,
E.R. Dean and M.J. Harper (eds.), Chicago: University of Chicago Press.
Griliches, Z. (1971a), “Hedonic Price Indexes for Automobiles: An Econometric Analysis of Quality
Change”, pp. 55-87 in Price Indexes and Quality Change, Z. Griliches (ed.), Cambridge MA: Harvard
University Press.
Griliches, Z. (1971b), “Introduction: Hedonic Price Indexes Revisited”, pp. 3-15 in Price Indexes
and Quality Change, Z. Griliches (ed.), Cambridge MA: Harvard University Press.
Griliches, Z. (1992), “Introduction”, pp. 1-22 in Output Measurement in the Service Sectors, Studies
in Income and Wealth 56, Chicago: University of Chicago Press.
Griliches, Z. (1994), “Productivity, R&D and the Data Constraint”, American Economic Review 84,
1-20.
Griliches, Z. and H. Regev (1995), “Firm Productivity in Israeli Industry: 1979-1988”, Journal of
Econometrics 65, 175-203.
Gu, W. (2012), “Estimating Capital Input for Measuring Business Sector Multifactor Productivity
Growth in Canada: Response to Diewert and Yu”, International Productivity Monitor, Number 24:
Fall, 49-62.
Hall, R.E. and D.W. Jorgenson, (1967), “Tax Policy and Investment Behavior”, American Economic
Review 57, 391-414.
Haltiwanger, J. (1997), “Measuring and Analyzing Aggregate Fluctuations: The Importance of
Building from Microeconomic Evidence”, Federal Reserve Bank of St. Louis Economic Review 79:3,
55-77.
Haltiwanger, J. (2000), “Aggregate Growth: What have we Learned from Microeconomic Evidence?”,
Working Paper No. 267, Economics Department, OECD, Paris.

18.6 References

491

Hausman, J.A. (1997), “Valuation of New Goods Under Perfect and Imperfect Competition,” pp.
209-237 in Bresnahan and Gordon (eds.), The Economics of New Goods, NBER Studies in Income
and Wealth 58, Chicago: University of Chicago Press.
Hausman, J.A. (1999): “Cellular Telephone, New Products, and the CPI,” Journal of Business and
Economic Statistics 17, 188-194.
Hawkes, W. J. (1997), “Reconciliation of Consumer Price Index Trends in Average Prices for QuasiHomogeneous Goods Using Scanning Data”, Third Meeting of the International Working Group on
Price Indices, Statistics Netherlands, Voorburg, April 16-18.
Hayek, F.A. von (1941), “Maintaining Capital Intact: A Reply”, Economica 8, 276-280.
Hicks, J.R. (1940), “The Valuation of the Social Income”, Economica 7, 105-140.
Hill, R.J. (1995), Purchasing Power Methods of Making International Comparisons, Ph. D. dissertation, Vancouver: The University of British Columbia.
Hill, R.J. (1999a), “Comparing Price Levels across Countries Using Minimum Spanning Trees”, The
Review of Economics and Statistics 81, 135-142.
Hill, R.J. (1999b), “International Comparisons using Spanning Trees”, pp. 109-120 in International
and Interarea Comparisons of Income, Output and Prices, A. Heston and R.E. Lipsey (eds.), Studies
in Income and Wealth Volume 61, NBER, Chicago: The University of Chicago Press.
Hill, R.J. (2001), “Measuring Inﬂation and Growth Using Spanning Trees”, International Economic
Review 42, 167-185.
Hill, R.J. (2004), “Constructing Price Indexes Across Space and Time: The Case of the European
Union”, American Economic Review 94, 1379-1410.
Hill, R.J. (2006), “Superlative Indexes: Not All of Them are Super”, Journal of Econometrics 130,
25-43.
Hill, R.J. (2009), “Comparing Per Capita Income Levels Across Countries Using Spanning Trees:
Robustness, Prior Restrictions, Hybrids and Hierarchies”, pp. 217-244 in Purchasing Power Parities
of Currencies: Recent Advances in Methods and Applications, D.S. Prasada Rao (ed.), Cheltenham
UK: Edward Elgar.
Hill, T.P. (1988), “Recent Developments in Index Number Theory and Practice”, OECD Economic
Studies 10, 123-148.
Hill, T.P. (1993), “Price and Volume Measures”, pp. 379-406 (Chapter 16) in System of National
Accounts 1993, Eurostat, IMF, OECD, UN and World Bank, Luxembourg, Washington, D.C., Paris,
New York, and Washington, D.C.
International Labour Organization (2004), Consumer Price Index Manual: Theory and Practice,
Peter Hill (ed.), Geneva: The ILO, forthcoming.
IMF, ILO, OECD, Eurostat, UN and the World Bank (2004), Producer Price Index Manual: Theory
and Practice, Paul Armknecht (ed.), Washington: International Monetary Fund.
Jevons, W.S., (1865), “The Variation of Prices and the Value of the Currency since 1782”, Journal
of the Statistical Society of London 28, 294-320; reprinted in Investigations in Currency and Finance
(1884), London: Macmillan and Co., 119-150.
Jorgenson, D.W. and Z. Griliches (1967), “The Explanation of Productivity Change”, Review of
Economic Studies 34, 249-283.
Jorgenson, D.W. and S. Landefeld (2006), “Blueprint for Expanded and Integrated U.S. Accounts:
Review, Assessment, and Next Steps”, pp. 13-112 in A New Architecture for the U.S. National
Accounts, D.W. Jorgenson, J.S. Landefeld and W.D. Nordhaus (eds.), NBER Studies in Income and
Wealth, Volume 66, Chicago: University of Chicago Press.
Kohli, U. (1990), “Growth Accounting in the Open Economy: Parametric and Nonparametric Estimates”, Journal of Economic and Social Measurement 16, 125-136.

492

Chapter 18 Index Number Theory: Past Progress and Problems for the Future

Lehr, J. (1885), Beitrage zur Statistik der Preise, Frankfurt: J.D. Sauerlander.
Lowe, J. (1823), The Present State of England in Regard to Agriculture, Trade and Finance, second
edition, London: Longman, Hurst, Rees, Orme and Brown.
Marshall, A. (1887), “Remedies for Fluctuations of General Prices’, Contemporary Review 51, 355375.
Morrison, C.J. and W.E. Diewert (1990), “Productivity Growth and Changes in the Terms of Trade
in Japan and the United States”, pp. 201-227 in Productivity Growth in Japan and the United
States, C.R. Hulten (eds.), NBER Studies in Income and Wealth Vol. 53, Chicago: The University
of Chicago Press.
Moulton, B.R., and E.P. Seskin (1999), “A Preview of the 1999 Comprehensive Revision of the
National Income and Product Accounts”, Survey of Current Business 79 (October), 6-17.
Nordhaus, W.D. (2004), “Principles of National Accounting for Non-Market Accounts”, paper presented at the CRIW Conference, New Architecture of the U.S. National Accounts, Washington D.C.,
April 16-17, 2004.
Nordhaus, W.D. and E.D. Kokkelenberg (1999), Nature’s Numbers: Expanding the National Economic Accounts to Include the Environment, Washington D.C.: National Academy Press.
OECD (1993), Methods Used by OECD Countries to Measure Stocks of Fixed Capital, National
Accounts: Sources and Methods No. 2, Publications Service, Paris France: OECD.
Pigou, A.C. (1941), “Maintaining Capital Intact”, Economica 8, 271-275.
Reinsdorf, M. (1996), “Constructing Basic Component Indexes for the U. S. CPI from Scanner Data:
A Test Using Data on Coﬀee”, BLS Working Paper 277, Bureau of Labor Statistics, Washington
D.C., April.
Reinsdorf, M., W.E. Diewert and C. Ehemann (2002), “Additive Decompositions for Fisher, T
nqvist and Geometric Mean Indexes”, Journal of Economic and Social Measurement 28, 51-61.
Schreyer, P. (2001), OECD Productivity Manual: A Guide to the Measurement of Industry-Level and
Aggregate Productivity Growth, Paris: OECD.
Schreyer, P. (2009), Measuring Capital: Revised Manual, OECD Working Paper STD/NAD(2009)1,
January 13 version, Paris: OECD.
Schreyer, P. (2012), “Comment on “Estimating Capital Input for Measuring Business Sector Multifactor Productivity Growth in Canada”, International Productivity Monitor, Number 24: Fall,
73-75.
Schreyer, P. and W.E. Diewert (2014), “Household Production, Leisure and Living Standards”, pp.
89-114 in Measuring Economic Sustainability and Progress, D.W. Jorgenson, J.S. Landefeld and P.
Schreyer (eds.), NBER Studies in Income and Wealth, Volume 72, Chicago: University of Chicago
Press.
Schultze, C.L. and C. Mackie (eds.) (2002), At What Price? Conceptualizing and Measuring Costof-Living Indexes, Washington D. C.: National Academy Press.
Shiratsuka, S. (1995a), “Eﬀects of Quality Changes on the Price Index: A Hedonic Approach to
the Estimation of a Quality Adjusted Price Index for Personal Computers in Japan”, Monetary and
Economic Studies, Bank of Japan, 13:1, 17-52.
Shiratsuka, S. (1995b), “Automobile Prices and Quality Changes: A Hedonic Price Analysis of the
Japanese Automobile Market”, Monetary and Economic Studies, Bank of Japan, 13:2, 1-44.
Shiratsuka, S. (1999a), “Measurement Errors and Quality Adjustment Methodology: Lessons from
the Japanese CPI”, Economic Perspectives, Federal Reserve Bank of Chicago, 23:2, 2-13.
Shiratsuka, S. (1999b), “Measurement Errors in the Japanese Consumer Price Index”, Monetary and
Economic Studies, Bank of Japan, 17:3, 69-102.

18.6 References

493

Silver, M. (1995), “Elementary Aggregates, Micro-Indices and Scanner Data: Some Issues in the
Compilation of Consumer Price Indices”, Review of Income and Wealth 41, 427-438.
Silver, M.S. and Heravi S. (2001a), “Scanner Data and the Measurement of Inﬂation”, The Economic
Journal, 111 June, F384-F405
Silver, M.S. and Heravi S. (2001b), “Hedonic Price Indices and the Matched Models Approach”,
Mimeo, Cardiﬀ Business School, Cardiﬀ, U.K.
Silver, M.S. and S. Heravi (2002a), “Why the CPI Matched Models Method May Fail Us”, European
Central Bank Working Paper 144, Frankfurt.
Silver, M.S. and S. Heravi (2002b), “On the Stability of Hedonic Coeﬃcients and their Implications
for Quality Adjusted Price Change Measurement”, paper presented at the Third Annual Joint NBER
and CRIW Measurement Workshop, Cambridge MA, July 29-31, 2002.
Silver, M. and S. Heravi (2003), “The Measurement of Quality Adjusted Price Changes”, pp. 277316 in Scanner Data and Price Indexes, Studies in Income and Wealth Volume 64, R.C. Feenstra
and M.D. Shapiro (eds.), Chicago: The University of Chicago Press.
Stigler, G. (ed.) (1961), The Price Statistics of the Federal Government, New York: National Bureau
of Economic Research.
Summers, R. (1973), “International Comparisons with Incomplete Data”, Review of Income and
Wealth 29:1, 1-16.
Szulc, B.J. (1983), “Linking Price Index Numbers,” pp. 537-566 in Price Level Measurement, W.E.
Diewert and C. Montmarquette (eds.), Ottawa: Statistics Canada.
Theil, H. (1967), Economics and Information Theory, Amsterdam: North-Holland.
Timmer, M.P., R. Inklaar, M. O’Mahony and B. van Ark (2010), Economic Growth in Europe,
Cambridge: Cambridge University Press.
Törnqvist, Leo (1936), “The Bank of Finland’s Consumption Price Index,” Bank of Finland Monthly
Bulletin 10: 1-8.
Triplett, J.E. (1983), “Escalation Measures: What is the Answer? What is the Question?”, pp. 457482 in Price Level Measurement, W.E. Diewert and C. Montmarquette (eds.), Ottawa: Statistics
Canada.
Triplett J.E. (2004), Handbook on Quality Adjustment of Price Indexes for Information and Communication Technology Products, OECD Directorate for Science, Technology and Industry, Paris:
OECD.
Triplett, J. E. and R. J. McDonald (1977), “Assessing the Quality Error in Output Measures: The
Case of Refrigerators”, The Review of Income and Wealth 23:2, 137-156.
Van Ijzeren (1987), Bias in International Index Numbers: A Mathematical Elucidation, Dissertation
for the Hungarian Academy of Sciences, Den Haag: Koninklijke Bibliotheek.
Walsh, C. M. (1901), The Measurement of General Exchange Value, New York: Macmillan and Co.
Walsh, C. M. (1921), The Problem of Estimation, London: P.S. King & Son.
Waugh, F.V. (1929), Quality as a Determinant of Vegetable Prices, New York: AMS Press.
Young, A. (1812), An Inquiry into the Progressive Value of Money in England as Marked by the
Price of Agricultural Products, London.

495

Bibliography
[1] Abraham, K.G. and C. Mackie (2004), “A Framework for Nonmarket Accounting”, pp. 161-192
in A New Architecture for the U.S. National Accounts, D.W. Jorgenson, J.S. Landefeld and
W.D. Nordhaus (eds.), NBER Studies in Income and Wealth, Volume 66, Chicago: University
of Chicago Press.
[2] Aczél, J. (1966), Lectures on Functional Equations and their Applications, New York: Academic
Press.
[3] Aczél, J. (1969), On Applications and Theory of Functional Equations, New York: Academic
Press.
[4] Aczél, J. (1987), A Short Course on Functional Equations, Dordrecht: Reidel Publishing Co.
[5] Ahn, S. (2001), “Firm Dynamics and Productivity Growth: A Review of Micro Evidence from
OECD Countries”, OECD Economics Department Working Paper No. 297, OECD, Paris.
[6] Aizcorbe, A., C. Corrado and M. Doms (2001), “Constructing Price and Quantity Indexes
for High Technology Goods”, Industrial Output Section, Division of Research and Statistics,
Board of Governors of the Federal Reserve System, July.
[7] Aizcorbe, A., Corrado, C., and Doms, M. (2003), “When Do Matched-Model and Hedonic
Techniques Yield Similar Price Measures?”, Working Paper no. 2003-14, Federal Reserve Bank
of San Francisco. Available at www.frbsf.org/publications/economics/papers/2003.
[8] Aizcorbe, A., C. Corrado and M. Doms (2003), “When Do Matched-Model and Hedonic Techniques Yield Similar Price Measures?”, Working Paper 2003-14, Federal Reserve Bank of San
Francisco.
[9] Allen, R.C. and W.E. Diewert (1981), “Direct versus Implicit Superlative Index Number Formulae”, The Review of Economics and Statistics 63, 430-435.
[10] Alterman, W.F., W.E. Diewert and R.C. Feenstra, (1999), International Trade Price Indexes
and Seasonal Commodities, Bureau of Labor Statistics, Washington D.C.
[11] Archibald, R.B. (1977), “On the Theory of Industrial Price Measurement: Output Price Indexes”, Annals of Economic and Social Measurement 6, 57-72.
[12] Armknecht, P. and F. Maitland-Smith (1999), “Price Imputation and Other Techniques for
Dealing with Missing Observations, Seasonality and Quality Change in Price Indices”, International Monetary Fund Working Paper No. 99/78, Statistics Department, Washington D.C.,
June; http://www.imf.org/external/pubs/ft/wp/1999/wp9978.pdf
[13] Armknecht, P. and M. Silver (2014), “Post-Laspeyres: The Case for a New Formula for Compiling Consumer Price Indexes”, Review of Income and Wealth 60:2, 225-244.
[14] Arrow, K.J. (1974), “The Measurement of Real Value Added”, in Nations and Households in
Economic Growth: Essays in Honor of Moses Abramovitz, P. David and M. Reder (eds.), New
York: Academic Press.
[15] Arrow, K.J., H.B. Chenery, B.S. Minhas and R.M. Solow, (1961), “Capital-Labour Substitution
and Economic Eﬃciency”, Review of Economics and Statistics 63, 225-250.
[16] Astin, J. (1999), “The European Union Harmonized Indices of Consumer Prices (HICP)”,
Proceedings of the Ottawa Group Fifth Meeting, R. Gudnason and Thora Gylfadottir (eds.),
held at Statistics Iceland, Reykjavik, Iceland, 25-27 August, 1999, text available at:
http://www.statcan.ca/secure/english/ottawa group/ also published in the Statistical Journal
of the United Nations ECE 16 (1999), 123-135.

496

Bibliography

[17] Auer, L. von (2001), “An Axiomatic Checkup for Price Indices”, working Paper No. 1/2001,
Faculty of Economics and Management, Otto von Guericke University Magdeburg, Postfach
4120, 39016 Magdeburg, Germany.
[18] Aw, B.Y., X. Chen and M.J. Roberts (2001), “Firm Level Evidence on Productivity Diﬀerentials and Turnover in Taiwanese Manufacturing”, Journal of Development Economics 66,
51-86.
[19] Bailey, M.J., R.F. Muth and H.O. Nourse (1963), “A Regression Method for Real Estate Price
Construction”, Journal of the American Statistical Association 58, 933-942.
[20] Baily, M.N., C. Hulten, D. Campbell, (1992), “Productivity Dynamics in Manufacturing Establishments”, Brookings Papers on Economic Activity: Microeconomics 1992, 187-249.
[21] Baldwin, A. (1990), “Seasonal Baskets in Consumer Price Indexes”, Journal of Oﬃcial Statistics 6:3, 251-273.
[22] Baldwin, J.R. (1995), The Dynamics of Industrial Competition: A North American Perspective,
Cambridge: Cambridge University Press.
[23] Baldwin, J.R. and P.K. Gorecki (1991), “Entry, Exit, and Productivity Growth”, in: P.A.
Geroski and J. Schwalbach (eds.), Entry and Market Contestability: An International Comparison, Oxford: Blackwell.
[24] Baldwin, J.R. and W. Gu (2002), “Plant Turnover and Productivity Growth in Canadian
Manufacturing”, OECD STI Working Paper 2002/1, Paris: OECD. Available at
www.statcan.ca/english/studies/prod.htm
[25] Baldwin, J. and W. Gu (2003), “Industrial Competition, Shifts in Market Share and Productivity Growth”, Working Paper, Micro Economic Analysis Division, Statistics Canada, Ottawa.
[26] Balk, B.M. (1980), “A Method for Constructing Price Indices for Seasonal Commodities”, The
Journal of the Royal Statistical Society Series A 143, 68-75.
[27] Balk, B.M. (1980a), Seasonal Products in Agriculture and Horticulture and Methods for Computing Price Indices, Statistical Studies no. 24, The Hague: Netherlands Central Bureau of
Statistics.
[28] Balk, B.M. (1980b), “Seasonal Commodities and the Construction of Annual and Monthly
Price Indexes”, Statistische Hefte 21:2, 110-116.
[29] Balk, B.M. (1980c), “A Method for Constructing Price Indices for Seasonal Commodities”,
Journal of the Royal Statistical Society A 143, 68-75.
[30] Balk, B.M. (1981), “A Simple Method for Constructing Price Indices for Seasonal Commodities”, Statistische Hefte 22, 72-78.
[31] Balk, B.M. (1981), “A Simple Method for Constructing Price Indices for Seasonal Commodities”, Statistische Hefte 22 (1), 1–8.
[32] Balk, B.M. (1985), “A Simple Characterization of Fisher’s Price Index,” Statistische Hefte 26,
59-63.
[33] Balk, B.M. (1989), “Changing Consumer Preferences and the cost of Living Index: theory and
Nonparametric Expressions”, Journal of Economics 50, 157-169.
[34] Balk, B. M. (1994), “On the First Step in the Calculation of a Consumer Price Index”, Papers
and Final Report of the First Meeting of the International Working Group on Price Indices,
Ottawa: Statistics Canada.
[35] Balk, B.M. (1995), “Axiomatic Price Index Theory: A Survey”, International Statistical Review
63, 69-93.
[36] Balk, B.M. (1996), “A Comparison of Ten Methods for Multilateral International Price and
Volume Comparisons”, Journal of Oﬃcial Statistics 12. 199-222.
[37] Balk, B.M. (1996), “Consistency in Aggregation and Stuvel Indices”, The Review of Income
and Wealth 42, 353-363.
[38] Balk, B.M. (1998), Industrial Price, Quantity and Productivity Indices, Boston: Kluwer Academic Publishers.
[39] Balk, B. M. (1998), “On the Use of Unit Value Indices as Consumer Price Subindices”, Proceed-

497

[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]
[59]
[60]
[61]
[62]
[63]

ings of the Fourth Meeting of the International Working Group on Price Indices, Washington
D.C.: U.S. Bureau of Labor Statistics.
Balk, B.M. (2000), “Divisia Price and Quantity Indexes 75 Years After”, Department of statistical Methods, Statistics Netherlands, P.O. Box 400, 2270 JM Voorburg, The Netherlands.
Balk, B.M. (2000), “On Curing the CPI’s Substitution and New Goods Bias”, Research Paper
0005, Department of Statistical Methods, Statistics Netherlands, P.O. Box 4000, 2270 JM
Voorburg, The Netherlands.
Balk, B. M. (2002), “Price Indexes for Elementary Aggregates”, unpublished manuscript, May
2, 2002.
Balk, B.M. (2003), “The Residual: On Monitoring and Benchmarking Firms, Industries and
Economies with Respect to Productivity”, Journal of Productivity Analysis 20, 5-74.
Balk, B.M. (2007), “Measuring Productivity Change without Neoclassical Assumptions: A
Conceptual Analysis”, paper presented at the Sixth Annual Ottawa Productivity Workshop,
Bank of Canada, May 14-15, 2007.
Balk, B.M.(2008), Price and Quantity Index Numbers, New York: Cambridge University Press.
Balk, B. M. and W. E. Diewert (2001), “A Characterization of the Törnqvist Price Index”,
Economics Letters 73, 279-281.
Balk, B.M. and W.E. Diewert (2004), “The Lowe Consumer Price Index and Its Substitution
Bias”, Discussion Paper 04-07, Department of Economics, University of British Columbia,
Vancouver, Canada, V6T 1Z1.
Balk, B.M., R. Färe and S. Grosskopf (2004), “The Theory of Economic Price and Quantity
Indicators”, Economic Theory 23, 149-164.
Barnett, W.A. (1980), “Economic Monetary Aggregates: An Application of Index Number and
Aggregation Theory”, Journal of Econometrics 14, 11-48.
Bartelsman, E. J. (1995), “Of Empty Boxes: Returns to Scale Revisited,” Economics Letters
49, 59-67.
Bartelsman, E.J. and M. Doms (2000), “Understanding Productivity: Lessons from Longitudinal Microdata”, Journal of Economic Literature 38, 569-595.
Bartelsman, E., J. Haltiwanger and J. Scarpetta (2004), “Microeconomic Evidence of Creative
Destruction in Industrial and Developing Countries”, unpublished manuscript.
Basu, S. and G.J. Fernald (2002), “Aggregate Productivity and Aggregate Technology”, European Economic Review 46, 963-991.
Bean, L. H. and O. C. Stine (1924), “Four Types of Index Numbers of Farm Prices”, Journal
of the American Statistical Association 19, 30-35.
Becker, G.S. (1965), “A Theory of the Allocation of Time”, The Economic Journal 75, 493-517.
Beidelman, C. (1973), Valuation of Used Capital Assets, Sarasota Florida: American Accounting Association.
Beidelman, C.R. (1976), “Economic Depreciation in a Capital Goods Industry”, National Tax
Journal 29, 379-390.
Bennet, T.L. (1920), “The Theory of Measurement of Changes in Cost of Living”, Journal of
the Royal Statistics Society 83, 455-462.
Berndt, E. R., Z. Griliches and N. J. Rappaport (1995), “Econometric Estimates of Price
Indexes for Personal Computers in the 1990’s”, Journal of Econometrics 68, 243-268.
Blackorby, C., D. Primont and R.R. Russell (1978), Duality, Separability and Functional Structure: Theory and Economic Applications, New York: North-Holland.
Bloem, A.M., R.J. Dippelsman and N. Ø. Maehle (2001), Quarterly National Accounts Manual:
Concepts, Data Sources and Compilation, Washington D.C.: International Monetary Fund.
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moyennes”, Acta Math. 8,94-96.
[363] Jevons, W. S., (1863), “A Serious Fall in the Price of Gold Ascertained and its Social Eﬀects
Set Forth”, reprinted in Investigations in Currency and Finance (1884), London: Macmillan
and Co., 13-118.
[364] Jevons, W.S., (1865), “The Variation of Prices and the Value of the Currency since 1782”,
Journal of the Statistical Society of London 28, 294-320; reprinted in Investigations in Currency
and Finance (1884), London: Macmillan and Co., 119-150.
[365] Jevons, W.S., (1884), “A Serious Fall in the Value of Gold Ascertained and its Social Eﬀects
Set Forth (1863)”, pp. 13-118 in Investigations in Currency and Finance, London: Macmillan
and Co.
[366] Johansen, I. and R. Nygaard (2011), “Dealing with Bias in the Norwegian Superlative Price
Index of Food and Non-alcoholic Beverages”, Paper presented at the Twelfth meeting of the
Ottawa Group, May 4-6, Wellington, New Zealand.
[367] Jorgenson, D.W. (1989), “Capital as a Factor of Production”, pp. 1-35 in Technology and
Capital Formation, D.W. Jorgenson and R. Landau (eds.), Cambridge MA: The MIT Press.
[368] Jorgenson, D.W. (1996), “Empirical Studies of Depreciation”, Economic Inquiry 34, 24-42.
[369] Jorgenson, D.W. and Z. Griliches (1967), “The Explanation of Productivity Change”, Review
of Economic Studies 34, 249-283.
[370] Jorgenson, D.W. and S. Landefeld (2006), “Blueprint for Expanded and Integrated U.S. Accounts: Review, Assessment, and Next Steps”, pp. 13-112 in A New Architecture for the U.S.
National Accounts, D.W. Jorgenson, J.S. Landefeld and W.D. Nordhaus (eds.), NBER Studies
in Income and Wealth, Volume 66, Chicago: University of Chicago Press.
[371] Katz, A.J. (1983), “Valuing the Services of Consumer Durables”, The Review of Income and
Wealth 29, 405-427.
[372] Kendall, M.G. and A.S. Stuart (1967), The Advanced Theory of Statistics: Volume 2: Inference
and Relationship, Second Edition, New York: Hafner Publishing Co.
[373] Keynes, J.M. (1930), Treatise on Money, Vol. 1, London: Macmillan.
[374] Knibbs, Sir G.H. (1924), “The Nature of an Unequivocal Price Index and Quantity Index”,
Journal of the American Statistical Association 19, 42-60 and 196-205.
[375] Kohli, U. (1978), “A Gross National Product Function and the Derived Demand for Imports
and Supply of Exports”, Canadian Journal of Economics 11, 167-182.
[376] Kohli, U. (1990), “Growth Accounting in the Open Economy: Parametric and Nonparametric
Estimates”, Journal of Economic and Social Measurement 16, 125-136.
[377] Kohli, U. (1991), Technology, Duality and Foreign Trade: The GNP Function Approach to
Modeling Imports and Exports, Ann Arbor: University of Michigan Press.
[378] Kohli, U. (2011), “Index Numbers and Economic Measurement Issues”, Lecture notes prepared
for presentation at the Central Bank of Peru, Lima, September 12-16.
[379] Kolmogoroﬀ, A. (1930), “Sur la notion de la moyenne”, Atti della Reale Academia nazionale
dei Lincei 12(6), 388-391.
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